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Chapter 1

Measure Theory

o-Algebra

Let’s recap the definition of a Riemann Integral, suppose a function f(x) is continuous on the interval

b
[a,b], then / f(x)dx represents the area of the region under the graph of f(x) on the interval [a,b]. To

a
compute this, consider a following partition:
a=xg<x1<xp<--<x,=b

Then, the Upper Riemann Integral is given by

b n
/f(x)dxzinf{Z( sup f(x ) Xi —Xj_1 } where max |x; —x;—1| — 0
a i=1 [xl lxl]

Similarly, the Lower Riemann Integral is given by

b n
/ f(x)dx = sup{z ( inf f(x) ) (xi—xi—1) p,wheremax |x; —x;_1| — 0
Ja_

=1 xl 1:Xi

By definition, we know that

Theorem

Theorem 1. A function f(x) is said to be Riemann-Integrable over [a,b] if

ff(x)dx = /Lbf(x)dx
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This definition has some drawbacks. To illustrate this, let’s take a look at one example:

Lif x€QnNla,b]

Suppose f : [a,b] — {0,1}, such that f(x) = , we will notice that f(x) is not
0,if x € Q¢ N|[a,b]

Riemann-Integrable. Since Q is dense in [a,b], it means that for each possible partitions, we have

b b

/ f(x)dx=1-(b—a); Similarly we can also conclude / f(x)dx =0, thus f(x) is not Riemann-
a Ja_

Integrable.

Now, we would like to extend the notation of ”integral” to include such function. Let’s consider “’slicing”
the region horizontally, say yi,y2,- -+, v, € f(x).

Denote

A;={x€[a,bl;yi1 < f(x) <y}

Another drawback arises. See that the length for each interval A; is not fixed, and it varies according to
the behavior of f(x). That’s why we would like to introduce the concept of a measure space.

Definition

Definition 1. Let X be a space (i.e a non-empty set) and . be a collection of subsets of X (here
F is the collection of subsets of X which we are going to measure). .7 is called a 6-algebra of
subsets of X if:

OXes

@ IfA € Z, then AC :== X\A € .Z. (Closed Under Taking Complement)

@ If a series of subsets {A,,n > 1} € F, then UAn € .%. (Closed Under Countable Union)

n=1

Based on the definition, the following propositions also hold.
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Proposition
Proposition 1. The definition of c-algebra leads to:
DOoeF

@DXesF

@ If a series of subsets {A,,n> 1} € .Z, then ﬂ A, € Z. (Closed Under Countable Intersection)

n= 1

@ IfAy,Ay,--- AN € F, then ﬂA € .7 and UA € .Z. (Closed Under Taking Finite Union

. n=1 n=1
or Intersection)

O IfA,B€ .Z, then A\B,B\A € .7

We say .7 is bigger than .%,, if % C .%,. In this case, for any space X, we may conclude that {&, X} is
the smallest o-algebra and 2X is the biggest o-algebra. A c-algebra can also be generated by a collection
of sets.

Definition

Definition 2. Let X be a space and € be a collection of subsets of X, then the c-algebra
generated by €, denoted by 6 (€ ), is such that

D o(€) is itself a c-algebra with € C 6(€)

@ If F' is a 6-algebra with € C F', then 6(€¢) C F'. i.e 6(€) is the smallest 6-algebra that
is a super set of €.

Again, we have the following propositions:

Proposition
Proposition 2. O 6(¢) = {.F : € C F} for all 6-algebra F
@ If € itself is a 0-algebra, then o(€) =€

Q) If 61,%, are 2 collections of subsets of X with €\ C 6, then 6(6)) C 6(%2)
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Borel o-Algebra

An important example of G-algebra on R (of subsets of R) is called a Borel 6-Algebra.

Definition

Definition 3. The Borel 6-algebra of R is defined by
BR := 6 ({Open Sets of R})
Also we need to know that the generator of ‘B is not unique. By standard definition, we give
Br:=0({(a,b) :a,b € R,a < b})

But we still have the following proposition:

Proposition

Proposition 3.

OBRr :=0c({(a,b] :a,b € R,a < b})
@BR :=0({[a,D) : a,b € R,a < b})
Q@BRr :=oc({[a,b] : a,b € R,a < b})
@BR :=0({(—=,c):c€Q)
OBR :=0({(c,+):c€Q)

I shall illustrate why those are indeed equal. Let’s just take a look at (2), we need to show
o({(a,b) :a,b e R,a<b}) =0({[a,b) :a,b € R,a < b})

We could indeed prove L.H.S CR.H.Sand RH.S C L.H.S.

e To show that L.H.S C R.H.S, we need to show
(a,b) € o({[a,b) : a,b € R,a < b})

and we have

e Similarly,

And that’s why they are indeed equal.
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Definition

Definition 4. A set G is called a Borel Set if G € *BR.

In fact, any set produced by countable operations are also Borel Sets.
Proposition

Proposition 4. A set with a single element (or singletons) {x} is also a Borel Set.

Proof. For a singleton x € IR, we have

W= (Lot ).

n=1 n
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Measures

Given a space X and a o-algebra .# of subsets of X, (X,.%#) is called a measurable space.

Definition

Definition 5. Given a measure space (X, ), define

Ui F — [0,+o]
is a non-negative set function, then Ll is a measure if
O p{z}=0;

@ If {An,n > 1} C.F such that Ay,’s are (pairwise) disjoint, then

this is known as countable additivity.

We say that p is finite if (L(X) < 400, we say that y is a probability measure if L(X) = 1.

We say  is o-finite if 3{A,,n > 1} C .F such that X = | J A, with t1(A,) < +ee.

n=1
We call the triple (X,.%, 1) a measure space.
Here are a few examples of measures on (R, BR):
(D A measure u; given by

|A

,if A is finite
H :BR — [0, 400, such that VA € B, U1 (A) =

o0, otherwise

We say U is the counting measure.

@ Let xo € R, a measure i is such that

1,(xp €A)
VA € BR, U2 (A) =
0, ()C() §§A)
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We say W, is the probability measure.

We now give some propositions for the measure space. Below, let (X,.#, 11) be a measure space.

Proposition

Proposition 5. (Finite Additivity)
IfA1,Ay,--- Ay € F are disjoint, then

(a1 UssUUnv) = X wtan).

Proposition

Proposition 6. (Monotoncity)
Given A,B € Z, if A C B, then u(A) < u(B).

Proof. Note that since (t(A), 1t (B) could both be infinite, so taking pt(B) — tt(A) is incorrect. Indeed, we
may construct B=AJ(B\A), where

w(B) = p(A) + 1(B\A) = u(A).

Proposition

Proposition 7. (Countable / Finite Subadditivity)
If {Ap,n> 1} C .7, then

u <0An> < ilu(An) and (UAn) < iu(An)

Note that if A,’s are disjoint, then it should be "=".

Proof. Let B = Ay, and B, := An\(Ulr.’:_llAi) for every n > 2, then we know that {B,,n > 1} C .% and
B,,’s are disjoint. More importantly, by our construction we have | J,,_; B, = {,—; A,. Thus by countable
additivity, we have

u (OAn) —p (Om) = Y u(B) < ¥ ula)
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Proposition

Proposition 8. ( Coutinuily From Below)
Given {A,,n > 1} C .Z such that A,, C A,y for every n, then

g (nL—JlAn) - I}I_EEON(An)

Proof. Set By = A1, B, = A,\A,— for all n > 2. By definition we have {B,,n > 1} C .# is disjoint, and
we have ;| B, = U, - As; also foreach N > 1, UQ’ZI B, = A,,, which means

u(nQAn> =u<OBn> = iu(B —1313202“
Bn)

n=1
=1l
o

= lim (A,)

n—oo

ECZ

Proposition

Proposition 9. ( Continuily From Above)
Given {Ap,n > 1} € F such that A, 11 C A, for everyn > 1, if L(A}) < +oo, then

Proof. Set B, = A1\A,, then we know that the sequence {B,,n > 1} is increasing, then we have

U Bn - Al\ m An
n=1 n=1

Thus,

~—

H (Al\ﬁAn> =Hu (O Bn) :r}grolc,u(Bn) :r}g{}o‘u(A\An) (*
n=1 n=1

Given that the measure of A, is always finite, so u(A;\A,) = u(A;) — u(A,) and

<A1\ﬂA ) u(Ay) —u (;ﬁAn)

—u (ﬁAn> = lim (u(Ar) —u(Ay))
n=1

n—soo

Thus, by equation (x),
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that is

“’([i]An> :vEELM(An)

n=1

Construction of Lebesgue Measure on R

Now, we want a measure on the real line IR such that:
(D It assigns to an interval the length of that interval;
@) It is translation invariant (i.e A,A + x has the same measure).

We begin with the definition of an outer measure:

Definition

Definition 6. VA C IR, define a set function

nﬂMzM{iWﬂAQOQ}

where I,,’s are open intervals. Then m* is called an outer measure on R (The Lebesgue Outer
Measure), [(1,) represents the length of that interval.

Based on the definition, we have the following properties:

Proposition
Proposition 10. ) VA C R, m*(A) > 0 and we define m* (&) = 0;
@ (Monotoncity) If A,B C R and A C B, then m*(A) < m*(B);

@ (Countable Subadditivity) If {A,,n > 1} is a sequence of subsets of R, then
m [ A ] < Y m*(4n)
n=1 n=1

Proof. If m*(A) = o0, then (3) holds trivially, therefore we may assume that m*(A,,) is finite for every n.
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For each n > 1, Ve > 0, one can choose a sequence of open intervals {,;,i > 1} such that

U i and z“ll i) <m*(A )+§

i=1 i=

therefore

Yme Yy

IICg

thus by definition

8

m* <0An> < Zl(lni) = i 1(Lni)

since

which is

Remark: In fact, any set function on 2R that satisfies properties (I),@2),3) is called an outer measure.

More properties follow:

Proposition

Proposition 11. If1 C R is an interval, then m*(I) = I(I);

Proof. First, we consider I = [a,b] for some a,b € R,a < b. Then, Ve > 0, we construct
L =(a—¢g,b+e)

clearly I C Iy, thus
m*(I) <m*(I}) <I(I) = (b—a) +2¢

Since € is arbitrarily small, so
m (1) < (b—a) = (1)

Now, we need to show that m* (1) > [(I), which is sufficient to show that V{I,,n > 1} open and covering

I, we have
Y 11
n=1
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Let {I,,n > 1} be such a covering, since I = [a,b] is compact, thus I can be covered by finitely many 7,’s.
We can extract a finite collection Iy, b, - - - ,Iy with I, = (ay,b,), such that a; < a;by > b and a, < b,
for every n > 2. Then

N N
I(L)=bi—a1+ Y (ba—an) >bi—ar+ Y (by—by1) =by—a; > b—a=1(I)
1 n=2 n=2

=

Y (1) >

1

Now assume [/ is a finite integral with end points a,b,a < b. Let € > 0, then

b—
[a+eb—¢g|Cla—eb+el, (£< Ta)

By monotoncity, we have
b—a—2e<m"(I)<b—a+2e¢

thus
m*(I)=b—a=1I(I)

Finally, consider / to be an infinite integral, thus VM > 0, there exists a closed finite interval j; such that
Iy C1and (M) < M, which means
m*(I) >m"(Iy) <M

since M is arbitrarily large, thus m*(I) = +co. [
Proposition

Proposition 12. m* is translation invariant, i.e VA CR,x € R, m*(A) = m*(A +x);

Proposition
Proposition 13. VA C R, m*(A) := inf{m*(B),B C R,A C B} where B is open.

Proof. VB open with A C B, by monotoncity we have m*(A) < m*(B). W.L.O.G, assume m*(A) < oo,
that means Ve > 0, there exists open intervals {I,,n > 1} such that

AC |J 1, and m*(A)+e> Y I(I,)
n=1 n=1
Now set B = | J;,— I, thus we have

" (B) = m* <01> <Y () = Y (1) <m(A) e
n=1 n

=1 n=1

since € is arbitrarily small, thus we have m*(A) := inf {m*(B),B C R,A C B} where B is open.

Proposition

Proposition 14. IfA = A JA2, C R with d(A1,Az) > 0, then m*(A) = m*(A;) +m*(Ap).
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Proof. By definition, it holds trivially that m*(A) < m*(A;) +m*(A;), we remain to show that m*(A) >
m* (A1) +m*(A;). We may also assume that m*(A) < co.

Ve > 0, 3 a sequence of open intervals I, such that A C | J;_, I, and
Y (1) <m*(A)+e
n=1

also, it is possible to further rewrite each I, as I, C \J= I,; where I,; are open, n > 1 and I(I,;) <
d(A1,Az), also

[eo)

Y (L) <1(I,)+¢

i=1

Now rename I;; as Jy,, since [(J,,;,) < d(A1,A;), which means J,, can intersect at most one of A}, A5, then
define p = {1,2}, set

My ={m:J,( A, # &}

then {J,, : m € M, } is an open interval covering of A,. We now know that

,ﬂmwwmggzumw§:wwgim

meM, meM,

Proposition

Proposition 15. If A = 7, J, where J,’s are almost disjoint intervals, i.e they at most intersect
at boundary points. Then

m(4) = Y 1)
k=1

Proof. If 1(J;) = oo for some k > 1, then since J; C A, it implies that m*(A) = o, in this case the desired
relation holds trivially. Thus we may assume that /(J;) < oo for all k > 1. Fix an arbitrary € > 0, for all
k > 1, choose an open interval [ C J; such that

1(Jx) <1(L) +%

Furthermore, for any fixed integer n, we can make the choice of 1,5, - ,I, such that they are disjoint
with positive distance from one another, thus

n n
UkcUshmca
k=1 k=1
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and
n

m*(A) >m* ((IJI/() = Zl([k) > i <l(]k)—§> > Zl(Jk)—s
k=1

Since ¢ is arbitrarily small, » is arbitrarily large, in fact

i (4)> Y1)
k=1

Also by definition, m*(A) < Y°_, [(Ji) holds trivially. [

Defining Measurable Sets

Definition

Definition 7. A set M C R is called m*-measurable, if VB C R,
m*(B) = m*(BNM) +m*(BNMC)
Otherwise, M is called non-measurable.

Remarks :

(D By subadditivity, we already know that VA,B C R,
m*(B) <m*(BNA) +m*(BNA°)
thus to show that A is m*-measurable, we only need to show that
m*(B) > m*(BNA) +m* (BNA")
(@ Whether or not A is m*-measurable depends on whether or not < can occur for some B.

@ Non-measurable set exists, it relies on the Axioms of Choice (AC).

Theorem

Theorem 2. (Carathéodory’s)
Let # = {A C IR} where A is m*-measurable, then ./ is a G-algebra of subsets of R, define

m: M — [0,+|,VA € M ,m(A) =m"(A)

then m is a measure called the Lebesgue Measure on R. If A € .#, we say A is (Lebesgue)
measurable.
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Proof. First we show that ./ is a c-algebra. The first two properties are trivial, thus we remain to show
thatif {A,:n>1} C .4, then U, _ A, € .

To prove this, we first check that .# is closed under finite union, i.e if Aj,As,---,Ay € ., then
UV_A, €.

It is sufficient to show A| |JA, € . since we may perform the induction on N. By definition,

VB € R,m*(B) = m*(BNA;) +m*(BNAY)
=m*(BNA;) +m*((BNAS) NA,y) +m* ((BNAS) NAS)

Notice that (BNA;)U(BNASNAy) = BN (A UA;), then
m*(B) > m*(Bﬂ (A] UAz)) +m* (Bﬂ (A] UAz)C)

Now consider the countable sequence {A, :n > 1} C .#, set

n—1
Bi=A1By=A,\ (UA,) n>2
i=1

then we notice that B,’s are disjoint, and |J—; B, = U;Z;A, where B, € .#,n > 1. To show that
Un—1 A, € #, we only need to show that |, B, € .#. For every n > 1, let E, = |J;_, B;, thus we
know that E,, € .#,n > 1.

Now VB € R,n > 1, we have
m*(B) = m*(BNE,) +m*(BNES)

where E, C |J,_, B, and <U Bn> C Enc, that is

oo C
m*(B) > m*(BNE,NB,) +m*(BNE,NBS) +m* (BN (U B,,) )

n=1

- c
>m*(BNB,) +m*(BNE,_1)+m"(BN (U Bn> )

n=1

- c
Z (BNB;) *(Bm(UB,,) )

n=1
As n — oo, we have

(o)

Z (BNBy) +m*( Bﬂ(UB)C

= n=1

oo oo C
>m* (BN (U Bn>)+m*(Bﬂ (U Bn) )
n=1 n=1
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thus .# is a o-algebra.

Next, we will check that m = m*| ; is a measure.

Since m(A) > 0 and m(2) = 0 are obvious, we will only check the countable additivity.

Given {A,,n > 1} C .# where A;’s are disjoint, we follow the ame argument as above, and we get for
everyn > 1,

oo n n
Therefore, for every m (UA,-) >m (UAi> = Z m(A;), as n — oo,

and by subadditivity, the other direction is trivial, which means .# is a measure. [ |

Proposition

Proposition 16. .# and m are translation invariant, i.e VA € # ,x € R,LA+x € A and m(A) =

m(A +x).
Proof.
VB € R,m*(B) = m*(B—x)
=m*(B—xNA)+m*(B—xNA")
=m*(BNA+x) +m* (BN (A+x)°)
|
Theorem

Theorem 3. Va,b € R,a < b, then (a,b) € .4 and

m((a,b)) =b—a

Corollary

Corollary 1. Every Borel Set is Lebesgue Measurable.
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Properties of a Lebesgue Measure

Now we shall discuss some important properties for a Lebesgue measure m.

Proposition

Proposition 17. (Translation Invariant)
VA€ M ,xER, thenA+x € M and m(A) = m(A +x).

Proof. We have proved this in the previous lecture. [
Proposition
Proposition 18. (Any Interval Is Measurable)
Va,b € R,a < b, we have (a,b) € .# and m((a,b)) =b—a.
Proof. Leta < b,a,b € R, then VB C R we only need to show
m*(B) = m* (BN (a,b)) +m* (BN (a,b)°)
As mentioned previously, we only need to prove
m*(B) > m* (BN (a,b)) +m* (BN (a,b)")

Assume that m*(B) < +oo, then Ve > 0, one can always find a sequence of open intervals {I,,n > 1}

such that _
BC U I, and m* Z

n=1
Foreachn > 1, let J, = I,N (a,b); K, = I, N (—0,a]; L, = I, N [b,+o0), and for any fixed n, J,,K,, L,
are almost disjoint, hence
(1) = () - (Ky) + 0 (L)

so we have

znill(ln)—e:ni i L)) —¢

where € is chosen arbitrarily small. [
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We have the following regularity properties for Lebesgue measure m:

Proposition
Proposition 19. VA € .Z ,& > 0, there exists an open set G where A C G such that

m(G\A) < €

Proof. Tt is equivalent to prove that m(G) —m(A) < €. Since we also have m(G) = m(A) +m(G\A), so
when the measure is not infinity, we are done. Now consider when the measure is infinity, that is assume
m(A) = +oo. Then consider the sequences A, := A()[—n,n], where m(A,) < +oo and there exists an
open set such that A, C G, where m(G,\A,) < €/2". The let G = J,_, Gu, A = ;| An, we now have
G is open and A C G, also

[}

m(G\A) = m (U (G\A) < ilm(Gn\A)) < ilm(Gn\An) <e

n=1

[
Proposition
Proposition 20. VA € .Z ,e > 0, there exists a closed set F where F C A such that
m(A\F) < &
Proof. to be implemented. |
Proposition
Proposition 21. (Outer Regular)
VA € 4, we have
m(A) := inf{m(G) : G is open,A C G}
Proof. to be implemented. |
Proposition
Proposition 22. (Inner Regular)
VA € 4, we have
m(A) :=sup{m(K) : K is compact,K C A}
Proof. to be implemented |

Proposition
Proposition 23. VA € .# and m(A) < o, then Ve > 0 there exists a compact set K C A such that

m(A\K) < €
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Proof. By (ii), we know that Ve > 0, there exists a closed set F' C A such that

m(A\F) < g

Now for each n, set F,, = [—n,n] N F, now we know that F, is compact, hence A\F; is decreasing and
M1 (A\F,) = A\F, by continuity from above,

m(A\F) = lim m(A\F,) < 3

then there exists a number N such that m(A\Fy) < &, since F, is compact, F,, C A, thus

m(A\Fy) < €

Proposition

Proposition 24. VA € .# and m(A) < +oo, then Ve > 0, there exists a finite collection of intervals

L, b, -, Iy such that
N
m<A< (Uln>> e
n=1

we define A<IB = (A\B)\(B\A).
Proof. Y& > 0, choose {I,,n > 1} to be a sequence of open intervals such that A C | J,_, I, and

since m(A) < oo, so the sequence Z I(I,) is convergent so we have N large enough such that
n=1

then we have
m (A <1n©1 In> —m (A\n©11n> +m (nglln\A)
<m (,91 In\g 1n> +m <n©1 In\A)
(9.5) = (0en)

CY i) -mA) =¢

n=N+1

I
3

<

N m
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Proposition

Proposition 25. (Completeness)
Given (R,.#,m) is a complete measure space in the sense that VA C R if VB € .# such that
ACBandm(B) =0, then A € .4 and m(A) = 0. i.e any subset of a null set is again a null set.

Proof. Assume A C R such that A C B for some B € .# with m(B) = 0. We want to show that VE C R,
m*(E) =m*(ENA) +m*(ENAC®)

which means we only need to show
m*(E) >m*(ENA) +m*(ENA°)

Since A C B, we then have m*(E NA) < m*(ENB), since B € .4, thus

m*(ENAS) =m*(ENA“NB) +m*(ENA“NB°)
<m*(B) +m*(ENBC)

then
m*(ENA) +m*(ENAS) <m*(ENB) +m*(ENB®) = m*(E)

thus o7 € . and it follows that m(A) = 0. [
Remark: An equivalent statement of saying (R,.#,m) is complete is: VE C R, if F,G € .# such that
FCECGand m(G\F) =0, thenE € .# and m(E) =m(G) = m(F).

Uniqueness of m

Let’s consider m where (R, BR,m) is a measure space, we have the following proposition:
BR

Proposition
Proposition 26. Up to re-scaling, the Lebesgue measure m is the unique, non-trivial measure on

(R,BR) such that it’s finite on compact sets and translation invariant.

That is, if u is another measure on (IR, %R), then 4 = cm for c € R.

The uniqueness of m can be derived from the famous Dynkin’s © —d Theorem, which we will introduce
later.

Theorem

Theorem 4. Given a space X, let € be a collection of the subset of €, then € is called a 7-system
if A,B € € implies AN\B € €. Now assume % = 6(€), a 0-algebra generated by this Tt-system
and W, [, are 2 finite measures on (X,.%) such that 1 (X) = W (X) and py = p on €, then
W1 = Uy for the entire 7.
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Recall that B := o ({(a,b) : a,b € R,a < b}), we claim that Br {2} is a w-system.

For each n > 1, consider the set 6,_,, ] := {(a,b) N[-n,n] : a,b € R}, it is again a 7-system and we
have that

G(Cgﬁ[fn,n}) = G(%)ﬂ[fn,n]
which implies
%[fn,n] = G<Cgﬂ[7n,n])
Now we give the formal definition of a 7-system and a d-system.

Definition

Definition 8. Letr X to be a space (non-empty sets), let . be a collection of subsets of X, then .
is a mw-system if VA,B€ ., A(\B € .

Definition

Definition 9. Let X to be a space (non-empty sets), let & be a collection of subsets of X, then &
is a d-system if the followings hold:

DX ez,

@ IfA,B € 2 with A C B, then B\A € J;

A If{A,:n> 1} € P and the sequence is increasing, i.e A, C A1, then U A, € 9.

n=1

Theorem

Theorem 5. Let X be a space and % be a collection of subsets of X, then % is a 6-algebra if
and only if ¥ is a w-system and . is a d-system.

Proposition

Proposition 27. If u is a measure on (R, BR) such that V1 € R, we have (1) = I(I), then W is
the Lebesgue measure m.

Proof. ¥n > 1, consider u restricted on %[_n’n], clearly

u([=n.n]) = m([-n,n]) = 2n

we have that 6, | as the generating 7-system of B, Now Va,b € R, since u(&) = m(2) = 0, then

u((a,b)N[=n,n]) = ((a,b) N[=n,n]) = m((a,b) " [-n,n])

according to the theorem, yt = m on %[ s then

—n,n

w(A) = lim p(A,) = lim m(A,) = m(A,)

n—oo n—soo



26 MEASURE THEORY

To prove the proposition Q) (Uniqueness of m), we first need to prove that ‘B is translation invariant.

We may use the “Good Set Strategy”, that is we first define some “good set”, and then we try to show
that everything we need to prove is indeed inside the “good set”.

We define the collection of good set as:
Vxe R, X2 :={Be€BRr:B+xc BRr}
the we show that X is a o-algebra, once X is a 6-algebra, we already know that
{(a,b) :a,b e R} CX C BR
then we can easily show that
Br=0{(a,b):a,beR,a<b})CE

then we can show that . = BR.

Now, we prove the uniqueness of m:

Proof. Set ¢ = u([0,1]),c > 0. Since if ¢ = 0 then u is trivial.

wera(o4]) -5
n n

Vm=1,2-,n—1,u ((O%D L

n

Vg € Q,N(0,1],u((0,q]) = gc
Vg € Q"1 ((0.q]) = gc
Vae R, u((a.a+q]) = qc
since Q is dense in RR, thus for any interval I C R, u (1) = cl(I) by continuity.
Also, V,n > 1,ab € IR,a < b, we have
1((a,b)N[—n,n]) = cl((a,b) N[—n,n]) = ecm((a,b) N [—n,n])
thus we have 1 = cm on *BR, and we can conclude that 4 = cm on ‘BR. |

Scaling Property

Proposition
Proposition 28. The Lebesgue measure m has the scaling property that VA € # ,c € R, we have

cA = {cx,x € A} € M ,m(cA) = |c|m(A)

First proof : (Direct Proof)



RELATION BETWEEN BR AND .# 27

Proof. Key points here is : Given A C R,{l,,n > 1} is an open interval covering of A if and only if
{cl,,n > 1}(c # 0) is an open interval covering of cA and [(cl,) = |c|I(I,) also m*(cA) = |c|m*(A) W

Second proof:
Proof. Alternatively, we can prove the scaling property on BR, VB € B, define

e(B) = m(cB)

and we can easily check that L. is indeed a measure and it’s translation invariant, and g, = |c|m on BR,
it means

VB € BR,c € R\0,m(cB) = |c|m(B)
and we have something different...

How can we go from B to .Z?

Relation Between B and .7

Recall that (R,.#,m) is complete, i.e VB € R, if 3A € .# such that m(A) = 0. If BC A then B € ./
and m(B) = 0.

Definition

Definition 10. Given a measure space (X,.%,11), consider the following collection of subsets of
X, called .V, such that

N :={BCX:JAe #,u(A)=0,BCA
then define F = o(FUN), called the completion of F with respect to W, if & C .F, then
F = % in which case F is already complete.
Proposition
Proposition 29. We have

Z :={FCX;3E,GE€ F,ECF CG,u(G\E) =0}

Proof. Denote Z to be the collection on the R.H.S, we first check that Z is a o-algebra. (to be imple-
mented) [ |
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Definition
Definition 11. Given a measure space (X, %, L), then it can be extended to Z as follows:
IfF € 7, assume E,G € .7 such that E C F C G where u(G\E) = 0, then we define
u(E) = u(F) = u(G)

and now (X 7, W) is a complete measure space.

Theorem

Theorem 6. (R,.#,m) is the completion of (R, BR,m).

Proof. Given A € ./, then Vn > 1, there exists an open set G, such that A C G,, and
. 1
Similarly, there also exists a closed set F;, such that F, C A and
. 1
m'(A\F) < &= —
n
Set
C:=()GuB:=JF
n=1 n=1

then by definition, B,C € ‘B, we know that Vn > 1,

m(C\A) < m(Gp\A) < %

m(A\B) < m(A\R,) < -
meaning that
m(C\B) = m(C) —m(B) < %

and the choice of n is arbitrarily large.

Thus m(C\B) = 0 as n — oo, meaning that A € B, and .# € BR and .# = BR. [ ]

Corollary

Corollary 2. Any measurable set is different from a Borel set by at most a null set, meaning that
ifm = (cB) = |c|m(B) for all B € BR, then m(cA) = |c|m(A) forall A € M.
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Some Special Sets

Now we have the following question:

Is there a subset A C R that is measurable with m(A) =0
A is countable, then m(A) = 0).

The answer is yes, Cantor Set is such an example.

29

, such that A is uncountable? (It is a fact that if

1.8.1 An uncountable set with measure O : Cantor Set

The Cantor Set is given by

1] 21
=2 1]

It is generated by removing the middle thirds each time. It is obvious that C, is decreasing. Let

%::ﬂCn

n=0

to be our Cantor Set, then we claim the following facts:
(D Cantor Set is closed;

@ The measure of the Cantor Set is 0, since we see that

then obviously
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Also, observe that Vx € [0, 1], we can find a sequence (aj,as,--) where g; € {0,1,2} such that

We assign the value 0, if it is in the first thirds, 1 for the second thirds and 2 for the third thirds, and we
notice that some numbers may have more than 1 expansion, such as

1 ](1,0,0,0,--)
3 1(0,2,2,2,---)

and

2 {(1,2,2,2,---)

37 1(2,0,0,0,--)

Thus we may define the Cantor Set as

% :={x€[0,1], where the base expansion of x does not contain the digit 1}

numbers like 3 is still in % because it has a different expansion that does not contain 1, then

Card(%¢) = |{ay,n > 1} : a, € {0,2}| = Card([0,1])

meaning that %’ is uncountable.
1
Define f: ¢ — [0, 1] such that if x = Zanﬁ for a, € {0,2}, then

1
flx) = %g

and we claim that f is a surjection, thus
Card(?) > Card([0,1])

which again shows that % is uncountable.

[

1
Denote % to be the Cantor Set, if x € €, x = x = Z anﬁ where a, € {1,2}, then we define

n=1

fla),x ¢ €,x € (a,b)

This function is called the Cantor Lebesgue Function, here is the graph of f(x):
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8/8
7/8
6/8
5/8
4/8
3/8
2/8

1/8

9 29 39 49 59 69 79 89 99

Figure 1.1: Cantor-Lebesgue Function

Facts about f(x):
D f:[0,1] — [0,1]

@ f(0)=0.f() =Lf(3)=F(5)=75"
@ f(x) is non-decreasing and a surjection.

@ f(x) is continuous.

1.8.2 A subset of IR that is non-measurable : Vitali Set

Then, we have another question: Is there an A C IR, such that A is non-measurable?

The answer is still yes. To see this, we will state the Axioms of Choice.

Theorem

Theorem 7. (Axioms of Choice (AC)):
If Q) is a collection of non-empty sets, then there exists a function

S0 — UA
AeQ)

such that
VAe O, 7(A) €A

and we call . to be a selection function. We refer to . (A) as a representative of A.

31
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Now we will construct a non-measurable set:

Consider [0, 1] again, define an equivalence relation ~ on [0, 1] given by
Va,be€[0,1]:a~b<—=a—-beQ

Denote by E,, to be the equivalent class containing a, set () to be the collection of all equivalence classes,
of course VE, € (), E, # O.

By Axioms of Choice, we can select EXACTLY ONE element S, from E, for each E, € (), and set
N = {8, : S, is a representative of E,, E, € )}
Proposition

Proposition 30. We claim that .V is not measurable.

Proof. Assume ./ is measurable instead, then consider [—1, 1] NQ, and {g : kK > 1} is an enumeration
of [—1,1]NQ. For each k > 1, set
M= N +qr

thus, A € A and m(.N") = m(M).
Claim 1 : A, are disjoint.
Proof. Assume not, the Igx,q; € Q, (qx # q1):Sa,Sp € A such that S, + g = S, + g;, meaning

Sa—Sp=q1—qr€Q

which yields S, ~ Sy, qx = ¢q;, a contradiction. |

Claim 2 : [0,1] C | M.
k=1

Proof. Take any x € [0,1], then x ~ S, for some S, € 4", meaning x — S, € Q. Since x— S, € [—1,1],
then there exists a k, such that x — S, = gy, sox € ;.

On the other hand, U i C [—1,2], since 4 are disjoint, then
k=1

[0,1] € G M C[-1,2]
k=1

meaning

1<m

N

U %) <3
k=1
meaning while, we have

k=1 k=1

Since each .#; has the same measure, it yields a contradiction. [ |
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That is, .4 is not measurable. [ |

We call the set
N :={8,: S, is a representative of E,,E, € (O}

the Vitali Set.

Theorem

Theorem 8. VA € .# with m(A) > 0, there exists a subset B C A such that B is not measurable.

Proof. Assume otherwise, that is, there exists an A € .# such that VB C A, B is measurable. Let

AC |J@ANn[nn+1])
nez

so there exists n such that m(A(\[n,n+ 1]) > 0, and m(A(\[n,n+ 1] —n) > 0 because of translation
invariant. Let

Al:=AN[nn+1] -
thus A’ C [0,1] and m(A’) > 0.

Now consider VB’ C A’, B'+n C A and we know that B’ € .#. Let A ,qi,. ¥ be the same as earlier
defined, let A} = A’ .4 where A} are disjoint and

=[0,1]nA’" C U (MNA") = | AL

Since m(A") > 0, so there exists a k such that m(A}) > 0, by fixing k, set
L:={l>1:qi+q€[-1.1]}
where .Z is countably infinite. Consider the set {g; +A},l € Z}:
Since q; + g € Q, it means that g; + g, = ¢, for some unique m, then
QU+ Ak = ar+AN (AN +qx) C A

also {q; +A,l € £} is a family of disjoint sets. Again,

U a+A S [-1.2]
e &

Z m(q;+A,) <3
le &

meaning that m(q; +A;) = 0, that is, m(A}) = 0, a contradiction. [
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1.8.3 A measurable set that is not a Borel set

Still, we ask the following question:
Is there a set A € .#, such that A ¢ BR?
The answer is again yes.

Let f: [0,1] —> [0, 1] be the Cantor-Lebesgue function, define
g(x) = f(x) +x
then g(x) is continuous and strictly increasing, note that
g:10,1] — [0,2]
is also a bijection (by I.V.T), then g has an inverse, where
g 1:[0,2] — [0,1]

exists and also yields a bijection. We say g is a homeomorphism (It’s not homomorphism!), meaning g
maps from open to open; closed to closed sets. So if A € By, then g(A) € B.

Observe that if (a, b) is an open interval that gets removed from the construction of the Cantor set, then
f is constant on (a,b), then g will map (a,b) to another interval of the length (b —a).

Consider g([0,1]\€), where
m(g([0,1\€)) =1
thus m(g(¢)) =2—1=1>0and g(¥) C [0,2].

Then there exists B C g(%') such that B¢ .#,let A= g '(B), then A C g~ !(g(¥)) =%.

Since m(¢) =0, then A € .# and m(A) =0 and A ¢ BR. Because if so, then B = g(A) € BR which
contradicts the fact that B ¢ /7.



Chapter 2

Integration Theory

Measurable Functions

We will consider the function f defined on IR that could take +oo, —co as its value, i.e
f:R—R
where R = R{J{+o0, —oo}. We say f is extended real valued.

I[fVx € R, —o0 < f < 400, then we say f is finite valued.

Definition

Definition 12. Given a function f, take a € R, we define

T ([==.a)) = {x €R. f(x) € [~e0,a)}

as the inverse image (or pre-image) of f.
Similarly, we have
S (@) i={x € R, [ (x) € (a, Fec]}.

And generally,
VBCR,f'(B):={x€R,f(x) €B}

35
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Proposition
Proposition 31. D VBC R, f~1(B¢) = (f~!(B))C.
QVABCR, f1(AnB) = f1A)nf1(B) and f 1 (AUB) = f~1(A)Uf~1(B), the same

also holds for countable union and intersection.

Theorem

Theorem 9. Say f : R — R is measurable, if and only if VA C R, f~([—o,a)) is measurable.

We also have these equivalent definitions:

Say f: R — R is measurable, if and only if Ya € R, we have one of the following: (D) f~'((a,+o]) is
measurable; @ f!([a,+]) is measurable; @) f~!([—oo, —a]) is measurable.

The idea is similar to Borel set, we shall take ) as an example to illustrate this:

Proof. Va € R, we have

n=1
and N
)= U (=)

Also, if f is finite-valued, then f is measurable if and only if Va,b € R,a < b, we have one of the fol-
lowing: O f~'((a,b)) is measurable; @ f~'([a,b]) is measurable; @) f~!(|a,b)) is measurable; @
f~'((a,b]) is measurable.

Now consider the Borel 6-algebra B of the completion of IR defined by
B = 0(BrU{+eo} U{—eo})

We claim that Ry = 6 ({[—e0,a) :a € R}).

Proof. Ya € R, write [—eo,a) as (—oo,a)|J{—eo} and clearly 6((—oo,a)|J—o0) C B, we only need to
prove the other direction.

Note that . .
(1= (Yoo =R\ (U o)
n=1 n=1

which implies
{#oo,—eo} € 0 ({[—o0a) :a €R})
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thus Va € R, (—o0,a) = [—e0,a)\—o0 € 6({[—,a) : a € R}), meaning
Br € 6({[—o0,a) :a e R})

as desired.

Proposition

Proposition 32. A function f : R — R is measurable if and only if VB € B f “IB)ec..

Proof. (<=) : Obvious, because [—,a) € BR,Va € R.
(=) : We will use one of the results:

Given a collection of C of subsets of IR. we have

fU(E)={f""(B): BcC}
then f~!(c(¢) = o(f1(?)).

Now take ¢ := {[—o0,a) : a € R}, then
[ (Bg=r"(o({[~a):aeR})) =0 (f!([~=.a)):acR} € .4

Similarly, if f is finite valued, then f is measurable if and only if VB € BR, f~! (B) € .

Proposition
Proposition 33. Given f : R — R, define

J(x),if —oo < f(x) < Hoo
fr(x) = ,

0,otherwise

then f is measurable if and only if VB € BR, we have fﬂgl (B) € M and {f = +oo},{f = —oo} €
M.

Proof. (<=): We assume R.H.S, thenVa € R, f~([~w,a)) = {f = —o} U fg ' ((=,a)) € 4.

(=) : We assume f is measurable, obviously {f = +oo},{f = —oo} € ., then VB € BR, we have

fr'(B) ={xeR: fr(x) € B}
={xeR, fR(x) €B,—o < f(x) < +oo}U{x €R, f(x) = £} € #



38 INTEGRATION THEORY

Definition

Definition 13. If a statement is true for every x € A for A € .# such that m(AC) = 0, then we say

that the statement is true almost everywhere (is true for almost every x).

Proposition

Proposition 34. If f : R — R is measurable and f = g almost everywhere, then g is measurable.

Corollary

Corollary 3. If f is a finite valued almost everywhere, then f is measurable if and only if fR is

measurable, if and only if Ya,b € R,a < b we have f~'((a,,b)) € 4.

Proposition

Proposition 35. (D) If f(x) = ¢ (f is constant function), then f is measurable;

@ If f = 14 for some A C IR, then f is measurable if and only if A € 4, where f is the charac-
teristic function of A defined by

l,xeA
f(x) =
0,x¢ A

Proof. (D : Assume f(x) = c, then we have Va € R,

f_l([_oo,a)):{]R,c<a cu

g,c>a
@) : Assume f = 14, then we have Va € R,

R,a>1
Y [~ea) =< 2,a<0 e
A€ 0<a<1

ifand only if A € .Z.
Proposition

Proposition 36. If f is a finite valued continuous function on IR, then f is measurable.

Proof. The fact that if f : R — IR is continuous, if and only if for all open set G C R, f~!(G) is open.

Then Va,b € R, f~!((a,b)) is open € . .
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In fact, if f: R — R is continuous, then VB € B, f~!(B) € BR.

Further, if f~! exists and is continuous, then VB € BR, f (B) € BR.

Proposition

Proposition 37. If f : R — R (finite-valued) is measurable and g : R — R is continuous, then
gof: IR — IR is measurable. (Note that the order matters!)

Proof. VYa € R, we have
(gof) " ([—e0,a)) = {x € Rg(f(x)) <a}
= {xeR,f(x) €g”([—o0,a))}

= (g7 ([~=.0) € A

Proposition

Proposition 38. If a function f : R — R is measurable, then
D Ve € R, cf is measurable;

@ |f| is measurable;

Q@ Vk € N, f* is measurable.

@ If f,g are two measurable functions (finite-valued), then f+g, f-g fVg:= max{f,g},
fAg:=min{f,g} are all measurable functions.

We will only give a proof on @):

Proof. Va € R, we have
(f+8) 7 ([=e.a)) = {r e R.f(x) +8(x) <a}

={reR, f(x) <a—g(x)}

= JxeR,f(x) <g<a—gx)}
q€Q

= J ({xeR,f(x) <g}n{xeRg(x)<a—q}) € A
9€Q
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Thus f — g is also measurable, and we have

fg==1(f+8)?*-(f—2?

B —

1s also measurable, and
1
fveg=5(f—gl+If+sgl

is also measurable, and finally
fAg=—max{—f,—g}

is also measurable. |
Corollary

Corollary 4. If a function f is measurable, then f* := fV 0 = max{f,0} and
= =—(fVv0) =max{—f,0} are also measurable.

Proposition

Proposition 39. Let {f, : n > 1} be a sequence of measurable functions, then
sup(fn),inf(fn),giigo sup(f,,),nlg}oinf(fn)

are all measurable functions.

Proof. To show that sup( f,,) is measurable, we will study that Va € R, {sup f,, < a}.
x € {sup f,, < a} implies sup f,(x) < a, meaning f,(x) < a,Vn. Thus x € U;_{fn < a}, thatis
{supfu <a} =U_{fn <a}e A,
meaning sup f, is measurable. |
Proposition

Proposition 40. Let {f,, : n > 1} be a sequence of measurable functions. then all of the following
sets are measurable:

D {x e R:limf,(x) exists};
@ {lim f, = too}; {lim f,, = c: c € R}.

Proof of () :

Proof. O <= {limsup f,, = liminf f,,}, and finite. Thus () = {—c0 < limsup f;, < 4o} N{—00 <
liminf f,, < 4o} N {limsup f, = liminf f,, }, where everything is measurable. |

Proof of @) :
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Proof. First consider {lim f, = ¢}, meaning Vx € IR, the set
{Ve >0,In>1:Ym>n,|fn(x) —c| < €}

can be written as

1
{VxeR,k>1,3n>1:Ym>n,|fin(x) —¢| < %}

that is,
(o) (o) (o) 1
NU Nl el < 1) .
k=1n=1m=n
For the other part, use the definition of a Cauchy Sequence. |

Approximation by simple functions

Given a function f : R — IR is measurable, then:

D f= fJr — f, where f+,f’ > 0 and are all measurable.

@ Vn>1, fn = (er/\n)l[—n,n]'

Figure 2.1: The graph of f,", where f An) represents a truncation, and 1[ represents a cut-off

—n,n|

Obviously, £, is non-negative and measurable, bounded by 7, zero outside of a bounded set, but also
{f,7 :n> 1} is increasing and lim f,” = f*.

Similarly, define f,” = (f~ An)1[_,,, still {f,” :n > 1} is increasing and lim f,, = f~.

Q) Fix n, consider £, and for k =0,1,2,---,n2", define

k+1
An,k::{xe[—n,n]:ggf,f(x)< ;; }e.///
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We claim that A, x (A, = @, if k # [, then set
n2"
k
q)l’l - Z lAn,ki
k=0

where these @,’s are simple functions.

Figure 2.2: A more detailed picture on the functions we defined.

Definition

Definition 14. ¢ is a simple function if

L
¢ = Z lEkak
k=1
where L is a positive integer, a’s are constant and Ey € M, m(Eg) < .

Also, we claim that {@, : n > 1} is increasing, and lim @, = f.

Proof. We will prove that lim,, . @, (x) = £ (x).

Vn € R, when n is large enough, x € [—n,n] will hold. Then clearly f*(x) = f(x)1_,,(x). As-
sume f1(x) < +oo, then by making n even larger when necessary, one can make f*(x) < n. In fact,
fH(x) <n = f*(x) = (fAn)1_,,)(x) = f," (x). Further, we observe that 0 < f,F (x) — @, (x) <27",
meaning that 0 < f1(x) — @,(x) <27, as n — oo, we have lim,, e @, (x) = f1(x).

Now assume that £+ (x) = oo, then it must be that ¢,(x) = n for all large n, thus it is still true. [

Theorem

Theorem 10. If g is measurable and g > 0, then there exists a sequence of simple functions
{@n :n> 1} such that {@, : n > 1} is increasing and lim, . @, (x) = g(x) for all x € R.
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Theorem

Theorem 11. If f is measurable, then there exists a sequence of simple functions {&, :n > 1}
such that |&,| is increasing and |&,| < |f| for all x € R and limy, o &, (x) = f(x).

Now, we would like to approximate the function by step functions.

Definition

Definition 15. 0 is called a step function, if

L
0(x) = Z a1y (x)
k=1
where L € IN and ay’s are constant, I;’s are finite open intervals.

Theorem

Theorem 12. If f is measurable, then there exists a sequence of step functions {6, : n > 1} such
that

lim 6,(x) = f(x)

n—oo

for almost every x € IR.

Proof. W.L.O.G, assume f is non-negative. Given that A € .# with finite measure, recall that Ve > 0,
A, b, -+ 1, open and finite, such that m(AAJI,) < €. By re-arranging these I;’s if necessary, we may
assume that /;’s are pairwise disjoint, hence

n
1y, =) 1
i=1
Now define .
0a =) 1,
n=1

then we know that
m({xeR:14(x) #604}) <€
where

(x€R:14(x) # 64} =AA (Uln>

Since f is measurable and non-negative, then there exists a sequence of simple functions {¢, : n > 1},

such that lim,,_,. ¢, = f, in particular,
n2" k

q)n - Z ?lAn,k
k=0

It means that Van > 1;k = 0,1,2,---,n2", we can find a step function 6, such that

1

m ({x eR: lAn’k(x) #* Gn’k(x)}) < m
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Set
n2" k
On = kzbﬁen’k;En = {x c ]Ra en(-x) 7& (pn(x)}
Then

n2"
m(E,) <m (U {6nk # lAn,k}>
k=0

n2"

B Z m ({en,k 7 1An,k})
k=0

1

< (2" 1)
R Ty

—n
It implies that m(E,) < 27", @,’s are chosen such that Vx € R, |@,(x) = fu(x)| <27 if F,:={x e R:
|6, (x) — fu(x)| > 27"}, then F, C E, and m(F,) <27".

Corollary

Corollary 5. For almost every x € R, there exists m > 1, such that Vn > m,

1
len(x) _fn(x)| < ﬁ

Proof. Consider the compliment:

Vm, such that 3n > m, we have |6,,(x) — f,(x)| > 27". In terms of sets operation, we will show that

m(ﬁ G{xER:|6n(x)=fn(x)|>% > _

m=1n=m
iem(NUF,) =0.

Define B,, = U, —,, Fn, clearly B,, is decreasing, then

m F, | = lim m(B,,) < lim m(F,) =0
<1Dl nL—Jm ) meree m_won;m

Then for almost everywhere, 3m > 1, Vn > m, |6, — f,| < 27". Meaning that fora almost everywhere,
lim,, (6, — f) = 0, therefore, we have 6, = f as n — oo almost everywhere.

Our previous work will result in an important lemma:
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Theorem

Theorem 13. (Borel-Cantelli)

If there exists a sequence of measurable intervals {F, : n > 1} C .4 such that Z m(F,) < oo,
n=1

then m(limsup, F,,) =0, i.e

"(005)-

Convergence Almost Everywhere and Conver-
gence in Measure

We begin by introducing the definitions:

Definition

Definition 16. Suppose {f, : n > 1} and f are all measurable functions, we say the sequence
{fu :n > 1} convergence to f almost everywhere and write f, — f if for almost every x € R,

limy, o0 f (x) = f(x).
Definition

Definition 17. Suppose {f, : n > 1} and f are all measurable functions, we say the sequence
{fn :n > 1} convergence to f in measure and write f — f in measure if

Vo >O’,}E§om({XER: |fu(x) = f(x)|>8}) =0

The relation between convergence in measure and convergence almost everywhere can be described by
the following proposition:

Proposition

Proposition 41. Given a sequence of finite-valued measurable functions {f, :n > 1} and f, and
A € M where m(A) < +oo. If f,, — f almost everywhere on A, then f,, — f in measure on A.

The converse is not true!
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Proof. V6 >0,

(o)

N D {reA:|fa(x) = f(x)| > 6} C {x €A, lim f,(x) # f(x)}

m=1n=m

— m(ﬁ U xeA: 1) — £ >6}) ~0

m=1n=m

— lim m(B,,) =0

m-—yoo

— (AW 01> 8) € Ullh—11>9)

= m({[fm—f1>8}) <m(Bn) = 0,n — e

[
Note that in the proposition, the assumption m(A) < oo is necessary.
Proof. Let fy = 1}, oy, f = 0. Then lim, e fu(x) = f(x) = 0, however m({x € R: |fu(x) = f(x)| =
1} = m([n,+o0)) = +oo, a contradiction. [

Theorem

Theorem 14. Given {f, : n > 1} and f are measurable, finite-valued functions, if f, — f in
measure, then there exists a subsequence {ny : k > 1} C IN such that f, — f almost everywhere.

Proof. Assume f, — f in measure, then V6 > 0, m({|f,, — f| > 6}) — 0 as n — oo, meaning that Vk > 1,
Iny. such that m({f,, — f| > 1/k}) < 1/k?, denote Ay := {f,, — f| > 1/k}, then by Borel-Cantelli Lemma,

we have

pu— 1 < 1 pu—

m (ﬂ UAk) llglolom <UA’<) < }Ln:ogm(Ak) 0,
I=1k=I k=1 k=1

meaning that for almost everywhere, 3/, such that Vk > [ : | Ju—f | < 1/k, which means that for almost

everywhere, limy_,. | f,,, — f| = 0, thus f,, — f almost everywhere. [ |

Theorem

Theorem 15. (Subsequence Test)

Given {f, :n > 1} and f are measurable and finite-valued functions, then f,, — f in measure if
and only if for any subsequence {ny}, there exists a sub-subsequence {ny, } C {n} C N such that
fnk, — f in measure as | — oo

Proof. (=) is obvious, now consider (<=). We will prove by contradiction. Assume otherwise, that

is, assume f,, - f in measure, then 36 > 0,{n;}, such that

m({| fo — f] > 8}) > 8,k

Then by the hypothesis on the right hand side, 3{n,} such that fnkl — f in measure, which yields a
contradiction. |
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Here is an exercise for the reader: Assume all functions are measurable and finite-valued, if f, — f,
gn — g in measure, then f,g, — fg in measure.

Egorov’s Theorem and Lusin’s Theorem

Recall that if f is measurable, then there exists a sequence of step functions {6, } such that 6, — f almost
everywhere.

Theorem

Theorem 16. (Egorov’s)

Given { f,}, f are measurable and finite-valued functions, and A € .M withm(A) < +oo. If f, — f
almost everywhere on A, then Y€ > 0, there exists a closed set Ac C A with m(A\Ag) < € such
that f, — f uniformly on Ag.

Proof. We first assume that f is finite-valued on A, we want to show that Ve > 0, there exists a closed set
Ag with m(A\Ag) < €, we have
sup [ fu(x) = f(x)| = 0,n — oo

xeAg
For each k > 1, (Now we fix k), and each n > 1, set

1
EX = {xGA Hfi(x) = flx)] < z,VjZn},

we see that E,(lk) C Ergl_?l, thus

U Ergk) = {xeA 2> LY >n,fi(x) = f(x)] <
n=1

|

| —

where

{reA: lim f,(x) = f(x)} C O EWM
n=1

If welet A’ = {x € A :lim, e f,,(x) = f(x)}, then by hypothesis, we have m(A") = m(A), and thus

m(A) =m(A') <m (G E,S")> = lim m(E,") < m(A)

meaning limn_mm(E,gk)) =m(A).

1 e
Now given Ve > 0, Iny > 1, such that m(A\E,gf)) =m(A) — m(E,E,]f)) < ——. Also set

272
Bi=a\ (EY
k=1
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then

m(B) =m (DA\E,S,’:)) <Y maES) <
k=1

k=1

Now set G := A\B =, E,g,lf) then if x € A, of course x € En(,]:) Vk > 1.

1
Thus Vk > 1, Vj = ng, | fi(x) — f(x)] < o meaning that f, — f uniformly on G. By the properties of
the regularity, there exists a closed A, Ae C G with m(G\Ag) < €/2, thus f,, — f uniformly on A¢ and
m(A\Ag) = m(A\G) +m(G\A¢), meaning that
m(A\Ag) =m(B) +m(G\Ae) < €
If f = oo, split f into three parts and do the exact same as above. [

Here are some remarks:

(D The assumption that m(A) < oo is necessary. For example. we set f, = 1, o), then f, — O point-
wisely, but Va € R, f, does not converge to 0 uniformly.

@ In general, Egorov’s theorem does not apply that f, — f almost everywhere. For example, on [0, 1]
consider f,,(x) =x", f(x) =0. Vx € [0,1), fu(x) = f(x) asn — oo, and f,(x) — f(x) almost everywhere
on [0,1]. If A C [0,1] is closed and 1 € A, then f,, - f uniformly on A. To see this, take {x,,} C A with
{xm} increasing and limx,, = 1. Consider

sup| fu(x) — f(x)] > sup | fu(Xm) — f (xm) | = S}ipxﬁ’ =1

XEA

thus f - f uniformly on A. But in fact, Ve > 0, f, — f uniformly on [0,1 — €].

Theorem

Theorem 17. (Lusin’s)
Given f is measurable, A € ./ with m(A) < oo, then V€ > 0, there exists a closed Ag C A with
m(A\Ag) < € such that

Is continuous
€

f

Here is an important remark: Lusin’s Theorem says that f| as a function on A is continuous, NOT the

&€
same as f as a function on A is continuous at points in A¢. Given f = 1Qm[0,1]’ we know that f is not

continuous everywhere, however f ‘Q o1] is a constant and therefore continuous on [0,1] N Q.
n[o.1

Proof. Recall that there exists a sequence {6,} of step functions such that 6, — f almost everywhere
on A,, and 6, is piecewise constant and piecewise continuous.Given € > 0, it is possible to find E,, open,
such that

1

NS R eY
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and
O,

Ef
is continuous. Meanwhile, by Egorov’s theorem, we know that 3B C A where B is closed, such that
m(A\B) < €/2 and 6, — f uniformly on B. We now set

Ae=B\ (JE,
n=1

and we know that A C A, and

m(A\Ag) < m(A\B) +m(B\A¢)

1s continuous. [ |
€

Finally, on A¢, 6, — f uniformly and 6,

is continuous, implies f
€

Here are more remarks:
(D Lusin’s Theorem does not apply that f is continuous almost everywhere.

@ 6, used in the proof is not continuous on IR, but in fact, we can choose a sequence {é:l} that is contin-
uous on IR such that 6, — f almost everywhere.

@ Lusin’s theorem implies that Vk large enough, 3 closed A; C A such that m(A\A;) < 1/k and f| is
A

continuous. In fact, we can take A to be increasing, otherwise use Avk = Uf-‘zl Aj; to replace Ag.

Construction of Integrals

2.5.1 Integral of Simple Functions

Definition

Definition 18. Given a simple function ¢ = ):%:1 a1, then the Lebesgue integral of @ is defined
as

/]R(p(x)dx = Z agm(Ey)

k=1
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Corollary

Corollary 6.
/R1A — m(A), VA € M, m(A) < +oo

Now, we have the properties of the Legesgue integral of simple functions:

Proposition

Proposition 42. (Well Defined)
Ifo=Yr alg, =YY, b, for Et,F; € M,a;,b; € R then

L M
Z aklEk = Z bllF[
k=1 =1

Proof. W.L.O.G, assume E}’s are pairwise disjoint, so are F;’s. Set ag = by = 0, and define

o () - (0]

ie, {Eo,Ey, - ,EL};{Fo,F1, - ,Fy} are both a partition of R. Then ¢ = Z£:1 arlg, = legzoaklEk, and
note that 15, = Z?io 1£,nF, meaning
L

M
0= Y algnrp

k=01=0
Similarly, we have

M M M L
O = ZbllFl = ZbllF[ = Z Z bllF[ﬂEk
=1 =0 [=0k=0

If E; N F; # &, then a; = b;, meaning that

L L M
/ o= am(E)=9=Y Y am(ENF)
R k=1 k=01=0

L M L
/ 0= am(Ex)=¢=)Y )Y bm(ENF)
R k=1 I=0k=0
If ExNF; = &, then m(E; N F;) = 0, which is enough to match. [ |

Proposition

Proposition 43. (Linearity)
If © and o are two simple functions, a,b € R, then a@ + b is again a simple function and

/a(p+ba):a/(p+b/ Q)
R R R
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Proof. Obvious u
Proposition

Proposition 44. (Finite Additivity)
If ¢ is a simple function, and Ay,Az,--- ,Ay € M where m(A;NAj) = @,i # j, then

Proof. Obvious |

Note that VA € .#, 14¢ is again a simple function, and

/(P:/IA(P
A R

Proposition

Proposition 45. (Monotoncity)
If @, w are simple functions with ¢ < ®, then

Je# = e

Proof. Assume ¢ = Zf:l alg, ® = ):?’i 1 bi1F,, then from proposition 42, we may easily see that it’s
true. |

Proposition

Proposition 46. If ¢ is a simple function, then || is also a simple function, and
] / @] < / [
R R

2.5.2 Integral of non-negative functions

Definition

Definition 19. If f is a non-negative, measurable functions, then the Lebesgue integral of f is
defined as

/]Rf(x)dx:: sup{/]Rh(x)dx:his simple,h §f}

Theorem

Theorem 18. This definition is the same as definition 16 restricted to non-negative simple func-
tions.
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Proof. Assume ¢ = Z%:l a1, is non-negative, thus for f non-negative, we should have

[r= [0
IREIX

We will show that Vo simple functions, @ < ¢, meaning [ @ < [ ¢ by monotoncity. [

which means we only need to show that

Notice that given f > 0 to be measurable, there exists a sequence of simple functions {¢, : n > 1} such

that ¢, < f and
: / " /
s R 1Rf

Theorem 19. Suppose f > 0 and is measurable, if {@,} is a sequence of simple functions such
that @, < @11, and lim,_, ¢, = f pointwise, then

LYCSY!
jm @ ]Rf

Proof. L.H.S = lim ,RH.S = / f, since lim,,_,. @, = f, thus by definition L.H.S < R.H.S holds
R

n—oo R(Pn
trivially. So we only need to show
i >
lim [ .= [ s
<
Jeo<tm [

Assume @ = ):%:1 alg, = Zé:o ailg,, where {Eq,Ey,---,Ep} is a partition of R. Since

L L
o= amE,/q): /(pn,
/R k;)k(k)lR k;()Ek

it’s sufficient to show that Vk =0,1,---,L,

Theorem

i.e by showing Vo simple, @ < f, we have

akm(Ek) < lim ®y (*)

n—oo Ek

Fix k for now, if a; = 0 or m(Ey) = 0, then (x) holds trivially.

Assume a; > 0,m(E}) > 0, then for a fixed k,

limo,=f>0 — VxEEk,lgn(pn(x)Zak
n—soo

n—oo

Now Ve > 0, set
Ci:={x€Ex :P,(x) > (1—€)ar}
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since @, < @11, C5 CC? i and UpZ 1 C§ = Ey, that means

lim [ @, = lim / 15,0, > lim / Tee@n > lim (1 — &)am(CE) = (1—&)agm(Ey)
n—oo JR " n—oo

n—e Jp, n—yoo
Since € is chosen arbitrarily, so

lim [ @, > aum(Ey)
n—eo |,

Corollary

Corollary 7. For any f > 0 measurable, if Vn > 1,k = 0,1,2,---,n2" with A, =
k+1
{ T <f< } then

n2"

= lim —m
/ f ==y Z n, k
Now, we will introduce several properties of the integral of non-negative functions.

Proposition

Proposition 47. (Well Defined) If f,g > 0 and are measurable such that f = g for almost every-

IR IR

Proof. Let{@,:n>1},{@,:n> 1} besequences of two simple functions such that ¢,, @, are increasing
and lim;, . @, = f;lim,_s. w, = g. Define

= @l p=g + Op1 pzg,

then we claim that / is again simple and increasing, also lim,_,. &, = g, which implies

/g: lim [ h, = lim ( On + a)n),
R n—ree JR n—ree \J f=¢ f#g
as n — oo, we have

lim hn— lim / O,

n—soo n—oo

Je# = lm [ o

/f—hm (p,,—llm (pn
R

meaning that

Meanwhile we have
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Proposition

Proposition 48. (Linearity)
Let f,g > 0 be measurable, and a,b € R™, then

/]Raf—f-bg:a/Rf-i-b/]Rg

Proof. Take {@,},{®} as in the previous proof, and set h, = {a@, + bw,}, where h, is simple and
increasing, lim,_,. h, = af + bg, then

/af—l—bgzlim hy = lim (a/ (p,,+b/ a)n):a/f—i—b/g
R n—oo JR a—r R R R R

Proposition

Proposition 49. (Monotoncity)
Let f,g > 0 be measurable with f < g for almost everywhere, then

AfSAg

Proof. W.L.0O.G, say f < g point-wise, and let ¢ be a simple function, then {¢: @ < f} C{¢@: @ < g},
where by definition we have
/fﬁ/g
R R

Proposition

Proposition 50. (Markov’s Inequality)
Let f > 0 be measurable and 0 < a < +oo, then

m({f>ap) <= [ f

Proposition

Proposition 51. Let f > 0 and is measurable, then we have :
) / f=0ifand only if f =0 for almost everywhere.
R
@ Let A € A, then / f =0 implies whether f = 0 for almost everywhere on A, or m(A) = 0.
R

QIf / f < Hoo, then f is finite for almost everywhere.
R
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@

Proof. <= is trivial, now assume / f =0, we want to show the set A := { f > 0} has zero measure. For

R
each n, the set A, := {f > 1/n} is increasing, and | J,_; A, = A, by the properties of a measure, it also
implies that m(A) = lim,,_,.cm(A,). Now assume m(A) = § > 0, then lim,,_,.om(A,) = 6 > 0, meaning

that 3N large enough such that m(Ay) > /2, since f > fla, > NIAN, by monnotoncity,

1 1 18
> [ S = —m(Ay) > —2 >0,
/]Rf_/]RNAN NAN) = 55 >

a contradiction. [ ]

@

Proof. By (D). we know that

/A f=0<=14f = 0,for almost everywhere
then there are only two cases:
If m(A) = 0, then 14 f = 0 holds for almost everywhere;

If m(A) #0,then14 = 1,Vx € A = f =0 for almost everywhere |
€)

Proof. Let A ={f = +oo}, assume m(A) = & > 0, then

Vn>1,f> fly = /RfZ/RnlA:nm(A)>0,
a contradiction. [ ]
2.5.3 Integral for General Measurable (Integrable) Functions

Definition

Definition 20. Let f be measurable, then define the integral of f as

Jef =" =t

provided that at least one of / s / [~ is finite. Otherwise, we say the / f is undefined.
R R R

Note that only having / f defined is not sufficient for the desired properties (like linearity, monotoncity)
R

to hold, so we give another definition:
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Definition

Definition 21. Let f be measurable, then f is integrable, denoted by f € £ (R), if
/f+<+oo ;/f‘<+oo
R R

Proposition

Proposition 52. Two properties follow directly from the definition:
Let f be measurable, then f is integrable if and only if / |f] < oo
R

Let f be measurable, then f is integrable if and only if / f is finite valued.
R
Now, we will further discuss of the properties of integrable functions f € .Z!(R).

Proposition

Proposition 53. (Triangle-Inequality)

| [ r@ax| < [ 1@l

Proposition

Proposition 54. Let f € Z'(R), then f is finite for almost everywhere.

Proposition

Proposition 55. (Linearity)
Let f,g € L1 (R), then af +bg € Z'(R) and

/]Raf—{—bg:a/IRf—l—b/]Rg

Proof. First we will show that af € Z!(R) and/ af = a/ f.
R R

lafl < lallf| = /R\af|§/R]a]-|f\<—|—oo

aft,a>0

and same for (af)” =
—af ,a<0 ( f)

which means af € Z!(R). Also note that we have (af)" = {
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4 , SO we have
—af,a<0

{af_,a >0

/ af+—af_,a20
R

Jar= [ (@)= [ (af)” =

/]R—af_ —(=a)fT,a<0

meaning that
a / Fr—fa=0
R

for- o

—a/Rf——f+,a<o

57

Similarly, bg € 2! (R) and/ bg = b/ g. Now, W.L.O.G, assume a = b = 1, we will show that f+g €
R R

Z1(R) and/ f—i—g:/ f—i—/ g. Given |f+g| < |f|—i—|g|,bym0n0toncitywehave/ |f+g| < oo
R R R R
and thus f+g € Z'(R). Let h = f + g, then |f],|g|,|k| < +oo for almost everywhere, same for the

integrals. Then we have h™ —h™ = f* — f~ + g7 — g, meaning that h*™ + f~+g = fT +g" +g~,

by linearity of integral of non-negative functions, we have
[ [ o= [+ gt [
R R R R R R

[ =h= [ gt ().

Jh=[ s+

thus

i.e

Proposition

Proposition 56. Let f € Z'(R), if A € .#,m(A) =0, then /f =0. In particular, if f,g €
A

ZY(R) and f = g for almost everywhere, then/ f= / g
R R

Proposition

Proposition 57. (Monotoncity)
Let f,g € L1 (R), if f < g for almost everywhere, then

/]RfS/IRg
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Proof. Seth=g— f,then h € Z'(IR) and h > 0 for almost everywhere, then

fi=[e=rz0= [g= ]

Convergence Theorems of Integral

In this section, we will discuss under what condition is / lim f,, = lim / fn true. Also, in this part
R

lim f, = f pointwise can all be replaced with ”almost everywhere”.

Theorem

Theorem 20. (Monotone Convergence Theorem (MON))
Let {f, : n > 1}, f be non-negative and measurable functions, if f, is increasing and lim,,_ f, =

f, then
= tim [ f,

Proof. By monotoncity of non-negative functions, we know that lim,,_,c / Jn exists and
R

n—soo
select { @, : k> 1} to be a sequence of simple functions such that @, ; is increasing and limy_,o, @, = f-

Define g; := max{ @ s, @24, ,Pxx}, where we know g, is simple and increasing, also g; < f, thus
lim;, . gx < f and thus for every fixed n > 1, we have

lim / Jn < / f for almost everywhere, now we will show the reverse inequality. Now for each n > 1,
R R

lim g > lim @, x = fu,
k—so0 k—oo "7

and thus

lim g; > lim f, = f
k—ro0 k—ro0

and we have lim;_... gx = f, where klim / gk = / f,since @1k, P2k, -+ < fi, it means that g; < f; and
—JR R

thus / gr < / Jfr, where
R R
lim/gk:/fglim/fk
k—oo JIR R k—e JR
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Corollary

Corollary 8. Let {f, : n > 1},f be measurable functions such that f, is increasing and

lim, e f = f and / fi < +oo, then
R
[t =tim [ 7,

Proof. Since f, is increasing, in particular f > f; and f~ < f|7, and all of which are finite valued for
almost everywhere, thus / fn < / fi <+oo. Forall n > 1, set ]7,1 = fu+ f,, and fn >0 and is
R R

increasing, also limn_mf;l =f+f = f, now by MON, we have
7= tim_ [ .
R n—-+o JR

J sy =1im [ G s)

If we could apply linearity, then we are already done, but that’s not the case. We will do the following
instead:

thus

Let f, = fo+ fi =fi+f7 + /[, where fot fi = fif + f . now by applying linearity, we get

Jdn= [ g = [t [
|F= [+ ]

similarly,

. ... _ . ) —1l,x>n
Here is a remark: The condition / fi < oo is necessary. We may consider f,(x) = {O -,
R ,Xx<n

where f;, is increasing and lim,,_ f;, = 0, however / fn = —oo, where MON fails.
R

Theorem

Theorem 21. (Reverse MON)
Let {f, : n > 1}, f be measurable functions, f, is decreasing and lim,_,o f,, = f, if / f1+ < oo,
R

then
Af=gg4ﬁ

Proof. This proof is left as an exercise. |
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Theorem

Theorem 22. (Fatou’s)
Let {f, : n > 1} be a sequence of non-negative and measurable functions, then

/ liminf(f,) < liminf ( / fn>
R 7 n R

Proof. Ym > 1, let g, := infy,>,, fn, Where g,, > 0 and is increasing. Also lim,, e gy, = liminf,(f,), by
MON, we have

/ liminf(f,) = lim | gn
R =7 m—soo JR

Vn > m, gm < fu, thus by monotoncity of non-negative functions,

| n< [ fuvnzm
R R
o <t 5
/ liminf(f,) < liminf ( / f,,)
R n n R

which implies
e

Corollary

Corollary 9. Let {f,, : n > 1} be a sequence of measurable functions, if there exists a measurable

function g, such that / g < +oo,Vn>1:f,>g Then
R
/ liminf(f,) < liminf (/ f,,)
R 7 n R
Proof. Since f > gforalln > 1, wethenhave f, <g~,f, < +°°,/ fn < oo. Set ﬁ, = f,+g , then
R
/ liminf(f,) < liminf ( / ﬁ) ,
R 7 n R

/R liminf(f, +¢~) < liminf ( /IR (fn+g‘))

ﬁ > 0. By Fatou's theorem,

then check linearity of
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Theorem

Theorem 23. (Reverse Fatou)
Let {f, : n > 1} be measurable, if there exists a measurable function g such that / g < +oo,
R

andVn > 1: f, < g, then
/ limsup(f,) > limsup (/ f,,)
R =n n R

Proof. This proof is left as an exercise. |

Theorem

Theorem 24. (Dominated Convergence Theorem)
Let {f, :n > 1}, f be measurable functions, if there exists g € £ (R) such that ¥n > 1: |f,| <

\g| and f, — f for almost everywhere, then f, — f in Z'(R), i.e l1_r>n/ |fu—fl =0, in
n—oo JIR

particular

/ f=1lm | f,
R n—oo JIR

Proof. Since |f,| <|g| and f =lim,_,c f;, then | f| < |g| for almost everywhere, meaning / | fnl < / 2]
R R

for almost everywhere and / If] < / |g| for almost everywhere, and thus f,, f € .Z!(IR). Notice that
R R
|fn — f| < 2|g|, thus by applying reverse Fatou to {|f, — f|}, we have

/]Rlimnsup(|fn N> 1imnSUP (/]R | fa —f|>

Which means limsup / |fu— f] =0, and
n R

/]an—/]Rf|Z‘/R(fn—f)‘Z/len—fl )

meaning that lim / fu= / f. |
R R

n—>o0

Here is a remark: In order to apply DOM, we must find g € .2 (R) such that |g| > |f,| for all n > 1, take
fn= l[n 2] then lim,;, . f;, = 0, but / fn» = n, and DOM does not apply.
’ R

Proposition

Proposition 58. Let f € ' (R), and {hy, : n > 1} is a sequence of measurable functions that are
uniformly bounded, i.e AM > 0, such that ¥n > 1 : |h,| < M for almost everywhere. If h, — h
for almost everywhere for some measurable functions h, then

tim [ (/) = [ (£-0)

n—soo
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Proof. ¥n > 1, |fhy| < M|f| € Z'(R), the conclusion follows from DOM. [ |

Corollary

Corollary 10. If f € Z'(R), then Ve > 0, 3 compact set K C R such that

JMi<e

Corollary

Corollary 11. If f € £ (R), then Y& > 0, 3N > 1, such that

[ lri<e
|fI>N

Corollary

Corollary 12. If {A,} C ., such that {A,} is increasing, then

= lim /
/U:fl An nree /

Similarly, if {A,} is decreasing, then

/ f = lim f
=1 4n n—reo

n—=

Corollary

Corollary 13. If {B,} C M and are pairwise disjoint, then

Jeun! = E b

n 1

Proposition

Proposition 59. Assume f is a non-negative, measurable and finite valued function a.e, Yk €
Z, set Ay = {x € R: 2K < f(x) < 25'Y where Ay € M, then / f <+ if and only if
R

Yiez 2km(Ay) < +oo.

Proof. (=) : Assume that / f converge, note that A;’s are disjoint, and ez Ay = {0 < f < oo},
R

then
i~ _
/IR {0<f< +<>o} ké A
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For each k, Vx € Ay, 2% < f(x) < 2KF1, and

km(Ay) < | f<2%T'm(Ay),
Ag

thus

Y 26m( Ak<2/ x)dx < oo,

keZ keZ

(<=) : Assume that Y. 2" 1m(A;) < +oo, then

/Rf - /{0<f<+°°} “L / f< Y 2 imAg) =2 ) 2'm(Ag) < o

keZ keZ keZ

This proposition is really useful in dealing some integrals, we shall illustrate this by some examples:

Example 1. Consider the function defined by f(x) = |x|=%-1/_; ;(x), @ > 0, where f is finite valued.
What can we say about the convergence of / f under Lebesgue integral?
R

Solution: For any k € Z, we define Ay := {25 < f < 2K} = {2F < |x|~% < 251} given that |f| > 1,x €
[—1,1]. By solving this we get

A= [_2—k/oc’_2—(k+1)/a) U (_2—(k+1)/a,2—k/a],k >0,

and A& if k < 0, this implies that

Y 2km(Ay) = Z 2k.2(1—27 V@) ka

keZ
_ l/a Z 2k (1/a)

converge if and only if 0 < o < 1, and L1 x|~ %dx converges if and only if 0 < o < 1.
~1,1

Example 2. Consider the series of functions given by f,(x) = (1 + )—C> sin <E> , what do we know
n n

about the convergence of hm L fn (x)dx under Lebesgue integral?
0,+c0)

Solution: We observe that

flx) < <1+E>_n < <1—|— >_2,Vx>0,n22.

n

N =

-2
Let g(x) = (1 + g) , we claim that g(x) € £1((0,+)), then by DOM, we get

lim fo= /( lim £, =0,

1720/ (0,+e) 0,+oc0) 7700
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thus it converges.

Example 3. Consider the series of functions given by f,(x) = x~¢- (coshx) /%, ¢ > 0, what do we know

about the convergence of lim / fn(x)?
n—oo (1’_|_<x,)

Solution: We know that Vx > 1, coshx > 1, and the sequence (cosh.x) ~1/n s increasing, with limn%w(coshx)*l/ "=
1, thus lim,, e f(x) = x7¢,Vx > 1. Let g(x) = x™¢, consider two cases:

e When ¢ > 1, we know that g(x) € Z!((1,+e0)), by DOM we have

lim ; d:/ lim f, d:/ “Cdx < +oo
lim (L+w)f (x)dx 1o nl_mf (x)dx (H_oo)x X

and it converges.

e when 0 < ¢ < 1, by Fatou's lemma, we have

liminf / fu > / liminf f,, = / X “dx = +oo
n (1,400) (14e0) 1 (1,400)

and it diverges.

We may see that the conditions for certain integral to converge are the same for both Riemann integral
and Lebesgue integral. What are the main differences and similarities between the two?

Riemann & Lebesgue Integral

Let’s recall some properties from the Riemann Integral:
Proposition

Proposition 60. Let f be bounded on |a,b), then f is Riemann integrable on [a,D] if f is contin-
uous on |a,b), or f is monotone on [a,b], or f is continuous except at possibility finitely many
points in [a,b).

Recall that the function f = IQm[o,l] is not Riemann integrable, but f is Lebesgue integrable, since
1f] <11 € Z([0,1]). Here are three remarks:

1. There exists a bounded function on a bounded interval, such that it is not Riemann integrable.

2. In general, g is Riemann integrable and |f| < |g| does not apply f is Riemann integrable (like the
example we constructed).
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3. In general, theorems like DOM, MON do not apply to Riemann integral. Here is an example: Take
{qn} to be an enumeration of QN [0, 1], define

fn(x):{1:xe{qla(Z2""’Qn} ,

0 : otherwise

in this case f,(x) is increasing and lim, e f;, = f = lQm[O,l]’ now Vn > 1, f, is only discontinuous at

1
finitely many points, so f, is Riemann integrable on [0, 1] and / fn(x)dx = 0. However lim,, ;e f,(x)
0
is NOT Riemann integrable.

Theorem

Theorem 25. Assume f is bounded and Riemann integrable on [a,b), then f is Lebesgue inte-
grable on [a, b], and moreover both integral match in value.

Proof. Say f is Riemann integrable on [a,b], then 3M such that |f| < M on [a,b], and there are step
functions {¢, },{®,} such that
o< f< o

on [a,b], W.L.O.G, |@,],|0,| <M,¥n > 1, and

r}l_{rolo/ (pn—/f—hm w,

If we denote ¢ = lim / Qn; 0 = lim a)n, then since {¢,},{®,} are simple functions, thus they are
n—oo n—oco

measurable, and it also applies to ¢, @, where ¢ < f < . Observe that Lebesgue integral and Riemann
integral coincide on step functions, thus

/b b
On = / On; / W, = @y,
a [a,b] a [a,b]

thus by DOM,

b
0= I / = li / s
Jo @ =i [ 00 = Jim [

—/ f=lim
n—oo

= lim w,
n—oo [alﬂ

= a)n
[a.b]

Note that ¢ < 0 = / ](a)—q)) >0, also/[ ](a)—(p) =0 = o= ¢ ae on [a,b], where f =
a,b a.b

® = ¢ a.e on |a,b|, f is measurable. Since |f| <M on [a,b], thus f is Lebesgue integrable, and it has
the same value as the Riemann integral. |
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Theorem 25 is useful in many ways. Consider the following example:

Example: Determine lim %dx.
n—oo J[0,400) 1 +n-x

Solution: Observe that

/ L ©_dx+ / L
———dx = ———=dx ———=dx
[0,400) 1 + n2x2 [0.7] 1 + n2x2 [T,+o0) 1 + n2x2

As T — oo, by DOM we have / dx — 0, as n — +oo, and

[T, +e0) 1 +nx?

n T ndx
__ _dx= ——— —arct T
/[ or T2 x= | Tee = A an(nT)

v/
By setting n — oo, we have /[O’T] ﬁdx =7 and
n v/
I M ="
s [0,400) 1 +n2x? T2

Z? Space

Definition

Definition 22. Assume f is a measurable function, and 1 < p < 4oo. Then we say that f is
p-integrable, written as f € £P(R), if

J AP <4

ie|f|P € L' (R), and we define the £P norm of f, given by
1
1= ( fo 1)
p R .

When p = 1, we just have || f||; = / f. and this is a norm on .Z' (R).
R



¥P SPACE 67

Definition

Definition 23. Say || - ||, is a norm on ZP(R), if f,g € £P(R), we have the following:

O [Ifllp =0, then f =0 a.e;

@VaeR, |lafll, = |al-]f

P
@ (Triangle Inequality) || f +gllp < || fllp + llgllp-

In fact, for any 1 < p <o, || ||, is indeed a norm defined on £, when p = oo, we define
|fllw:=inf{la € R:|f| <a a.e}
We will then study some important inequalities.

Theorem

Theorem 26. (Holder’s Inequality)
Let 1 < p < and % - % =1, where q is called the Hélder conjugate. If f € £P(R),g € Z1(R),
we then have

1F -8l < W f1lp- llgllg

Remark : If p = g = 2, then it is just Cauchy-Schwarz Inequality.
Before the proof of Holder’s Inequality, we need some results from other famous inequalities:

Theorem

Theorem 27. (Young’s Inequality)
Va,b >0, if p,g > 1 and%—l—%{ =1, then

a? b
ab < —+ —
p q

Theorem

Theorem 28. (Jensen’s Inequality)
Let f defined on I C R, then Vx1,x2,--+ ,x, €1, ay,ap,--- ,a, > 0,a1 +ar+---+a, = 1.

o If f is convex, then f(ajx) +axxp + -+ +anxy) < aif(x1) +axf(x2) + -+ anf(xn);

o If f is concave, then f(ajx; +axxy + - +anxy) > a1 f(x1) +axf(x2) + -+ anf (xn);

We will not prove theorem 27 & 28, however let’s give Holder’s Inequality a proof:

Sz
T

Proof. Since f € £P,g € £, then set f: = ﬁ, then for almost everywhere. By Young’s
8
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inequality, we have

- P |34
If-gl < ﬂ+|g;|,where
p q

. P q
Jrlf 8| Slfl{{’f{[ +1f1{<’g‘\] :1—1—1:1,
Ifllp-llgllg =2 Ifll, g llgllg P q

and thus we get Holder’s Inequality.
[

Remark: Holder’s Inequality also holds for p = 1,4 = o. The proof is a bit challenging, those who
interested are urged to try.

Theorem

Theorem 29. (Minkouski’s Inequality)
Let 1 < p< o, f,g€ LP(R), then f+g € LP(R) and

1f +ellp <1511, + gl

Proof. First we notice that |f + g|P < 2P(|f| + |g|?), meaning that f + g € £7(R), thus

J el = [ 1r+gl-1r+g!
R R

< [+l + [ gl 1S +ap!
R R
By Holder’s Inequality,

1 1 1 1
p q p q
< p (p—1)q p (p—l)q>
< ()" (forreane) s () (fo1r+e
1
q
= (11 + el ( 1+ )
Thus it implies Minkouski’s inequality.

Remark: Minkouski’s inequality also holds for p = 4-co.

Theorem

Theorem 30. Let 1 < p < oo, if a sequence {gx} € £P(R) such that Y ||gk||p converges, then
3G € ZP(R) such that as m — o, Gp, ==Y gk — G a.e and in P (R).

Proof. Set Gy, := Yo lekl, and G:= Y1 |gxl, then Gy is increasing and limy—s00 G = G, thus by
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MON, we have

/(5)1’ = lim [ (Gn)?
R

m—oo JR

= 1im (Gul,)?

< lim (Z Hgkup> (§1|rgk||f’>p<+oo

Thus G € .#?(R) and ||5||p <Y lleklp G is finite valued a.e, then Y 11 8k is absolutely convergent
(a.e).

Now set G = lim, o G,, = ¥, g a.e, moreover we know that |G| <G = G € .Z”(R), now |G —
Gm| < X5t |8k|, and Ve > 0, there exists M large enough, such that

o5}

Y, lglly <e.

k=M+1

which implies

) P L p
G—Gul"< | &l | = Jim 8
/lR R k—§+1 L= /R k—§’+l

) b ;
<lim (Y sy | =1 X ladls ] <e

k=M+1 k=M+1
Which implies |G — Gl < X pr41 llgkllp < €, thus Gy — G in ZP(R). |

Now we give the definition of a complete .Z”(IR) space:

Definition

Definition 24. The space £? is a complete norm space under || - ||, if a sequence { f,} C £P(R)
is Cauchy under || - || , then 3f € £P(R) such that f,, — f in ZP(R) and limy,_. || f, — ||, = 0.

Theorem

Theorem 31. Let | < p < oo, then £P(R) is a complete norm space under || - || .

Proof. Let {f,} € ZP(IR) be Cauchy under || - || ,, then we may choose a sub-sequence {n;} such that

Vk Z l: ||fnk+1 _fnkHP S 2_k

Now set g := fu,., — fue» Gm = Lj—1 & then by theorem 30, there exists G, such that G,, — G a.e and
in ZP(R). In fact,

m

Z fnk+1 fnk fnm+1_fn1

k=1
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That means G = limy; 00 Gy = liMyy o0 f,, .| — fn,- Define f = G+ fy,, then f = lim,, . fy,, a.e and
since G, — G in £P(R), so f,, — fin £P(R). Now Ve > 0, there exists N large enough such that

sup || fi — fillp <€
k,[>n

Choose m large enough as well, such that n,, > n, then || f,,, — f||, < €, it means

an_f“p < ||fn _fnm||p+ ||fnm —f”p <2e

Remark: £ is also a complete normed space under || - ||.

Next we want to identify some dense subspaces of Z”(IR), where 1 < p < H-oo.
Corollary

Corollary 14. Bounded and compactly supported functions are dense in £P(R).

Proof. To prove this, we will show that Vf € .£7(R), there exists a sequence of bounded and compact
supported functions that converge to f. For each n, set f, = 11_,, ;) (x) - £ (x) - 1 s|<, (%), and f, is bounded
and compactly supported on [—n,n|, and we claim that f,, — f in £?(IR), since

P < P P50 oo,
ol [ A U0 asn

[ |
Corollary
Corollary 15. Simple functions are dense in £P(R),1 < p < +-oo.
Proof. Let f, be the sequence constructed the same as above. Then foreachn > 1,k =0,1,---,n2" —1,
set
k+1
An,k:{xe[ nn] 2n—fn n }
and
k k+1
Bn’k:{xe[ n,n) : 2n_fn 5 }
We define
N n2"—1 k n2"—1 k
(Pn = Z ﬁlAn,k (Pn = Z ﬁan’k
k=0 k=0

and we say that ¢, = @, — @, is again simple, |@,| < n, and thus @, € £?(R), and @, — f, Vx € R,
im0 9, (x) = f(x), also

[fa(x) = @u (D) < 1 (x) — @ () + 1, (x) — @, (x)| <2:27"
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which implies

Hf_(Pan < ||f_fn||p +||fn_(PnHP
——

=0,asn— o
1
P
</ |fn_(pn|p>
R

< (2-27)7-m([=n.n]))?

(2227 . 2") 5 — 0,28 1 — oo.

IN

Theorem

Theorem 32. Denote by Cc(R), the space of continuous and compactly supported functions, then
Cc(R) is dense in £P(R), 1 < p < oo

Proof. Given f € XP(JR), choose a sequence {@,} the same as above, recall that ¥n > 1, there exists
a step function 6, such that 6, is bounded by sup, |@,(x)| < n, and 6, is supported on [—n — 1,n+ 1]
and {6, # @,} has arbitrarily small measure, in particular choose m ({6, # @,}) <271 Recall that
given 6, as a step function, there exists a continuous function 6, on R such that 6, is supported on

[—n—2,n42] and m({6, # 6,}) <27"~!. Thus { {theta,} is continuous and compactly supported, and

m({6n # @u}) < m({6s # 0,}) +m({6, # @u}) <27"

and

1f = 6allp < |If = @ullp, +11@n — 6ul,
—_——

=

<((2n)?-27")» — 0,as n — oo

Here are some remarks:

(D The density of Cc(RR) in -Z7 (IR is useful to study of properties of generic .£? functions, for example,

if f € £P(R), then
P

lim dx=0
n—e JR

f(x+%> —f(x)

@ However, Cc(IR) is not dense in .£*(R).
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Convergence and Uniform Integrability

Recall the convergence theorems we studied earlier, suppose { f, }, f are all measurable and finite valued
a.e functions, then:

@ fu — fin measure = There exists a subsequence {n;} such that f,, — f a.e
@ fn — faeonA withm(A) < +o = f, — f in measure on A.

So what about f, — f in £?(R),1 < p < +0?
Theorem

Theorem 33. If {f,}.f C ZP(R),1 < p < +o, and f,, — f in £LP(R), then f,, — f in measure.

Proof. Choose V6 >0, m({|fn— f| > 0}) = /{ . ldx. Thus by monotoncity we have
Ja=F1>

_ f|P
/ ldxg/ Ma,’)c
{fo—f|>8} {fi—r1>8y 6P

1 1
< §/R|fn_f|pdx: 5|’fn—f||§—>0,asn—>oo_

Remarks:
(D In general, convergence in .Z”(IR) does not imply that convergence a.e

@ When do we have that convergence a.e implies convergence in .7 (IR)? The answer is no in general,
unless one of the integral convergence theorem applies.

3 When do we have convergence in measure applies convergence in 2”7 (IR)? The answer is still no in
general, unless one of the integral convergence theorem applies.

Theorem

Theorem 34. (mMON)
Let {fn},f be measurable and non-negative functions, and {f,} is increasing, also f, — f in

measure, then
/ f = lim / T
R™  neJR

Proof. f, — f in measure implies f, — f a.e along a chosen subsequence {n;}. Now assume mMON
fails, then 3 a subsequence {n; } such that
/ fnl :,E,> / f
R R
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However along f,,, we have convergence in measure, then there exists a sub-sub sequence {nlp} such that

f,,,p — f a.e, thus
lim / Ju, = / f
p=eJR™ P R

which is a contradiction. [
Theorem
Theorem 35. Let {f,}, f be measurable, f, € £ (R) and f, — f in measure. If 3g € L1 (R)
such that |f,| < |g| for alln > 1, then f, — f in £ (R).

Proof. ) |
Proposition

Proposition 61. Given A € .# with m(A) < oo, then f € £ (A) if and only if

lim lf|=0
n=ree JAN{| f|>n}

Proof. (=) : Trivial;

(«<=) : Choose a N large enough such that / |f] <1, then
AN{|f|>N}

/A 1= /Am{|f|<zv} 1+ /Am{|f>zv} 1

<M-m(A)+1 < oo

Definition

Definition 25. Given a sequence {f,} measurable and A € .#, then say that {f,} is uniformly
integrable on A if

‘fn‘ =0

lim sup/
M=o n>1 JAN| ful >M}

Proposition

Proposition 62. Let { f,,} be measurable and A € .#, then

@ If m(A) < +oo, and { f,,} is uniformly integrable on A, then {f,} is bounded on L' (A), i.e

sup [ |fa] < oo
A

n>1

@ If {fu} is bounded in LP(A) for all 1 < p < +oo, then { f,} is uniformly integrable on A.
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Proof. (D)
Choose M to be large enough such that
sup / ful <1
n>1JAN|fu>M}
thus
sup [ |fu| = sup | ful +sup | fa]
n>1JA n>1 Am{|fn‘§M} n>1 Am{|fn|>M}
<M-m(A)+1 < oo
[
Proof. :
For any M > 0, we have
[l
< SR
/Aﬂ{lfn>M} il = /Aﬂ{lfn|>M} T
1

< S /A|fn|”-
Since {f,} is bounded in .£7(A), then

1

lim — P =0.
AL g S0 f, 11 =0
[ |

Proposition

Proposition 63. Given { f,} measurable, A € .# and m(A) < +oo, TFAE:
D foe LY A),Yn>1and f, — fin L(A).

@ {fu} is uniformly integrable on A and f,, — f in measure on A.

Proof. (D) implies ) :
Assume f, — f in £ (A), thus / | ful — / |f], so {f,} is bounded in .#'(A) and YM > 0, then we
A A

have

Jal <

+ 7
AN{|fu|>M}

| fo

/Aﬂ{lfn>M} | \/Aﬂ{lfn|>M}

< i lfafl 0.

and furthermore

|oor= 7+ 7
AN{|fu|>M} AN{|ful>M}IN{|f|<VM} AN{| ful>MIO{|f|>VM}

M-m(A > M
VMm@ =M+ ]

S(\/MWn—W+/ ’f‘)—>0,asM—>oo,
M AN{|f|>vVM}
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So we see that Ve > 0, choose N large enough, such that Vn > N, we have

€
A 3
€ €
then choose M large enough as well, such that / |f] < = and supy Ju /ol < =, S0
AN{|f|>VM} 3 VM 3
sup/ |fu] < e.
n>NJAN{|ful>M}

By making M even larger if necessary, such that we have

/ ol < €k = 1,2, N—1.
ARl M)

@ implies (D:
)



Chapter 3

Product Spaces

Product c-Algebra

In this whole chapter, we will only demonstrate the construction of product space with IR?, but the same
construction can be generalized to IR?.

Definition

Definition 26. Consider R?, a product space, R> = R x R with elements (x,y), the product
o-algebra of subsets of R?, denoted by .4, is defined as

M? = c({AxB:ABc.M})
We call A X B is a product set

AxB:={(x,y):x€A,y€B}

#* contains all the rectangles I x I where I, 1, are intervals, also it contains all the singletons, all the
open sets and closed sets, or we can say

B(R?) := o ({open sets in R*})
Definition

Definition 27. Given E C R?, we define:

DOVxeR, E,:={yeR: (x,y) € E}, is called the slice of E at x;
QVYyeR, EY:={xeR: (x,y) € E}, is called the slice of E at y.
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—

Figure 3.1: A geometric view of E, and E”

Proposition

Proposition 64. IfE € .#?, thenVx € R,E, € .# Ny € R,E® € .

In words, product measurability implies marginal measurability.

Proof. Define of = {E C R2:E. € .#Nxe R}, then we have:
@]R2 € A, since]R)ZC =R e . # Vx;

QIfE €A, thenVx€R, (EC),:={y: (x,y) €E} = (Ex)€ € M
@ Suppose asequence {E, } C o7, thenVx € R, (U, E) = {y: (a.y) €E, forsomen } =, (Ey)x €
M.

So we claim that .7 is a o-algebra of subsets of IR. So VA,B € .#, we have

B:xceA

_ e M = AxBed = M*Co
& : otherwise

(AXB)y:= {

Therefore, VE € .#?, we have E, € .# for all x. Same statement can be drawn on E” using the method
above.
[ |

In fact, there exists E C IR? such that Vx € R, E; € .# and Vy € .#,E* € .# but E ¢ .#*. This con-

struction is done by Sierpinski.

Definition

Definition 28. Assume f:R*> = Risa function, then Vx € R, fy : R — R s.t fo(y) = f(x,y),Yy
(the slice of f at x, and likewise f7: R — R : f¥(x) = f(x,y)Vx (the slice of f at y).
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Figure 3.2: A geometric view of f, and f”
Definition
Definition 29. A function f : R*> — R is .#*-measurable, if Va € R, f~([~e,a)) € .4>.
Proposition

Proposition 65. f :_IR2 — R? is .#* measurable, then Vx € R, f, : R — R is .# measurable and
VyeR: f7:R — R is .# measurable.

Proof. We first note that VB C R2, we have

(f '(B))x=f,"(B).YxeR and (f'(B))’=(f")""(B)."yeR

Thus Va € R, f 1 ([~o,a)) = (f ! ([~,a)), € #, and same for y.

Remarks:

@ : If f: R?> — R is continuous, then f is .#? measurable;

@ : If f =1 for some E C R2, then fis #* measurable if and only if £ € M

Q) fy is .4 -measurable for all x € R DOES NOT generally imply f is .#* measurable;

@ If f(x,y) = h(x)g(y) for some non-trivial functions 4,g : R — R, then f is .#? measurable if and
only if &, g are both .Z -measurable.
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Product Measure

Definition

Definition 30. Given E € M*?, define functions I : R — R by Vx € R, 1} (x) := m(E,) and I% :
R — R by Yy € R, 1%(y) := m(E?).

Theorem

Theorem 36. Given E € .#? and claim that Ié,l,% are # measurable functions, then
| @z = [ Bo)ay ()
R R
Are you ready for the longest proof in this course so far?

Proof. If indeed Ié,l% are .# measurable, then (*) 1s well defined, since I}E,Ié are non-negative, set
Y:={F¢e #*,all the above hold for Ey = EN [—N,N]2 }
i.e
Y:={Ec/ 2,[,%1\,,1%1\/ are measurable and (*) holds}

m((En)s).x € [-N.N]
0, otherwise

Note that VE € .#* N > 0,1I. (x) = and likewise we also have
Eyn

, and furthermore

o mlE)) e [-NN
Ey 0, otherwise

Iy, (x) = 1_y ni 1y (x)

Ié,v (x) = 1[—N,N}II%N ()
We denote
€ :={AXBABec .M}, M*=05(F)
CLAIM1: € CX.

VEc¥,3A,Bc .# st E=AxB, and YN >0, Ey = (A x B) N [—N,N]?, we also denote Ay = AN
[~N.N|;By = BN[—N,NJ|, now we have

m (BN) ,X EAN
0, otherwise

Iy () = Ly sy (%) = {

and
m(Ay),y € By

2 — 72 =
I, ) = IixBy () = {0 otherwise
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So it is clear that / jNX BN,I% are ./ measurable and

NXBn
[ Thyny () = m(By) -m(an) = [ B, (9

which means () holds, and thus & C X.

CLamM 2: R? e X

VN > 0, we know that

2N,x € [-N.N|
I] — s H
[-N.N]? (x) { 0, otherwise

and

2= {2N,y € [-N,N]

[=N.NJ? 0, otherwise

PRODUCT SPACES

Then clearly I[l_ v ()1 [2_ nvp () are .# measurable and () holds trivially, which is 4N 2,

CLAIM 3: IfE € X, then E€ € X.

VN >0, denote by Fy = E€N[—N,N]?. Obviously It (x) =0if x ¢ [-N,N] and if x € [N, N], (Fiy) =

{y:(x,y) € ESN[-N,N]?} = [-N,N)]\E, = [-N,N]\(Ey )., which means
15, () = 2N — 14, (0

Likewise we can do the same for I, (y), that is,

11% ( ) = ZN_IJ%N()’)»)’E [_N’N]
N 0, otherwise

So again, I, (x);17 (v) are measurable, as for their integrals, we have

/ Il (x)dx = / (2N — 1L, (x))dx = 4N? - / L (x)dx
R [—N,N] R
and
1% (y)d :/ AN —1% (v))d :4N2—/12 d
JR 0= [ NI 0))dy [ 1,()dy
thus () holds trivially.

CLAIM 4: % is closed under taking countable union.

W.L.O.G, assume that {Ex } C X are disjoint, now for each fixed N > 0, let

+co
Ey = | Ew:Ev = ExN[—N,N)?
k=1
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therefore

1 _ ) 7
Ig, (x) = Iy (x) -m (U (EkN)x>
k=1
—+oo

= l—N,N] (x) . Z m((EkN)x)

k=1
e
= Z IEkN (x)
k=1
So likewise,

oo
E0) =Y 17, ()
k=1

and we have éN,II%N both measurable, moreover

—+oo
I- (x)dx = /Il Xx)dx
[RACIEE WG

and

—+oo
/ It (dy=Y / It (v)dy
R )

which means (x) holds trivially, thus X i closed under taking countable union.

CLAIM 5: ¥ is a o-algebra of subsets of R?, also € C ¥, so & = .Z>.
This claim is easy to check based on our construction of the previous claims.

Now, VE € .#*, E € X. So all the statements are true for Ey, we have

() = Jim 1y () - m((Ex)s)

1 1
- ]\llgnloIEN (.X)

1 . . . 1 .
Moreover I, (x) is increasing, thus I (x) is measurable, so

1 1 1
/RIE(x)dx—Algr:o ]RIEN(x)dx

Likewise, II% is measurable, and

/ IF(y)dy = lim | Iz (y)dy
R N—oo JR

and (x) holds trivially.
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Definition

Definition 31. We define a non-negative set function on the measurable space (IRZ, M 2) by:
VE € M* m(E) = / I} (x)dx = / L (y)dy
R R
this function m is called the Lebesgue measure on R?.

Indeed, m is a measure on (R?,.Z?), i.e

QIUA{E} C A 2 are disjoint, then
o0 +oo
m U Ek = Z m(Ek)
k=1 k=1
Here are some remarks:

(D For any rectangle E = I} x I, m(E) = Area(I; x L), thus any singleton, countable set, line segment
are null set in IR?;

@ If A C R is a null set under the Lebesgue measure on R, then A x IR,IR x A are again null sets under
the Lebesgue measure on R?;

@) .#* is not complete under the Lebesgue measure on IR?, e.g suppose N is the Vitalli set on IR (non-
measurable), and a € R, by definition the set {a} x N should be of the measure 0, which leads a contra-
diction;

@ It is possible to construct Lebesgue measure on IR? through the approach using outer measure, we
denote .2 to be the completion of .#? under the Lebesgue measure;

) The Lebesgue measure m on R? is the ONLY measure on .Z2, B (IRZ),% such that for all rectangle
E =1 xI, m(E)=m(l)) -m(L). Because in fact .% := {I} X I,1,,I, are finite} is a 7-system and
o(#) = B(R?);

® The Lebesgue measure m on IR? is translation invariant;

() The Lebesgue measure m on R? is the only measure on ./, %(]Rz),% 2 such that it’s translation
invariant and assigns 1 to the unit rectangle [0, 1]2.
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Fubini-Tonelli Theorem

Definition

Definition 32. Let f : R?> — R be .#* measurable and non-negative, then we define

1) = [ fle)dy= [ fi()dyvxeR

B():= [ fley)dx= [ p()drvyeR

Given f: R? — [0, +o0] to be A4 2 measurable and non-negative, the integral of f with respect to m, the
Lebesgue measure on IR? is denoted by

/sz(x,y)dxdyzfﬂazf

Theorem

Theorem 37. (Tonelli’s Theorem)

Let f:R* — [0, oo be A 2 measurable and non-negative, then

/sz(x,Y)Z/]R(/]Rf(x,y)dy>dx:/ﬂz(/]Rf(x,y)dx> dy

Proof. Since f is .#* measurable and non-negative, then there exists a sequence of simple functions
{@,} such that {¢@,} is increasing and lim, . ¢, = f and

/sz:r}glt}o R2 (Pn

where we denote

n2"
k k k+1
0, = Z ﬁlz‘\n,k Apg = {(x,y) e [-n,n)*: 7 < flxy) < > } c.u?
k=0

and thus

n2"

[ Cey)dady = lim Y Zm(4,) ()
R2 n—>°°k:0
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Now Vx € R,

! x):/]Rf(x,y)dy: lim/ O (x,y)dy

n2"
“im Yo

((An k) )
n2"

) k
:,}SEZ i/mljnk(x)dx (%)
k=0

Now likewise,

n2"

/If dy_,}ll;roloZ/IAnk

Now compare (%), (%), (x * ), and by definition of m on R?,

m(A,x) = /IR
/sz(x,y)dxdy:/ﬂ{l}(x)dx:/]le%(y)dy

(% )

B, Wdx= [ 1, 0)dy

and thus it implies

Definition

Definition 33. Given f: R?> — R is .#?* measurable, we say f € £ (R?), if

[ ey)lddy < +oo

Also we know that

[ ftex)dxdy= [ rtey)dsdy= [ f (ey)dvdy

Assume f € ¥ 1 (IRZ, thus by Tonelli’s Theorem, we have

PRODUCT SPACES

[ rGeidsdy= [ | [ ireenlax| dy= [ | [ 17y dx
—_ R ,

I e 2R I € (R
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Theorem

Theorem 38. (Fubini’s Theorem)
If f : R? = R is .#? measurable and f is integrable, then:
O I}.I; € £ (R);

IL(x) is finite-valued for a.e x, and e Y R) foraex; 2 y) is finite valued for a.e y and
f f
fy € ZY(R) for a.e y;

B We have

/dexdy:/kl}(x)dx:/ﬂilj%(y)dy

Proof. Assume that f € ' (IR?), then

[ lax< [ ([ 1rcoyiay)as

= /]le(x,y)ldxdy < oo
thus / } c £ (R) and likewise, IJ% ezl (R). Thus (ii) is trivial given the fact on (i). As for (iii), write

f=fT—f,and f€ L' (R) = fT,f € L1 (R), thus f*, f~ are finite valued a.e, then according
to Tonelli’s Theorem,

/ ( dx—/ ( dy—/ f1(x,y)dxdy < +oo (%)

[ 1 @dv= [ Bldy= [ 5 (ududy <4 (55)

R R - R

Thus I}+, [ ,IJ%+,I 2_ ¢ Z'(R) and hence are finite valued a.e, thus by linearity,
|1k [ 1 @dx= [ (1) -1} () ds

foraex€R, fi- € ' (R) and £, (x) € £ (R), by linearity,

Il

ot /fx dy/fxy

:/ fx+(y)_fx7(y) dy
R | Y—re—/—

fx

/RI}Jr(x)dx—/]RI}(x)dx:/]RI}(x)dx

/ T () dy - /]R I-(y)dy = /}R I3 (y)dy

thus

Likewise we also have
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Now taking (*) — (*x), we have

Ij(x)dx— [ G(ydy= | (f*=f)=] f
R R R R

Remarks:
(D In general I },I]% € Z'(R) DO NOT imply f € Z'(R). For example, construct

Lx<y<x+1
fluy) =X —l,x—1<y<x
0, otherwise

then I3(x) = I7(y) = 0, but f ¢ £ (IR?);
QIf f:R? - Ris #*> measurable, then Fubini and Tonelli’s Theorem still apply;

) The construction can also be extended to RY, d >3,



Chapter 4

Differentiation Theory

In the Riemann setting, the notation of differentiation is closely related to integration, for example, if

X
Flx) = / F()dt
a
for x € [a,b] and f being Riemann integrable on [a, ], then F is differentiable and we have

F'(x) = f(x),x € (a,b)

Also, if F is differentiable and F’ is Riemann integrable on [a,b], then

What if we consider the Lebesgue setting?

Hardy-Littlewoood (HL) maximal function

Definition

Definition 34. Assume f € £} (R), the Hardy-Littlewood (HL) maximal function of f, denoted
by f*, is defined as

Vx eR, f*(x):= sup {ﬁ/ﬂf(tﬂdt}

IeJ (x)

where
S (x) := {open interval I, such that x € .}

Proposition

Proposition 66. Given f € £'(R), let f* be the HL maximal function of f, then f* is .4 mea-
surable.
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Proof. Tt is sufficient to show that Va € [0, 40|, {f* > a} € . If x € {f* > a}, thus f*(x) > a and by
definition,
1
o 1= sw {5 [l
ey \m(I) Jr

1
which implies 31 € .#(x), such that m / |f(x)|dx > a, and since I is open, so 36 > 0, such that
m 1
(x—8,x+0)C I irVye (x—8,x+0d),yel, 1€ 7(y), which means

1
)= s {o s [
sesy \m(J) Js
1

> —— d

> > a
which means that y € {f* > a}, thus

(x—=8,x+0) C{f*>a}

This implies that { f* > a} is open, thus measurable. [

Recall that if f € .#!([a,b]), then we define F(x) = / f(#)dt, since a singleton has measure 0, we

[a.x]

shall write F(x) as
X
F(x) :/ f(t)dt,Vx € [a,b]
a
If we are interested in F’(x), which we will define later as the derivative of F (x), is of the form

limF(x—i—h)—F(x)

h—0 h
also
Fi) = tim > [ pe)de = tim —— / F(t)dt
h—0h Jx h=0m((x,x+h)) Jixxr]
Theorem

Theorem 39. (Vitali’s Covering Lemma)

Assume that .9 := {I,h,--- Iy} is a finite sequence of open intervals, then there exists a sub-

collection of intervals
Ji={L Iy, s diyy } CF

such that Iy, (I, = @ for i # j and

m (U In> <3 f m(Iy;)
n=1 j=1

J

Proof. W.L.0O.G, assume that m(1I,) < oo for every I, € .#, we begin with the biggest interval in .7,
denote that interval by [ , and set

I, =1l € F,such thatlﬂlk1 #+ o}
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We claim that VI € %, N, # @ and m(I) < m(Iy,) and I C 3I;,, and this implies that

U 1<31,
Ieﬂkl

Now consider .#\.%, and we denote the biggest interval among those to be I,, and set
I, = {1 € I\ I, ,such thatlﬂlk2 #+ o}

and likewise we have

U 1<3x,
]GJ]Q

So by repeating this process until all intervals have used, and by choice we know I, Iy, = & if k; # kj,
and S, Y, -, I, forms a partition of .#, then

m((vjln> :fm U1 §3§‘,(Ik,).

n=1 Jj=1 Iegy; J=1

Proposition

Proposition 67. Suppose f € £ (R) and f* be the HL maximal function of f, then Ve > 0, we
have

m(xeR: () > D) < 2= [ 11

Proof. Fix € >0, write B:= {x € R: f*(x) > €}, recall that

m(B) := sup{m(K) : K C B,K is compact}
Thus it suffices to show that m(K) < 2|/ f||; for every compact set K C B. For every x € L C B, we
know that f*(x) > ¢, thus there exists open interval I, such that x € I, and also @ /Ix |f| > €, then

K C Uyek Iy, and there exists .& := {I}, b, -+ ,Iy} such that K C Uﬁvzlli, and by the Canteli covering
lemma, we now have

m(K) <m (U Il-) <3 ﬁ m(ly;)

1
for some disjoint sets I ,Iy,,- - - ,Iy,,. Meanwhile we have V1 < j < M, m(ij) < E/ |f| and thus
I

M 3 M
() <3 Y mlle) < 5 1 / I
3

=5/UMIm

J=17ky

3
< —
<21l
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Corollary

Corollary 16. Given f € Z'(R), then f* is finite valued a.e.

Proof. VN >0, m({f* > N}) < 2| flli = 0, as N — +oo, and m({f* = +o0)} is a null set. [

REMARK

f e Z(R) DO NOT imply f* € Z'(R) in general. To see this, suppose f = 1y € Z'(R)
and

fm wp L
£

in general,
0,if (a,p)N[-1,1] =@

1 b
- / f(t)dt =
—aJa min{b,l};inaax{“’*l} ,otherwise

From here, we can derive that

lLifxe (—1,1)

M%, otherwise

and f*(x) ¢ Z'(R).
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Lebesgue Differentiation Theorem

Theorem

Theorem 40. Given f € Z'(R), then for a.e x € R, if {I,} is a sequence of open intervals such
that x € I, for every n and lim,,_,  om(I,) = 0 ( {I,} is a sequence shrinking to x), then

1f(1) = f(x)|dt =

n— oo m(In) I

In particular,

lim / f(t)dr =

n—y—+oo m

The last statement (in particular part) is due the fact that (assume x is such that | f(x)| < +o0)

o (] 7)) =

m(1y) N

Proof. W.L.O.G, assume that f is finite valued EVERYWHERE, and we will only consider finite inter-
vals I,,. For every k > 1, consider

5 | =)

< oty 170~ £

1
By := {xe]R:EI{In} C #(x) with limm(1,) —Oandnl_lgrlmm( Ay ]f( )— f(x)|dr > T }
Thus {By} is increasing, and
—+oo
U By := {x € R : the statement of the theorem fails}.
k=1

It’s now sufficient to show that m(By) = 0 for every k. Fix an arbitrary € > 0, since Cc(R) is dense in
Z'(R), thus g € Cc(R) such that we have ||f —g||; < €. Since g is continuous and supported on a
compact set, thus for all kK > 1 and x, there exists & > 0 such that

—x| <
—sl <& = [g(1)~5(x)| <
Vx, given any sequence {I,} C .% (x) such that lim,,_,(,) = 0, we have
75 1O =rlar < 2 [ 170 - O+ 77 0+ st et + ) = )
(3 5%)

(*) (%%)

According to the analysis of g, we know that when n is sufficiently large such that m(1l,) < o, we have
lg(t)—g(x)| < 3k,Vt € I, 50 (++) < 5. In order for x to be in By, we need limsup((x) 4 () + (s%)) >

I, since () < 4, we must have
2k
limsup( () + (%)) > 3
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Now we define
1
Cy = {x € R: limsup(x) > —} and Dy := {x € R: limsup(x**) > ﬁ}

Thus m(By) < m(Cy) +m(Dg) and

and
1 1
m(Cg) =m {hmsupm(l )/1 If—g| > §}>
1
gm({(f—g)* > ﬁ})
<3-3k||f—zslh
Thus m(By) < 12ke, Ve > 0. [ |

REMARK

In the statement of the Lebesgue differentiation theorem, a.e x € IR can not be replaced by point-
wise. To see this, construct f = 1f jj € £ (R), and I, = (—=1.1) € .7(0), then

1 2 [n 1
i), 0a = [ =5 %0

n

and thus 0 is not a Lebesgue point.

Corollary

Corollary 17. If f € 1 (R), then a.e x € R,

] 1 x+h
Jim = [~ f@)far =0
and equivalently,
lim — dy=20
hlg(l)Zh/ Flr+y) = flx)|dy
Proof. Note that it is trivial that
tim = [0 = f()]dr =0 = 1 —/‘ f()]dy =0
Jim e | 0= f) lim > | [faty) = y=

If x € R is such that the original equation will fail, then there exists {h,} € R™ such that lim,,_, 1/, =0
and

lim —/ f(x)|dt #£0

h—+o0 2
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thus the Lebesgue differentiation theorem fails at x with I, = (x —hy,x+ hn), thus x is not a Lebesgue
point of f, and so that {x € R : the equation fails} is a null set.
[ |

Corollary

Corollary 18. Given f € Z'(R), f* be the HL-maximal function of f, then |f| < f* a.e.

Proof. Apply Lebesgue differentiation theorem to |f|, thus for a.e x € R with I, = (x— %,x+ %) we
have

, 1
|f(x)] = nETw—m(zn) A

VMWSw%—L[m}gﬁw.

m(I)

Corollary

Corollary 19. If f € £ (R), then Ve > 0, 38 > 0 such that ¥ interval I with m(I) < §, we have
/ fl <e.
1
In fact, I can be replace by any A € .# measurable.

We will prove this corollary based on the fact that / is an interval, but it can be generalized for all mea-
surable sets as the theorem suggested.

Proof. Recall that f* < +e a.e, if Ay := {x € R: f*(x) > N}, then 14, — 0 as N — oo, thus

lim 1 =
N—>1 +oo/]R AN|f| 0
Then by DOM, we have

lim =0
Jim [

E
<_
Awm :

Now with this choice of N, set 0 = % then W.L.O.G assume that / is an open interval, then choose

m(I) < & and we then have
Jit=f

<[ N <e
{f*>N} ~——

Then Ve > 0,3N > 0 such that

<eg/2
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Theorem

Theorem 41. Given f € ' (R) and a € R, define

X
= / f(t)dt for x>a
a
Then F is uniformly continuous and F'(x) exists and F'(x) = f(x) for a.e x € R.

Proof. We want to show that
X
F) = [ for
a

is uniformly continuous, so Ve > 0 let 0 be constructed in the previous corollary, then Vx > y > a such
that |x — y| < 8, we have

IF()—FO) = [ fle)ar

saﬂmmmsa

and thus F is uniformly continuous.

Next, we will show that F’ exists a.e, to show that F/ = f a.e and

|
lim - (F(x+h) ~ F(x)) = £(x

1
lim o (F (x) = F(x—h)) = f(x)

fora,e x € R.

If x € R is a Lebesgue point of f and f(x) is finite-valued, then we have

N h/ )i = 1)
==%/%MUU)—f@HW

<1 [0~ reolar

gzizl%|ﬂ0—fuwﬁ£§0

And similar statements can be drawn for the other equation.

H(F(eh) ~ F ()~ £(x)

REMARK

In general, a.e x € R cannot be dropped, to see this, construct /= 1) , then

F:L%fz&FﬂU#f@)
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Increasing Functions

Let F be an increasing function on [a,b] (we restrict to finite valued functions). If needed, whenever
necessary, we can extend F(x) to R by F(x) = F(a) for all x < a and F(x) = F(b) for all x > .

Proposition

Proposition 68. Assume that F is increasing on |a,b), then f is continuous except at countably
many points in |a,b.

Proof. Already proven in MATH 255. |

For a general function x € IR, we define the followings:

F(x+h)—F(x)

— F h)—F
D,F(x) = limsup (x+5) = Fx) ; D,F(x) =liminf
h—0 h - h—0

- F(x)—F(x—h Fx)— Flx—h
DiF (x) = limsup - TFETR) g timing T TP —R)
h—0 h — h—0 h

If all 4 limits match, then F’ exists and is equal to any of the 4 listed.

Theorem

Theorem 42. (Vitali’s Covering Theorem)

Given a set E C R, a collection # of intervals is called a Vitali covering of E if Vx € E, Ve > 0,
Al € 7, such that x € I,m(I) < E. Ifm(E) < +oo, ¢ is a Vitalli covering of E, then Ve > 0,
A, b, ,In € _Z such that I;(\1; = &,i # j and

N
m (E U 1n> <e.
n=1

Proof. W.L.O.G, assume that m (U,6 ya ) < 400, now define
oy =sup{m(l): 1€ F} <+
then 31, € #, such that m(I;) > &, set

jlz{IGJ,Iﬂh:@}

and define
or =sup{m(l): 1€ 71} < 4o



96 DIFFERENTIATION THEORY

sodh € _¢Z, such that m(Iz) > %. Continue this approach, define
/2 = {IE /,Iﬂ]l =g, INhL = @}
and
oz =sup{m(l): 1€ 7>}
Repeat this process, we’ll get {0y}, {Ix } such that ;N I; = &,i # j, and
o :=sup{m(l): 1€ 7, INlj=2,Vj=12,--- k—1}.

Since we have
oo oo
Ulk - U I,and m (Ulk) < oo,
k=1 Ie g k=1

thus by countable additivity,

oo +o0
m (U Ik> = Z m(lk)
k=1 k=1
since

+oo —+o0
Ol
Unc Ur Z > <Y m(I) < 4eo, 04 — 0,28 k — oo,
k=1 Ie g k=1
Then fix any € > 0, 3N large enough such that

—+oo

N
CLAIM: m <E UI,) <€.
=1

To see this, note that it suffices to show that

C=

d(x, i>:A>0
i=1

Recall that ¢ is a Vitali covering of E, then 3[* € ¢ such that x € I* and m(I*) < A, thus it must be
that
rr=9o\vi-12,---,N

Thus m(I*) < ay+1. Assume that N* > N + 1 such that m(I*) < ay+, then 3j = N + 1,N* such that
"Nl # @, and m(I*) < o+ < aj <2m(1;), so I* C 51;, and then

N +oo
E\ULc | 51
i=1 k=N+1
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thus

Proposition

Proposition 69. Assume that F is an increasing function on [a,b], then F' exists a.e on [a, D).
Proof. Clearly, Vx € [a,D],
So if we could just show

then we’re done (cooked).

We first will show that
DiF (x) < D,F(x)

Set E = {x € R: D;F(x) > D,F(x)}, we will show E is a null set. or p,g € Q and p < ¢, set
E,,={x€la,b]:DF(x)>q,DF(x) < p}

Then observe that
E = U E, 4,and it is countable
p.9€Q.p<q

So we will show for each E, 4, it’s a null set. Now we will use Vitali’s covering theorem to prove that
m(E,,) = 0. Assume otherwise, then
m(E,q) =96 >0

Fixany 0 < e < g, choose an open set £, ; C G such that
m(G) <m(E,;)+e=06+¢

Consider

7= {1: ox+ ] c g EEER ZFR) p}

h

Then for every x € E, 4, x € G open, we have

F(x+h)—F(x)
h

D,F(x) < p,ie liminf <p
- h—0

That means 3/ = [x,x+ h] € / , for arbitrarily small 4, then / is a Vitali covering of E), ;. Then there
exist disjoint sets /1,5, -+ ,Iy € _#, such that

N
n=1
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Assume I; = [x;,x; + h;],i = 1,2,--- ,N and define

N
G:= | ) (xixi+hi):E,pg g —quﬂG

n=1

thus we have
m(Ep,g) =m(EpgNG)

=m(EpgN (Jh))
=m(Epq) — ( UI) >d8—¢

So since E g C G and G is open, then define

T {7: y—ry] gé,F(y)—I:(y—r) >q}

Following the same argument, we know that _¢# is a Vitali covering of E n.q» SO there are again disjoint

sets I~1, ,TM S jsuch that
M
m (Ep,q U 71) <€
j=1

M M
m(U Ij> :m(Ep,q)—m<Ep,q U1j> geqd —2¢
=1 =1

Now assume INJ = [y i—r—1Jy j] then we know that those are sub-intervals of 11,1, -, I, respectively.
Since F is increasing, it means that

and

M

(F(vj)— F(xi+hi) = F(xi))

N J/
-~ -~

L.H.S R.H.S

\Mz

and

RHS<p) hi=p-m <L1\j]i> <p-m(G) <p(d+e¢)
i=1

L.H.SZquj:q-m<LAjIj> > q(6—2¢)

j=1
which implies that
q(6—2¢) < p(e+9)
and thus
q6 < pé,

a contradiction.

The same idea may be applied for showing D, F (x) < D;F(x), and that finishes the proof.
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Proposition

Proposition 70. Assume F : [a,b] — R is increasing, then F' € £ ([a,b]) and F'(x) > 0 a.e on
la,b] and

/ " F(t)dt < F(b) — F(a)

Proof. Clearly, F’'(x) > 0 a.e on [a,b] follows from the previous proposition. For a.e x € [a,b], we have

F'(x) = lim G,(x) where G,(x) = F(x+,) —F(x)

n——+oo

S =

We can expand F to R if needed (followed by the previous construction), and by Fatou’s lemma,

b b
/ F'(x)dx < liminf/ Gn(x)dx
a n a

and

REMARK

b
The inequality / F'(t)dt < F(b) — F(a) can be a strict inequality. Think of f: [0,1] — RR to be

a
the Cantor-Lebesgue function, then we know that f/(x) =0 a.e on [0, 1], since Vx € [0, 1]\%, f(x)
is just constant, and such set has full measure. So

[ rwa=0< ()@ =1
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Functions With Bounded Variation

Definition

Definition 35. We define a function F : [a,b] — R is of bounded variation on [a,b], denoted by
F € BV([a,b]) if

N
Tr(a,b) := sup{z |F(xi)—F(xx_1)] : N>la=x1<xp<-- <xN=b} < oo
k=1

Tr(a,b) is called the total variation of F over [a,b].

Some properties follow:

Properties of Bounded Variation

(i) For x € [a,b], set Vp(x) = Tr(a,x), then Vp(x) is an increasing function and is always non-
negative, and Va < x <y < b,Vr(y) — Vr(x) = Tr(x,y), i.e

Tr(a,x) +Tr (x,y) = Tr (a.y)
(i) If F,G € BV ([a,b]), then F +G € BV ([a,b]) and
Tr+c(a,b) < Tr(a,b) + Ts(a,b)
(iii) If F is monotonic, then F € BV ([a,b]).

e We may just assume F is increasing, then V partition a = xp < x1 < --- < xy = n, we have

I;IIF(Xk)—F(Xk—l)I :k;F(xk)_F(xk—l) = F(b) - F(a)

and Tr (a,b) = |F (b) — F(a)| for general monotonic functions.
X
(iv) If f € Z'(R) and F (x) = / f(t)dt or x € [a,b], then F € BV ([a,b]) and
a

1 () < Il = [ 1r(e)a.

o Va=xy<x3 <---<xy=b,wehave

/x:k] f(t)dt

N

§|F<xk>—F<xk_1>| _y

k=1 | %= -

N Xk b
< t)|dt = t)|dt < +oo
Y[ ol = [7170)
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(v) If F € BV([a,b]), then F is bounded on [a,b].
e Vx € [a,b], we have

|F(x)| < |F(x) = F(a)| +|F(a)]
<Tr(a,x) +|F(a)|
< Tr(a,b) +|F(a)] < +oo

(vi) If F is continuous on [a,b] and differentiable everywhere on (a,b) and 3IM > 0 such that
|[F'(x)| <M, then Vx € (a,b), then F € BV ([a,b]).
e By the mean value theorem, Vx,y € (a,b),x <y, 3z € (a,y), such that

For every such y, we then have |F(y) — F(x)| < M(y—x) and so Va = x; <xp < --- < x, = b, we
have

i |F(xx) —F(xx—1)| <M(b—a) < +oo
k=1

(vii) In proposition (vi), the assumption |F’| < M cannot be dropped.

Theorem

Theorem 43. A function F : [a,b] — R is in BV (|a,b]) if and only if there exist H,G : [a,b] — R
such that H,G are all increasing and F (x) = H(x) — G(x) for all x € [a,b].

Proof. (<=)If F(x) = H(x) — G(x) with H, G both increasing, and H,G € BV (|a,b]), then by previous
properties, we know that this direction is trivial.

(=) : Assume F € BV([a,b]), define H(x) = Tr(a,x) for all x € [a,b], and we claim that H(x) is
increasing by definition. Also let G(x) = H(x) — F(x), then Vx,y € [a,b] with x < y,

G(y)—G(x) =H(y)—H(x) = (F(y) - F(x))
= Tr(x,y) = (F(y) = F(x))
> Tr(x,y) = |F(y) — F(x)| > 0.

and thus G(x) is increasing.

Theorem

Theorem 44. [f F : [a,b] — R is in BV (|a,b)), then F is continuous on |a,b] except for at most
countably many points; F' exists a.e on [a,b]; F' € £ ([a,b]).
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Absolutely Continuous Functions

Definition

Definition 36. Given F : [a,b] — R is called absolutely continuous on |a,b|, denoted by F €
AC([a,D]), if Ve > 0, 36 > O, such that for any disjoint intervals (ay,by) C (a,b), k=1,2,--- ,N
with Z],y:] lax — br| < 6, we have

i ak)‘<8

REMARK

Note that (ax,by)’s are not necessarily a partition of (a,b).

Proposition

Proposition 71. If F € AC([a,b)), then F is uniformly continuous on |a,b).

Proof. Ve >0,let § >0, Vx,y € [a,b], if |y —x| < 8, then |F(y) — F(x)| < €. [

Proposition

X
Proposition 72. If f € AC([a,b]) and F (x) = / f(t)dt, t € [a,b], then F is absolutely continu-
ous. ¢

Proof. Recall that Ve > 0, 3M, such that

€
< —.
/{fw} fl<2

then set § = €/2M, then for all (ay,b;) C (a,b) disjoint, where k= 1,2,--- ,N, such that Y, [by —az| <
S,

N N b
Y IF ()~ Fla) < ¥ [ 1
k=1

k=174

N
I 1+ | 1|
k=1 L/ (ax.bx)N{f*>M} (ar.br)N{f*<M}

N
Ifl+M ) |br—ai
1 (arbi)N{f*>M} k;

_|_

VAN
c—

IN
(ST

€
2
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Proposition

Proposition 73. If F,G € AC([a,b]), then trivially F + G are both absolutely continuous.

Proof. :) |
Proposition

Proposition 74. If F is absolutely continuous, then F € BV ([a,D]).

Proof. Set € = 1, take 6 > 0, consider a partition of (a,b):
a=th<n<---<i=»=b

such that

b—a b—a
L L

Now for each i =0, 1,-- -, L, for any partition of [;,#;+1], where

<9

liv1 =ti+

Lh=xp<x1 <:--<XN=1Ili4]

and (xj.x;41) are disjoint, and

N—1
Y 1 =X =l = i —6] < 6
k=0
which implies
N—1
Z |F(xk+1 —xk)| < 1] = TF(ti,l‘l’+1) < 1
k=0
Then Tr(a,b) = Y2 Tr (titip1) <L < 4oo ]

Proposition

Proposition 75. If F is continuous on [a,b] and differentiable everywhere on (a,b) and |F'(x)| <
M, (where M is a constant) for all x € (a,b), then F € AC([a,b]).

Proof. We used the mean value Theorem to show that

Vx,y € [a,b],|F (x) = F(y)| < M|x—yl.

Theorem

Theorem 45. [f F € AC([a,b)), then F' exists a.e. on |a,b] and furthermore F' € £ ([a,b)).

Proof. The following is immediately apparent from the fact that the AC functions are a subset of the BV
functions. |
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Theorem

Theorem 46. Given F € AC([a,b]), F is a constant on |a,b) if and only if F'(x) = 0 a,e. on [a,b].

Proof. Trivial. |

REMARK

The condition F € AC([a,b]) cannot be dropped, think of F being the Cantor-Lebesgue function.

Theorem

Theorem 47. (Fundamental Theorem of Calculus)
IfF € AC(la,b)) then F' exists a.e. on (a,b), F' € £'([a,b]) and Vx € [a,b], we have

Proof. Assume F € AC([a,b]), then it implies F’ exists a.e. on (a,b). F' € £'([a,b]), define
G(x) = F(a) + / F'(t)dt,9x € [a,b]

Then according to property 72, G(x) € AC([a,b]), and by the theorem 41, we know that G'(x) = F’'(x)
a.e on [a,b], that means take H = F — G € AC([a,b]) and H' = F' = G’ = 0, thus H is a constant, thus

H(x) =H(a) =0,Yx € [a,]]

Then .
F(x) = G(x) = F(a) + / F'(t)d1,Vx € [a,b].

What we have covered so far is basically the end of this course (MATH 454 Honors Analysis 3). But
there are way more topics to learn in analysis. One of the most important applications to the topics we
have covered so far is probability theory. Probability is a special measure with total measure being 1, and
many topics in probability theory have direct connection with measure theory and Lebesgue integration.
Furthermore, in MATH 455 (Honors Analysis 4), we will focus on more abstract spaces like Hilbert
spaces and functional analysis. I hope you will like it as well :).

Finally, I would like to express my deepest gratitude to my professor who taught this course amazingly:
Prof. Linan Chen.
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What’s Next?

Based on what we have established so far, we would like to move a little bit forward to probability
measure (a special measure we introduced with “total mass” being 1).

Definition

Definition 37. Assume [ is a probability measure on (R,B(R)), define a function Fy by
Fy(x) = u((—o0,x]),Vx € R. Then we call Fy, to be the distribution function of [L.

Furthermore, if X is a random variable on (Q), #,1P), then

p((=e0x]) =P(X <x)

Based on the definition, we have the following properties of F);:

PROPERTIES OF A DISTRIBUTION FUNCTION
(1) Fy 1s always increasing;
(ii) limy—s 4o Fy (x) = 1 and limy_, o Fy (x) = 0;

(iii) Fy, has at most countably many discontinuities and Fy, is R.C.L.L (right continuous with left
hand limit);

(iv) Vx € R, Fy (x™) = F(x) and Fj, (x™) exists;
(v) Va,b € R with a < b, F,(b) — Fy(a) = u((a,b]);
(vi) The distribution function uniquely determines [;

(vii) In fact, any F : R — [0, 1] that satisfies (i), (ii), (iii) is the distribution function of some
probability measure.

105
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Definition

Definition 38. Ler u be a probability measure on (R, (R)) with distribution function Fy, we
say W is absolutely continuous with Lebesgue measure, denoted by 4 << m, if Fj, is AC on R, i.e
3f € LY (R), such that Va € R, Vx > a, we have

@@_@@:Lﬁ@m

and f is called the probability density function of L.

Proposition

Proposition 76. If u is absolutely continuous with Lebesgue measure with probability density
function f, then VB € B(RR), we have

w(B) = [ £y,

Corollary

Corollary 20. Assume U << m with density function f, then if g : R — R is B(IR)-measurable,
then

/]R!g|du = /ng(X)If(X)dX-
— ~
the integral of |g| w.r.t | Lebesgue integral

In particular, this corollary implies that g € ' (u) if and only if g- f € Z!(R).

Theorem

Theorem 48. (Radon-Nikodym)

Let [, v to be two G-finite measure defined on (R,B(R)), if VA € B(R), v(A) =0 = u(A) =
0, i.e v-null sets are a subset of w-null sets, then @ << v and hence 3f € L' (v), such that
VB € B(R),

1(B) = /B fdv,

we call f to be the Radon-Nikodym derivative of L w.r.t v, denoted by

_du

f_dv'
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Theorem
Theorem 49. (Lebesgue Decomposition Theorem)

Given U to be any probability measure defined on (R,B(R)), 1 admits a unique decomposition
oW = Ug + Us where L, Us are also finite measures, such that

(i) Ug is a finite measure on (R, B(R)) and p, << m;

(ii) U is a finite measure on (R,B(R)) such that pg 1 m, i.e U is singular tom : IE € B(R))
such that m(E) = 0 but puy(E€) = 0.
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