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Chapter 1

Basic Introduction to probability

o-Algebra

We begin with some definitions:

Definition 1. Let {A,} be a sequence of sets, the set of all points @ € Q (where Q is the reference
set) that belong to A, for infinitely many values of n is known as the limit supremum of the sequence
and is defined by

lim supA, or lim A
n— oo PAn n——+oo "

Similarly, the set of all points that belong to A,, for all but a finite number of values of n is known
as the limit inferior of the sequence {A,} and is denoted by

lim infA, or lim A,
n—r—+oo n—r+oo

If lim supA, = lim infA,, we say the limit exists and denote lim A, to be its limit.
n—r—+oo n—r—+oo n—r—+oo
Corollary

Corollary 1.

Jima,= U Aace () D= T,

n=1k=n n=1k=n

Given the definition of limsup and liminf last lecture, we now give some examples:
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(D Let A, = {n},n € N, then by definition we have

limA,=2 and limA,=0o

n—soo n—oo

@ LetA, = {(—1)"},n € N, then by definition we have

limA, =2 and limA,={-1,1}
n—o0 n—yoo

Definition

Definition 2. D) IfA, CA,+1,n €N, we say {A,} is non-decreasing, then lim,_,. A, = ;| An.

@ IfApi1 CApn €N, we say {A,} is non-increasing, then lim,_,eo Ay, = (7 Ap-

Definition

Definition 3. Let X be a space (i.e a non-empty set) and . be a collection of subsets of X (here
F is the collection of subsets of X which we are going to measure). .7 is called a 6-algebra of
subsets of X if:

OXes

@ IfA € Z, then AC .= X\A € .Z. (Closed Under Taking Complement)

@ If a series of subsets {A,,n > 1} € .F, then UAn € #. (Closed Under Countable Union)

n=1

Based on the definition, the following propositions also hold.

Corollary

Corollary 2. The definition of c-algebra leads to:
DOoes

@XeF

@ If a series of subsets {A,,n > 1} € Z, then ﬂAn € #. (Closed Under Countable Intersection)

n=1
N N
@ IfAy,Ay,--- AN € Z, then ﬂAn €% and UAn € .#. (Closed Under Taking Finite Union
n=1 n=1

or Intersection)

O IfA,B€ Z, then A\B,B\A € &
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We say .7 is bigger than .%,, if % C .%,. In this case, for any space X, we may conclude that {@, X} is
the smallest o-algebra and 2X is the biggest o-algebra. A c-algebra can also be generated by a collection
of sets.

Definition

Definition 4. Let X be a space and € be a collection of subsets of X, then the c-algebra
generated by €, denoted by 6(%€), is such that

D o(%) is itself a 6-algebra with ¢ C 6(€)

@ If F' is a o-algebra with € C F', then 6(€) C F'. i.e 0(€) is the smallest 6-algebra that
is a super set of €.

Again, we have the following propositions:

Corollary
Corollary 3. D) 6(%) = ﬂ {F :€ C .7} for all 6-algebra F
@ If € itself is a 6-algebra, then 6(€) =€

@ If 61,%, are 2 collections of subsets of X with €1 C 6, then 6(%1) C 6(%>)

Borel o-Algebra

An important example of c-algebra on R (of subsets of R) is called a Borel 6-Algebra.
Definition
Definition 5. The Borel c-algebra of R is defined by

Br := o({Open Sets of R})

Also we need to know that the generator of By is not unique. By standard definition, we give
Br :=0({(a,b) :a,b e R,a < b})

But we still have the following proposition:
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Corollary

Corollary 4.
OB :=0c({(a,b] : a,b € R,a < b})
@Br :=06({[a,b) : a,b e R,a < b})
®Br :=0c({[a,b] :a,b e R,a < b})
@B :=0({(—o,c): c€Q)
OBg := 6({(c,+<>°) ceqQ)

I shall illustrate why those are indeed equal. Let’s just take a look at (2), we need to show
o({(a,b):a,b eR,a<b})=0({[a,b):a,beR,a<b})
We could indeed prove L.H.S CR.H.Sand R.H.S C L.H.S.

e To show that L.H.S C R.H.S, we need to show
(a,b) € o({[a,b) :a,b € R,a < b})

and we have

e Similarly,

And that’s why they are indeed equal.

Definition

Definition 6. A set G is called a Borel Set if G € ‘Bp.

In fact, any set produced by countable operations are also Borel Sets.
Corollary

Corollary 5. A set with a single element (or singletons) {x} is also a Borel Set.

Proof. For a singleton x € R, we have

W= (x— %,x—i—%) |

n=1
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Measures

Given a space X and a o-algebra .# of subsets of X, (X,.%) is called a measurable space.

Definition

Definition 7. Given a measure space (X,.F ), define

W F —0,+]
is a non-negative set function, then L is a measure if
@ p{z} =0

@ If {An,n > 1} C . F such that A,’s are (pairwise) disjoint, then

u { DAn} = i “(An)
n=1 n=1

this is known as countable additivity.

We say that u is finite if (X)) < +oo, we say that u is a probability measure if u(X) = 1.

We say 1 is o-finite if 3{A,,n > 1} C.F such that X = | J A, with p1(4,) < —+oo.

n=1
We call the triple (X,.%, L) a measure space.

Here are a few examples of measures on (R, BR):

(D A measure u; given by

|A|,if A is finite
Ui 2 Br — [0, 4-o0],such that VA € B, u;(A) =

o0, otherwise

We say u; is the counting measure.
@ Let xg € R, a measure (U, is such that

L,(xo €A)
VA € B, wp(A) =
0,(xo ¢ A)
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We say W, is the probability measure.

We now give some propositions for the measure space. Below, let (X,.#, i) be a measure space.

Corollary

Corollary 6. (Finite Additivity)
IfA1,Ay,- - ,AN € F are disjoint, then

N
u <A1UA2U”‘UAN> =) u(A).
n=1
Corollary

Corollary 7. (Monotoncity)
Given A,B € 7, if A C B, then u(A) < u(B).

Proof. Note that since p(A), i(B) could both be infinite, so taking u(B) — i(A) is incorrect. Indeed, we
may construct B=A|J(B\A), where

u(B) = u(A)+u(B\A) = u(A).

Corollary

Corollary 8. (Countable / Finite Subadditivity)
If {Ay,n > 1} C .Z, then

oo &9 N N
U (UA,,) < ZI/,L(A,,) and (UAH> <Y u(an)
n=1 n= n=1

Note that if A,,’s are disjoint, then it should be "=".

B,,’s are disjoint. More importantly, by our construction we have | J,,_; B, = ;,,— An. Thus by countable
additivity, we have

Proof. Let B = Aj, and B, := An\(U;’__l1 A;) for every n > 2, then we know that {B,,n > 1} C % and

U’<liJAn> ::“/<(iJBn> ::iill(Bn)fS iill@4n)
n=1 n=1 n=1 n=1
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Corollary

Corollary 9. (Coutinuity From Below)
Given {A,,n > 1} C % such that A, C A,y for every n, then

() s

Proof. Set By =Aj, B, =A,\A,_ foralln > 2. By definition we have {B,,n > 1} C .Z is disjoint, and
we have |, B, = U, _| An; also for each N > 1, Un:1 B, = A,,, which means

() () -
i

=

N—roo

= lim (A,)

n—soo

Corollary

Corollary 10. ( Continuity From Above)
Given {A,,n > 1} € Z such that A, C A, for everyn > 1, if W(Ay) < oo, then

(ﬂ A ) = lim f1(A,)

Proof. Set B, = A1\A,, then we know that the sequence {B,,n > 1} is increasing, then we have
UB.=41\[)Ax
n=1 n=1

Thus,

u(m\ﬁ%) (UB)—,}ggu n) = lim p(A\A,) (%)
n=1

Given that the measure of A, is always finite, so (A \A,) = u(A;) — u(A,) and
u (Al\ A An> = u(A)—p (ﬂ An>
n=1 n=1

(ﬂA ) = lim (4(A1) - p(4,))

Thus, by equation (*),
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that is
u (ﬂlAn> = ,}g{}o‘u(A”)
[ |

The reason why we would introduce the definition of a ¢-algebra, measure is that, probability, is also a

measure.
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An introduction to sample spaces and probabil-
ity axioms

Definition

Definition 8. A random (or a statistical) experiment is an experiment with the following:
(D All outcomes of the experiment are known in advance;
@ Any performance of the experiment results in an outcome is not known i advance;

Q) The experiment can be repeated under identical conditions.

Definition

Definition 9. The sample space of a statistical experiment is a pair (Q,.%) where Q is the set of
all possible outcomes of the experiment and ¥ is a G field of the subsets of Q.

Here is an example to illustrate this: Suppose we are tossing a coin, and we denote H (head) and 7T (tail)
to be the only two possible outcomes. Then we have Q := {H,T} and % := {{H},{T},{H,T},2}.
Element of Q are called the sample points and any set A € .7 is called an event.

Definition

Definition 10. (Kolmogorov’s Axioms)

Let (Q,.%) be a sample space and a set function P : % — R is called a probability measure (or
simply probability) if it satisfies:

DO P(A) >0forall A€ F;

QPQ)=1

@ Let {A;}T be a sequence of disjoint sets where A; € %, then P (U Al-) s Z P(A)).
i=1

Corollary

Corollary 11. P is monotone and substrative, i.e if A,B € .F with A C B, then P(A) < P(B).

Corollary

Corollary 12. IfA € .7, then P(A) = 1 —P(AC).
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Now we will introduce an important theorem in probability:

Theorem

Theorem 1. (The principle of inclusion and exclusion)
Let A,Ay, - A, € F, then

ki <ko k1 <--<ky

P( : Ak) N iIED(Ak)_ Z P(AklmAk2)+"'+(_1)n+l Z ]P)(Aklﬂ.”mAkn)
k=1 k=1

Proof. We will first consider some special cases, let’s say n = 2, then we have
P(A] UAz) = P(Al) —}-P(Az) - P(A] ﬂAz).
Similarly, consider n = 3, then we have

P(A1 UAy UA3) =P(A)) + P(A2) +P(A3)
—P(Al ﬂAz) —P(Az ﬂA3) —P(Al ﬂA3)
‘|‘]P)(A1 NAj ﬂA3)

So when n =2 or n = 3, it is already proven according to the construction we did using Venn diagram.
Now we perform the induction on n, assume it holds for some number N(N > 3), then say

(Un) |

Denote [Uﬁi] Ai] = B, then we have

N

A

i=1

UAN+1>

N+1
P < U Al‘) = ]P)(B) —|—]P)(AN_|_1) — ]P(B mAN—O—l)
i=1

The principle of inclusion and exculsion also leads us to another theorem:

Theorem

Theorem 2. (Bonferroni’s Inequality)
Given n events A1,Ay,--- A, € F,(n> 1), then

;P(Ak) —Y P(AinA;) <P (i‘,Ak> < kilIP’(Ak)

i<j k=1

Proof. The proof is basically the same idea as above, reader should try to prove this by their own. |
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Theorem

Theorem 3. (Boole’s Inequality)
Suppose A,B € %, then
P(ANB) > 1 —P(AS) —P(B°)

Proof.
P(ANB) =1-P((ANB)°)
= 1-P(A“UB%)
= 1— (P(A®) +P(B¢) —P(A° N BY))
> 1—P(A%) —P(B°)
|
Corollary
Corollary 13. Let {A;}%_ be a sequence of events, then
S C
P (ﬂA]) >1-) P(AS)
j=1 J=1
Proof. This proof can be achieved by induction, using the results in theorem 4. |

Theorem

Theorem 4. (The implicative rule)
IfA1,A2,A3 € F and A\ N Ay C As, i.e Ay, Ay implies A3, then P(AS) < P(AS) +P(AS).

Proof. By monotoncity of probability, we have P(A; NA,) < P(A3), i.e P((A1 NA2)C) > P(AS), that is
P(A$NAS) > P(AS), by inclusion and exculsion formula, we have P(A{) +P(AS) — P(A§ NAS) > P(AS),
given that the probability is always non-negative, we then conclude that P(AS) < P(A$) +P(AS). |

Theorem

Theorem 5. (Continuity of P)
Let {A,}_, be a sequence of non-decreasing events in F, i.e A, C Apy1, then

n—soo n—oo

P(lim A,) = lim P(4,) =P ( G A,,>
n=1

Proof. Let A =Jj_;A}, then A can be written as A = A, U (U;-":,ZA i+1\A j), by o additivity, we also
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have

Now taking n — oo:

= lim A, + lim ;P(Am) —IP’(A])]
= ot Fid)

Theorem

Theorem 6. (Continuity of P)
Let {A,};7_| be a sequence of non-increasing events in &, i.e Apy1 C Ay, then

P(lim A,) = lim P(4,) =P ( ﬁ A,,)

n—yoo n—yo0
n=1

Proof. This can be done by taking B, = AS. |
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Conditional Probability

Definition

Definition 11. Let (Q,.7) be the sample space, A,H € Q, then we define P(A|H) to be the prob-
ability of A given that H occurs, known as the conditional probability of A given H.

Example: We may think of rolling a fair dice: If no condition is given, then the probability that number

3 will face up is just 2 but what if we given the condition that the number face up is odd? Then based

1
on this assumption, the probability that number 3 will face up is 3

But how do we actually compute P(A|H)? Think about this: By the construction of conditional prob-
ability, P(A|H) should somehow proportional to P(A N H), because P(A|H) is an event in P(ANH).

We denote by P(A|H) = kP(ANH) for some k, now consider P(H|H) = kIP(H N H ), we conclude that

1
1 =kP(H), so we have k = ——.
P(H)

Theorem
Theorem 7. Let (Q,.F) be the sample space, A,H € &, then the conditional probability of A

given H is given by
P(ANH)

P(AIH) =~

If P(A|[H) =P(A), by theorem 8 we can further conclude P(ANH) = P(A)P(H).

Conditional probability is also a probability measure, it satisfies all the axioms of a probability measure.

Corollary

Corollary 14. Let B, {H,}, =, be events, then
(i) B(B|B) = 1

(ii) P(H|B) = 1 —P(H®|B);

o0
(iii) If H,,H>, - - - are disjoint, then P ( U Ha

n=1 r=Il

B):fmmm)
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Definition

Definition 12. Let (Q,.%) be the sample space, A,H € Q, then we say A,H are independent, if
P(ANH) =P(A)P(H), i.e, the occurence of A does not depend on H.

Corollary

Corollary 15. Let (Q,.F) be the sample space, and Ay,Ay,--- A, € Q, then

p(ﬁ@)ZQPG{:j)

Proof. We have

N

P (,-ﬂ]AJ) P (Ajﬂ (hllA>> =F (ﬁAJ’> g <A’ N

and we may perform the same step on P (ﬂ" TA; ) and we will eventually reach

p<ﬁw)=ﬂp@fjf>

)

Definition
Definition 13. A sequence {H,};_, of events in .F is called a partition of Q if HiNH; = &,i # j
and U H, = Q.

n=1

Theorem

Theorem 8. (Law of Total Probability)

Let {H,}>_, be a partition of Q, P(H;) > 0, then VB € .#, we have

i P(B|H,)P
=
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Proof. We know that B=BNQ =BNU,_H, =U,_ BNH,, thus

P(B) = (UBmH)

n=1

P(BNH,),since BN H,’s are disjoint

|
Mz

3
Il

= Z P(BlHn)P(Hn)
n=1
[ |
Theorem
Theorem 9. (Bayes Theorem)
Let {H,}>_, be a partition of Q, P(H,) > 0. Suppose B € F with P(B) > 0, then
P(H; )P (B|H
Z P(H;)P(B|H;)
Proof. We know that
]P)(H |B) B ]P(Hk ﬂB)
‘ P(B)
P(B|Hy)P(Hy)
P(B)
and this follows from the result in theorem 9. |

Example: A certain disease affects about 1 out of 10,000 people. There is a test to check whether the
person has the disease. The test is quite accurate, in particular we know that :

e The probability that the test result is positive (suggests that the person has the disease), given that the
person does not have the disease is only 0.02;

e The probability that the test result is negative (suggests that the person does not have the disease), given
that the person has the disease is only 0.01.

Now a random person gets tested for the disease and the result is positive. What is the probability that
the person has the disease?

Solution : Let A to be the event that the person has the disease and we know that P(A) = 0.0001 and
P(AC) = 0.9999 (The person does not have the disease); Let H to be the event that the test is positive,
(HC) to be the event that the test is negative). Based on what the problem is given, we know that

P(H|AC) = 0.02; P(HC|A) = 0.01
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and we aim to find P(A|H), thus using Bayes theorem, we have

P(H|A)P(A)
(HIA)P(A) +P(H|AC)P(A)
(1-0.01) x 0.0001
(1—0.01) x 0.0001 +0.02 x (1 —0.0001)
= 0.0049.

P(AIH) =

Example: In Bob’s town, it’s rainy one thirds of the days. Given that it is rainy, there will be a heavy
traffic with probability 0.5, and given that it is not rainy, there will be heavy traffic with probability 0.25.
If it is rainy and there is heavy traffic, Bob will arrive late for work with probability 0.5. on the other hand
(not rainy and no heavy traffic), then the probability of being late is reduced to 0.125. In other situations

(rainy with no heavy traffic or not rainy with heavy traffic), the probability of being late is 0.25. Then
pick a random day, Find:

(a) The probability that it is not raining and there is heavy traffic and Bob is not late for work;
(b) The probability that Bob is late for work;

(c) Given that Bob is late for work, the probability that it rained that day.

Solutions:

To start with, we define: R to be the event that it is rainy; 7 to be the event that there will be heavy traffic;
L to be the event that Bob is late for work. Then we know the following tree diagram:

1

2

! —2 RTL - P(RTL)=4x1x1l=1
RTH .
1 2 RTLC— P(RTL?) =1x1x1=1
3
R 1
. L RT°L - P(RT°L)=+x4xi=1
RTH
L RT°LC— P(RTL)=ixlx3=2=1
19 1
1 L RTL - P(RTL)=2xix1=1
RTH 3
2 L RTL— P(RTL)=2xix3=1
3 C
1 1
5 & RTCL — P(RTL)=2x3xLt—=L
RCTC_ z
_

R°TL® — P(RT°L®) = 3 x 3 x L = &
Figure 1.1: The Tree Diagram for this problem

(a) We aim to find
P(RENTNLE)
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Then, according to the diagram we have constructed,

2 1 3 1
P(RENTNLS)=Zx-x==—.
(RENTALY) =3x %3 =3

(b) Denote IP(L) to be the probability that Bob will be late, then we may apply the law of total probability:
P(L) =P(LIRNT)P(RNT) +P(LIR° NT)P(RENTC) +P(LIRC|T)P(RC NT) +P(LIRNTC)P(RNT)
And we are given that

P@mnTyz%P@mcmﬂb:%ﬂﬂﬂﬁmTyzmuRmﬂb:%

Also we may use conditional probability to solve that

111
P(RAT) = P(TIRP(R) = 5 % 5 = ¢
Pm%wﬂzpaﬂWmmﬁzm_Pam%mqugxgzé
1 2 1
P(RENT) =P(T|R)P(RE) = — x = = —
(RENT) = B(TIROB(R) = x5 = ¢
P(RAT) = B(T|R)P(R) = (1 ~ B(TIR)B(R) = 5 x 5 = ¢
Thus we have 11



Chapter 2

Random Variables and Their Probability
Distributions

Random Variables

Definition 14. Let (Q,.%) be a sample space, suppose X is a finite, singled valued function that
maps L into R, then X is a random variable if

VBEBr:X '(B):={wecX:X(w) €B}c.F

That is, X is a random variable if the inverse image under X of all Borel sets in R are events in .7 . As we
mentioned earlier, we don’t need to check all Borel sets in R (e.g open sets, closed sets, half open half
closed sets), we can just check some specific sets.

Theorem

Theorem 10. X is a random variable if and only if Vx € R, we have

{o:X(0)<x}eZF

Proof. Tt is trivial because we know that B := c((a,b]). [

22
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Corollary
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Corollary 16. If X is a random variable, then Va,b,c € R, the following sets:

{X=c}i{a<X<b};{a<X<b}i{a<X<b}{X<c}..

are all events in .%.

Proof. Again, it is trivial by the construction of the Borel ¢ field on R. |

Theorem

Theorem 11. If X is a random variable, then sois Y = aX + b, a,b € R.

Proof. For any given x, consider the set

i.e

e If a > 0, then we have {X (@) <

o If a < 0, then we have {X(®) >

e If a = 0, then then {® : aX (o) §x—b}:{

Thus Y = aX + b is also a random variable.

Here are some examples about random variables:

¥

Example 1. For any set A € .#, define the indicator function of set A by

l:w€A

HA(w):{o:(u¢A

If we consider the pre-image given by 4, we will find

g:x<0

T ((—oo,x]) = AC:0<x < 1

Q:x>1

Since @, Q € .%, so0 4 is a random variable if and only if A € FF.
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Example 2. Consider tossing a fair coin two times, denote H = head face up and 7 = tail face up,
then we know that Q = {HH,HT,TH,TT} and .% is the o field generated by Q, we define X (w) =
Number of H’s in o, then clearly X(HH) =2,X(HT) =X(TH) = 1,X(TT) = 0, and further we have

g:x<0
{TT}:0<x<1
{TT,HT,TH}:1<x<2
Q:2<x

e
n
8
=

Il

)

and thus X is a random variable.

Corollary

Corollary 17. If X,Y are random variables, then so is X +Y.

Proof. |

Probability Distribution of Random Variable

Definition 15. Ler (Q,. %) be a sample space with a probability P, then the space (Q,.% ,P) is
called a probability space.

Theorem

Theorem 12. The random variable X defined on the probability space (Q,.7 ,IP) can be mapped
to another probability space (R, B, Q) by another probability function Q defined by:

VB € Br : Q(B) =P{X (B)} =P{w: X(w) € B}

We call Q = P(X ") the probability distribution of X.

Proof. To prove that Q is a probability, we just need to verify all 3 axioms from definition 7. Clearly
Q(B) > 0,VB € Bg,and Q(R) =P(X € R) =P(Q) =1, also

i=1

0 (i&’) =P{x"! <i3i> }= P{iX_I(Bi)}
i=1 i=1
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Definition

Definition 16. A real valued function F defined on R that is non-decreasing, right continuous and
satisfies

is called a distribution function.

Definition

Definition 17. Let X be a random variable defined on (2, % ,IP), define a point function F on R
by:
Vx eR:F(x) = Q((—oo,x]) =P{ow: X (w) < x}

We call F the distribution function of the random variable X.

It is not hard to verify that F' defined as above is indeed a distribution function.

Theorem

Theorem 13. Given a probability Q on (R,BR), there exists a distinct distribution function F
such that
Vx € R: Q((—o0,x]) = F(x)

Proof. Omitted.

Now, we will study two types of random variable and their distribution function.

Definition

IP) is said to be of the discrete type, if there

Definition 18. A random variable X defined on (Q, .7,
=1, and the points of M which have positive

exists a countable set M C R such that P(X € M)
values are called jump points.

We know that all the singletons are Borel sets, thus {X € E'} is an event.

Definition

Definition 19. The collection of numbers { p;} satisfying P{X = x;} = p; >0 foralliand }; p; =1
is called the probability mass function (PMF) of the random variable X, and the distribution
function of X is given by

Fx)=P{X<x}=) pi

xi<x

‘We can use the indicator function I to further rewrite the definition, we now have
X((D) = in]IX:xi(w)
i

1:x>0
e(x) =
{O:x<0

If we define

25
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Then
F(x) =) pie(x—x;)
i
Theorem
Theorem 14. Let {p;} be a collection of non-negative real numbers such that ¥ py = 1, then

{pi} is the probability mass function (PMF) for some random variable X.

The other type of random variable is those without jump points.

Definition

Definition 20. Let X be a random variable defined on (Q,.% ,IP) with distribution function F, then
X is said to be of the continuous type if F is absolutely continuous, i.e there exists a non-negative
function f(x) such that

VxGR:F(x):/x Flo)dt

The function f is called the probability density function (PDF) of the random variable X.

If F is absolutely continuous and f is continuous at x, then

_ dF (x)

F'(x) o

= f(x)

Theorem

Theorem 15. Let X be a random variable of the continuous type with probability density function
f, then VB € By, we have

P(B) — /B Fl)dt

Theorem

Theorem 16. Every non-negative real function f that is integrable over R and satisfies

~+oo
f(x)dx =1 is the probability density function for some random variable X.

Proof. We need to find such a F, where
X
Flx) = / F(t)dt
Then by definition of f(x), clearly F(—eo) =0, F(4o0) = 1, and if x, > x1, then
X1 XD X1
Flx) = / F()dt + / F(0)de > / F(0)dt = F(x))
—o0 X1 —o0

So F' is non-decreasing. Furthermore F is continuous (hence right-continuous), thus that finishes the
proof. |
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Theorem

Theorem 17. Let X be a random variable, then

P(x=a):= lgr; P{r <x<a}

Now let’s look at some examples:

Example 1. Suppose a random variable X is distributed according to fx (x), written as X ~ fx(x), satisfies

x:0<x<1
X~fx(x)=¢2—x:1<x<2
0 : otherwise

Find the distribution function F'.

Solution: First we know that / fx(x)dx = 1. By definition, F(x) is given by
R
(0:x<0

X 12
/tdtz—x 0<x<1
X 0 2
F = [ fodr=

—o° 1 X 1
/tdt+/ (Z—I)dt:2x—§x2—l:l<x§2:1<x§2
0 1

(1:x>2

The graph of F(x) is given by

/'—

=2

Figure 2.1: Graph of distribution function
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Example 2. Suppose X is a random variable whose distribution function is given by

0:x<0
%:XZO
%+%x:0<x<1
1l:x>1

F(x)=

Then we notice that there is a jump point at x = 0, so we may not differentiate directly, instead we write
F(x) as
1 1
F(x) = SFa(x) + 5 Fe(x)

where

0:x<0 0:x<0

X

Fd(x)={1:x20 Fe(x) = );:(:zx<1
1<x

So in this case, F.(x) has no jump points, thus

dF.(x) J1:0<x<1
fe(x) = dx {0 : otherwise

and Fy(x) is the distribution function of X degenerate at x =0, i.e F;(x) =P(x=0) = 1.

Functions of Random Variables

Theorem

Theorem 18. Suppose X is a random variable, let g be a Borel measurable function on R, then
Y = g(X) is also a random variable.

Proof. WeletY = g(X), then Fy(y) := {g(X) <y} = {X € g~ !((—oo,y])}, which is measurable. |
Example 1. Suppose X is a random variable with distribution function Fy, then what about Y = |X|?
Solution: We know that
Fy(y) =P(Y <y) =P(]x| <y) =P(-y <x <)
If X is of the continuous type, then we have
Fy(y) = Fx(v) — Fx (),
if X is of the discrete type, then we have

Fy(y) = Fx(y) — Fx(—y ™ ),since X has a jump discontinuity at —y.
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Example 2. Suppose X ~ N(0, 1) where

1 2
X)) = —677
fX ( ) \/E
Where X satisfies normal distribution, which general form is
5 1 _Gw?
X ~N(u,0%), fx(x) = e 2,
2o

then what is Fy, where Y = |X|?
Solution: As from above, we know that

Yol 2 > 12
FY(Y)ZFX(y)—FX(—Y)Z/ N de—/ VTS T dx.

Theorem

Theorem 19. If X is a continuous random variable and g is differentiable, then g(X) is also a
continuous random variable.

Back to example 2, we then have

_dFy(y) _ dFx(y) dFx(-y)

R & pr— £ )+ fx (=),

fr(y)

thus

) L 5,1 NS \/E _—a
=—¢ — =1/—e 2.
YV V2T V2T T

—/I)Lk

Example 3. Suppose X ~ Poisson(1), given by P(X =k) := where k € Ng, A > 0. Now suppose

Y = X%+ 3, then
oA VI3
(Y =) = Plsla) =) = Plx = V5 =3) = 2

Theorem

Theorem 20. Let X be a random variable of the continuous type, with probability density function
f- Let g(x) be differentiable, and |g'(x)| > 0 for all x, then Y = g(X) is also a random variable of
the continuous type with probability density function given by

d
dyg

()

fx(g ') coa<y<p

hy(y) =

0 : otherwise

where o0 = min{g(—e0), g(4o0) }; B = max{g(—oo),g(+0)}.
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Proof. Suppose g'(x) > 0, then g is continuous and strictly increasing, thus lima, 8 exists (possibly
infinity), and its inverse x = g_1 (y) also exists, differentiable, continuous and strictly increasing. The
distribution function of Y for @ < y < 3 is given by

Py <y)=PX <g'(y)

The probability density function of g is obtained by differentiation:

d d
h = —H =—PY <
r0) =5 0) = ZPIY <)
d
= Px<g!
ot X=e0))
d -1
=—F5
0D
— (e ) g ()
dy
Likewise, when g’(x) < 0, we have
~1 d
h(y) = —fx(g7 ) —-¢~ ()
y
And that completes the proof. |
Example 1. Given that
2x
? 0<x<m
X~ fx(x) =

0 : otherwise

Let Y = sin(X), then find the probability density function of Y.

Solution: Let Y = sin(X) = g(X), then according to the figure below, we have

x2 N (m;0)

Figure 2.2: Solutions to sin(X) <y
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P(Y <y) =P(sin(x) <y) =P(x € (0,x1) Nx € (x2,7)) where x; = sin~ ' (y),x, = w —sin~ ! (y). Thus we

have

So we have

which simplifies to

PY <y)=P(x € (0,x1)) +P(x € (x2,7))

2

<sin‘n1(y)> +1_(n—si;‘1(y))2]

4 [(Sinl ()2 =72 = (sin "' ())* +27sin"'(y) 1}

dy n2
2
= %E sin”'(y),
——:0<y<1
/1 —y? Y
hy (y) =

0 : otherwise

(2.1)

(2.2)

(2.3)

(2.4)



Chapter 3

Moments and Generating Functions

Moments of a Distribution Function

Definition 21. Let X be a random variable of the discrete type (continuous type) with probability
mass function (probability density function) defined as py :=P{X =x; },k=1,2,--- ,(fx), then if

Z Xk | px < oo (/R x| fx (x)dx < +°°) ,

We then say that the expected value of X exists, and denote

pe = E(X) = T (= [ (o))

Remark: Sometimes Y x;p; converges but not for Y |x;|py, in this case we say E(X) doesn’t exist. The

same idea applies for / xfx (x)dx.
R
Corollary

Corollary 18. Suppose X is a random variable and E(X) exists, then if a,b € R and E(|aX +b|) <
+oo, we then have E(aX +b) = aE(X)+b

32
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Theorem

Theorem 21. If X is a random variable of the discrete type, g is a Borel measurable function on
R, if Y = g(X), then

E(Y) = ;g(Xk)P{X =xj} =} ymP{Y = ym}

On the other hand, if X is a random variable of the continuous type with probability density
function f, and g is a Borel measurable function, then denote Y = g(X) and E(|g(x)]) < o,
where

E(Y) = [ ¢(0f(0) = [ yh0)dy

1
Example 1. Suppose X has the uniform distribution on the first N natural numbers, i,e P(X = k) = N

where k = 1,2,--- | N, then

N1 N+l
BN =Ly =
E(X?) = ikz%\, _ (N+1)é2N+1)‘

Example 2. Let X be an random variable with probability density function defined by

2
3 x> 1
X
fx(x) =
0:x<1
Then
1 © 9
E(X):/ x~0dx+/ x-—dx=2,
—oo 1 X
However -
E(X?) = / —dx diverges, thus doesn’t exist.
1 x
Theorem

Theorem 22. Let X be a random variable, if E(|X|") exists for some t > 0, then for any s € (0,1),
E(|X|*) exists.

Proof. We will prove for continuous random variable. Let f be the PDF of the random variable X, then

B = [ e [

< P{X" < 1} +EIX[
< o0,

A discrete random variable can be proven in a similar way. |
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Theorem

Theorem 23. Let X be an random variable, if E(|X |*) exists for some k > 0, then

lim n*P{|X| > n} =0
n—oo

Proof. We will prove for the case when X is of the continuous type. A similar proof can be used for
discrete type. Denote fx(x) to be the probability density function of X, then

oo n
/ xf fi (x)dx = lim / I fi (x)dx < oo
o n—eo J_,

Then

lim x[* fx (x)dx > n*P{|X| > n} =0

n—=ee Jix|>n

[
Probabilities of the type P{|X| > n} or either of its components are called tail probabilities.
Remark: The converse of theorem 24 is not necessarily true.
Theorem
Theorem 24. Let X be a non-negative random variable with distribution function Fx(x), then
E(X) = / (1 — F(x)]dx
0
Proof. Since X is non-negative, then
+oo n
E(X) :/ xfx(x)dx = lim [ xfx(x)dx
0 n—.Jo
According to integration by parts, we have
n
n n
/ xfx (x) = xFx (x) —/ Fx (x)dx
0 o /0
n
— [l — Fx(n) +/0 [ — F(x)]dx

As n — oo, —n[1 — Fx(n)] — 0 and hence we finished the proof. |

Corollary

0
Corollary 19. For any random variable X, E(X) < oo if and only if both / P{X <x}dx and

/ P{X < x}dx converge.
0
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Corollary

Corollary 20. Let X be a random variable, oc > 0, then

E(|X|%) < +o0 <= ¥ P{|X| > na} < 4o

n=1

Theorem

Theorem 25. Let X be a random variable satisfying lim,_,.n®P{|x| > n} = 0 with o« > O, then
forany 0 < B < a, we have E(|X|P) < +oo.

Proof. Given any € > 0, we can always choose a large enough N such that Vn > N,
&
P{|x| > n} < prt

and
N oo
E(|x|ﬁ):ﬁ/0 xﬁ_IIP’{|X|>x}dx—|—l3/Nxﬁ_IIP){|X|>x}dx (%)

By theorem 25, we know that
—+oo
E|x|P :/ P{X|P > x}dx
0
had 1
:/ P{|X| > xP }dx
0
oo 1
:B/ WP P{|X| > uldu (denote xF = u). (xx)
0
Now combine (), (%), we have
N oo
E|x|? gﬁ/ xﬁldx+/3/ BIPYIX| > xldx
0 N

§Nﬁ+ﬁ£/ P01 gx < oo
N

Definition

Definition 22. Let k be a positive integer and ¢ be a constant, if E(X — ¢)* exists, we then call it
the moment of order k about the point c. If we take ¢ = E(X) = iy, then we call E(X — ux)* to
be the central moment of order k about the mean. Generally E(X") is the nth moment of X and
E|X|% is the ath absolutely moment of X.

We will mainly study one special case, that is when k = 2:
Definition

Definition 23. Let X be a random variable, if E(X?) exists, we denote E(X —IE(X))? to be the
variance of X, written as 63 = Var(X) = E(x — ux)>

35
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Remark: We know that

[(x— Ux)z]

(X2 —2X uy + p?]
) = 2uxE(X) + g
X?) - (E(X))?

—~

Corollary

Corollary 21. Let X be a random variable, a,b € R. Then

Var(aX +b) = a* Var(X)

Definition
Definition 24. Let X be a random variable and E|X|* < +oo, then define

_X-E(X)  X—pux
- J/Var(X)  ox

Z

to be the standardized random variable, and E(Z) = 0, Var(Z) = 1.
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Generating Functions

Here, we will introduce and discuss moment generating functions (MGFs). Moment generating functions
are useful for several reasons, one of which is their application to analysis of sums of random variables.
Before discussing MGFs, let’s define moments.

Definition

Definition 25. The nth moment of a random variable X is dedfined to be E[X"|. The nth central
moment of X is defined to be E[(X — EX)"].

Definition

Definition 26. The function P(s) = Y=, pis® where {py} is the probability mass function of a
discrete random variable X, is called the probability generating function (PGF). It’s clear that
P(s) exists for |s| < 1

Corollary

Corollary 22. For the probability generating function P(s) of the discrete type, we have

%P(”) (5)| =pn=P{X=n}

s=0

Also, in P(s), we notice that

and
E(X?) =E[X(X —1)]+E(X).

Example: Consider X ~ Possion(1), where

Then we know that

Thus
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and

:l2efl(lfs) _ )'2

s=1

EX(X—1)]=P'(s)

s=1
Thus we know that
E(X?) =EX)+EX(1-X)]=A2+A,

and
Var(X) =E(X?) - [EX)*=A.

Definition

Definition 27. Let X be a random variable, the function
Myx(s) =E[e*X] = / ™ fx (x)dx
R

is known as the moment generating function (MGF) of the continuous type of random variable X,
if E[e3X] exists in some neighborhood of the origin. For discrete type, we have

Mx(s) =E[e*] = ) e™p;

Example: For each of the following random variables, find the MGF:

ik
(a) X is a discrete random variable with pmf Py (k) = { & ;

1
2

WI[BD WI|—

(b) Y is a Uniform(0,1) random variable.

Solution:
(a) We have
1 2
My (s) = E[eX] = — e 4 Ze*.
3 3
(b) We have
1 e’ —1
My(s) =E[eY] = / eVdy =
0 s

Example: Suppose X ~ exp(A),A > 0 which is given by

{le’lx x>0

0 : otherwise

fx(x) =
In this case
E[e™] = /Resxfx (x)dx

+oo —(A—s)x X=ee
= / e Mdx = A [— ¢ ] ,
0

A—s

xX=
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and

s< A

My (s) = A—s

DOES NOT EXIST :s > A

We will introduce two theorems, however we will omit the proof:

Theorem

Theorem 26. The moment generating function uniquely determines a distribution function and
conversely, if the moment generating function exists, then it is unique, i.e the map

:fx —m(s):= /Resxfx(x)dx

is bijective.

Theorem

Theorem 27. If the moment generating function Mx (s) of a random variable X exists for some
|s| < so, then the derivatives of all order exist at s = 0, and

MP(s)|  =ExH
s=0

for positive integers k.

Why is the MGF useful? There are basically two reasons for this. First, the MGF of X gives us all
moments of X . That is why it is called the moment generating function. Second, the MGF (if it exists)
uniquely determines the distribution. That is, if two random variables have the same MGF, then they must
have the same distribution. Thus, if you find the MGF of a random variable, you have indeed determined
its distribution. We will see that this method is very useful when we work on sums of several independent
random variables. Let’s discuss these in detail.

Recall that

+oo Kk

e = —
= k!

where we have
+oo (sX)k oo yk ok

=) =L

k=0 k=0 k!
Thus we have
X & k sk
Mx(s) = Ble] = Y EIXT;

So, we conclude that the kth moment of X is the coefficient of i—k, in the Taylor series of Mx(s). If we
have the Taylor series of Mx (s), we can then obtain all moments of X.
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Example: If Y ~ Uniform(0,1), find E[Y¥].

Solution: Recall that

Also

Skt 1k

Thus the coefficient of i—f in the Taylor series for My (s) is Fll thus

1

X =

Corollary

Corollary 23. We can also obtain all moments of X* from its MGF:

=
Mx(s) = Y E[X ]F’
k=0 '
dk
k1
EX"] = WMX(S) 0
s=

Example: Let X ~ Exponential(A), find all of its moments E[X*].

Solution: Recall that

MX(S):l)i s <A
So
A
MX(S)_l—s
1
_1_%
X s\ |
= =) =] <1
L)
+°°k'sk
:Z_kﬁ
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And thus we conclude that il
E[X*] = ﬁ

Example: Suppose X ~ Geometric(p) which is given by
pr=P(X =k)=p(1-p)",
then
Mx(s) = E(e5%)

= i e""P(X =n)

n=0

—p io[u e
1

:pl—(l—p)es7

if s < —In(1—p).

41
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Moments Inequalities

We shall discuss several moments inequalities in this section.

Theorem

Theorem 28. (Markov’s Inequality)
Let h(x) be a non-negative function of a random variable X, if E(X) exists, then for every € > 0,
we have

Proof. Define A := {x : h(x) > €} then define fx(x) to be the probability density function, then we have

E[h(x)] = /R h(x) fx (x)dx
:/Ah(x)fx(x)dx+/Ach(X)fx(X)dx

> [ efx@ds+ [ ) fe(ds
> eP{h(x) > &}

Corollary

Corollary 24. Let h(x) = |x|",&€ = k" where r > 0,k > 0, then

X1

E|X
P{X| 2k} < ==

Corollary
Corollary 25. Let h(x) = (x — ux)?, € = k>0 where px = E(X) and 63 = Var(X), then
1
P{IX — x| 2 kox} < 5
In corollary 12, if we choose k = 3, then we get
1
P{|X —ux| >30x} < g~ 11%

Corollary 12 will also result in another inequality:
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Theorem

Theorem 29. (Chebyshev’s Inequality)
If X is any random variable, then for any b > 0 we have

Var(X)

P{X —E(X)| 2 b} < 7

Proof. According to Markov’s Inequality, we have

E[(X ~E(X))’]
b2 '

B{(X ~E(X))’ > 1’} <

Here are some extensions of Chebyshev’s Inequality, namely Gauss Inequality and Vysochanskij—Petunin
Inequality.

Corollary

Corollary 26. (Gauss Inequality)
Assume X ~ f where f is uni modal (meaning that f obtain a single maximum) with modal v
where

V = argmax f(x)

and define t*> = E(X — v)?, then we have

472 2
@.8_ﬁf
PAIX - v|> e} <
€ 2
—T—\/§.8<ﬁf

Corollary

Corollary 27. (Vysochanskij—Petunin Inequality)
Let X ~ f where f is uni modal and define £* = E[(x — o)?] for any o € R, then Ve > 0, we have

4€2 \/§
—=_ o > —
0z (€21/35

482 1 8
32 3 635

PAIX—a|>e} <

The proof for corollary 13 and 14 will not be proved, since those require some work.
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Theorem

Theorem 30. (Chernoff Bounds)
Let X be a random variable, then Va € R,

P{X >a} <e**Mx(s):s>0

and
P{X >a} >e **Mx(s):s<0

Where Mx (s) denotes the moment generating function of the random variable X.

Proof. Fort > 0, we have
P{X > a} =P{X > ¢} <E(e*)e "9, by Markov’s Inequality.

A similar proof can be done when t < 0. |
Corollary
Corollary 28. Let Z to be the standard normal random variable, then for a > 0, we have
P{Z>a} < e
and similarly, for a < 0, we have
P{Z <a} < /2
Corollary

Corollary 29. Let X be a random variable with E(X) = 0 and Var(X) = 62, then

o2
P(X > x) > X ;x>0
Oy +x
and
ox
P(X > x) —— 1 x<0
Oy +Xx
Proof. Proof is left as an exercise : ) |
Theorem

Theorem 31. (Minkouski Inequality)
Let XY be random variables, r > 0. If EX" EY" exist, then so is E|X +Y|" and

EIX+Y|" <C[E|X|"+E|Y|]
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Discrete Distributions

3.4.1 Two-Point Distribution (Bernoulli Distribution)

Definition

Definition 28. We say that an random variable X has a two-point distribution if it takes only two
values x| and x;, with probabilities

P X=x1}=p ,PX=x}=1-p, 0<p<1

We may also write
X =x11x—x, +x21x—y,

The probability mass function is given by

p,Xx=Xx1
f(X): l—p,X:XZ
0, otherwise

and the cumulated distribution function is given by (where we assume x| < x3)

0,x < x
F(X): p,x1§X<X2
L,x>x

The expected value is given by
E(X) = px; + (1 — p)xa,

and in general,
E(X*) = pxi + (1 - p)x5.

The variance is given by
Var(X) = p(1 —p)(x; —x2)%.

Lastly, the generating function is given by
M(t) = pe™ + (1 —p)e™2,t € R.

Now we have a special case for two-point distribution, if we have x; = 1,x, = 0, we get the Bernoulli
random variable:

P{X=1}=p,P{X=0}=1—p, O0<p<1
In Bernoulli random variable, we always assign p to be the probability of success and 1 — p to be the

probability of failure.

Example 1: In a sequence of n Bernoulli trails with constant probability p of success (S) and 1 — p of
failure (F), let ¥, be the number of times that the ordered combination SF occur, find its expected value
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and variance.

Solution: Let Y, denote the number of times the combination SF' occur, and we define

LiftX;=8,X;.1=F
Xi, Xii 1) =
S Xi1) {O,otherwise
where i =1,2,--- ,ny, then we have
n—1

Y, =Y f(Xi,Xi1)

i=1

SO
E(Yn) = (n—1)p(1 - p)
and
n—1
EY:)=E|Y X X)) | +E Y Y FXXi1) f(X),Xj41)
i=1 Py

= (n—1)p(1—p)+(n—2)(n—=3)p*(1 - p)*.
So Var(¥,) = p(1 = p)[n—1+ p(1 = p)(5—3n)].

3.4.2 Uniform Distribution on n Points

Definition

Definition 29. X is said to have a uniform distribution on n points {x1,x,,--- ,x,} if its probability
mass function is of the form

1
P{X =x}==, i=12-n

So we have

2
Var(X Zx?—(%z ) %Z x;i— %)

where X is the average of x1,x3,- -+ ,x,, given by

The generating function is also given by
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In a special case, if we letx; =i,i=1,2,--- ,n, we then have
1 H(2n+1 21
£ = "1 by = CHUEED arn) =

Example 2: A box contains tickets numbered 1 to N, let X be the largest number drawn in n random
drawings with replacement, then we know that those tickets are uniformly distributed, and

pix - ()

So
P{X =k} =P{X <k}-P{X <k—-1}

NONCYE

E(X) —N" % kn+l . (k— l)n—l-l . (k— l)n
k=1

Also

=N""

Nn-H o i(k_ 1>n] )

k=1

3.4.3 Binomial Distribution

Binomial distribution can be viewed as the sum of #» Bernoulli random variables with the same success
probability p.

Definition
Definition 30. We say that X has a binomial distribution with parameter p if its probability mass

function is given by
n

pr=P{X =k} = (k)pk(l -p)*

where k=0,1,--- n;0< p <1.

In Binomial distribution, we have
E(X) =np,E(X*) =n(n—1)p*+np, Var(X) = np(1—p)

and most importantly,

n
M(I) _ Z etk <n) pk(l _p)nfk
k=0 k
=(1—p+pe), teR.

Example: Five fair coins are flipped. If the outcomes are assumed independent, find the probability mass
function of the number of heads obtained.
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Solution: If we denote X to be the number of heads, then X is a binomial random variable with parameters
n=5p= % Hence we have

o= (o) (3) (-3) ==
=) () (-3) =3
r=a=() (3 (-3)' =5
rn=s=() () (1) -5
rn=a=() () (-3) -3
r=s=() () (1) =3

Example: A communication system consists of n components, each of which will independently func-
tion with probability p. The total system will be able to operate effectively if at least one-half of its
components function. For what values of p is a 5-component system better than a 3-component system?

Solution: The number of functioning components X is a binomial random variable with parameters n, p,
so the probability that a 5S-component system will be effective is given by

(3)ra-pie (§)ra-pt+p

and similarly, for a 3-component system, the probability is given by

G)pz(l—p)w3

Hence, the 5-component system is effective if

5 5 3
()ra-p+ (G)pa-nter> (3)ra-n+r
Which is,
1
> —.
P=3
In general, when is a (2k + 1)-component system better than a (2k — 1)- component system?
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3.4.4 Poisson Random Variable

If n independent trials, each of which results in a success with probability p, are performed, then, when n
is large and p is small enough to make np moderate, the number of successes occurring is approximately
a Poisson random variable with parameter A = np.

The Poisson random variable has a tremendous range of applications in diverse areas because it may be
used as an approximation for a binomial random variable with parameters (n, p) when n is large and p is
small enough so that np is of moderate size. To see this, suppose that X is a binomial random variable
with parameters (n, p), and let A = np. Then

P{X =i} = (?)pi(l -p)"

(Y ()

Can—1)-(n—i+ 1) AT (1= A /n)"

ni it (1=A/n)

Now, for large n and A moderate, we have

(1_&)"%64 nn—1)-(n—itl) . (1_&)"%1

n n!

Hence we have Iy
l

P{X =i}~ e*%—'.

l!

Definition

Definition 31. A random variable X that takes one of the values 0,1,2,-- - is said to be a Poisson
random variable with parameter A, if for some A > 0,

A

i!

P{X=i}=e

We have the following properties of a Poisson variable:

E(X) = A;E(X?) = A(A +1); Var(X) = A
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Continuous Distribution

3.5.1 Uniform Distribution

Definition

Definition 32. A random variable X is said to have a uniform distribution on the interval [a,b), if
its probability density function is given by

1 .
m.agxgb

fx) =

0 : otherwise

And we denote by X ~ Uniformla,b).

Based on that, we may derive the distribution function F(x) to be

O:x<a

Fx)=q32:a<x<b

l:x>b

Corollary

Corollary 30. Suppose X ~ U a,b), then for all positive integer k,

b bk+1 _ k+1
2 (k+1)(b—a)
and ( )2
b—a
Var(X) = .
ar(X) ="
Proof. Left as an exercise to the reader. [ |

Furthermore, we can derive the moment generating function of X ~ Uniform|a,b|, we have

b 1
My (s) = E[e*X] :/ esxb_adx
a
esb_esa
"~ s(b—a)’

3.5.2 Exponential Distribution

The exponential distribution is one of the widely used continuous distributions. It is often used to model
the time elapsed between events. We will now mathematically define the exponential distribution, and
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derive its mean and expected value. Then we will develop the intuition for the distribution and discuss
several interesting properties that it has.

Definition

Definition 33. A continuous random variable X is said to have an exponential distribution with
parameter A > 0, shown as X ~ Exponential(A), if its PDF is given by

Ae M x>0
fx(x) =

0 otherwise

Below is a figure showing the graph of fx(x) with different parameter A.

Ix(x)a

Figure 3.1: The exponential distribution with different parameter

We may also derive the distribution function of X ~ Exponential(1):
ta A
Fx(x) =P{X <x} :/ Ae Mdt =1—e .
0

We can also find its expected value using integration by parts:

1 [t
= / ye Vdy choosing y = Ax
0
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Now let’s find Var(X). Since

Foo 2
EX? = /0 Xhe Mdx = 2
Thus we obtain
Var(X) = EX? — (EX)? = %
Corollary
Corollary 31. If X ~ Exponential (1), then
EX = l,Var(X) = L
A A2
Proof. This follows trivially from the arguments above. |

To get some intuition for this interpretation of the exponential distribution, suppose you are waiting for
an event to happen. For example, you are at a store and are waiting for the next customer. In each
millisecond, the probability that a new customer enters the store is very small. You can imagine that,
in each millisecond, a coin (with a very small P(H) ) is tossed, and if it lands heads a new customers
enters. If you toss a coin every millisecond, the time until a new customer arrives approximately follows
an exponential distribution.

The above interpretation of the exponential is useful in better understanding the properties of the expo-
nential distribution. The most important of these properties is that the exponential distribution is mem-
oryless. To see this, think of an exponential random variable in the sense of tossing a lot of coins until
observing the first heads. If we toss the coin several times and do not observe a heads, from now on it is
like we start all over again. In other words, the failed coin tosses do not impact the distribution of waiting
time from now on. The reason for this is that the coin tosses are independent. We can state this formally
as follows:

P(X >x+alX >a) =P(X > x).
To see why this is true, we have

P(X >x+a,X > a)
P(X > a)
P(X > x+a)
P(X > a)
i l—Fx(X+a)
N 1—Fx(61)

PX >x+alX >a)=
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3.5.3 Normal (Gaussian) Distribution

The normal distribution is by far the most important probability distribution. One of the main reasons for
that is the Central Limit Theorem (CLT) that we will discuss later. To give you an idea, the CLT states
that if you add a large number of random variables, the distribution of the sum will be approximately
normal under certain conditions. The importance of this result comes from the fact that many random
variables in real life can be expressed as the sum of a large number of random variables and, by the CLT,
we can argue that distribution of the sum should be normal. The CLT is one of the most important results
in probability and we will discuss it later on. Here, we will introduce normal random variables.

We first define the standard normal random variable. We will then see that we can obtain other normal
random variables by scaling and shifting a standard normal random variable.

Definition

Definition 34. A continuous random variable Z is said to be a standard normal (standard Gaus-
sian) random variable, shown as Z ~ N(0, 1), if its PDF is given by

2
fZ(Z):\/lz—neXP{—%}, forallze R

The PDF is a bell curve, given by the figure below:

fz(2)4

W

Figure 3.2: Standard Normal Distribution

And the total area under the curve is 1. This is because of the fact that

too
/ e Y dx=/T.

—o00

Now we will study the expected value and the variance of a standard normal variable.
Corollary

Corollary 32. I[fZ ~ N(0,1), then EZ =0, Var(Z) = 1.

Proof. Left as an exercise for the reader. [
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To find the distribution function of the standard normal distribution, we need to integrate the PDF func-
tion. In particular we define

&@:¢@:P@g@:7%/1m%—§}

And based on that, here are some properties of the ® function:

(i) limys o0 @(x) = 1, limyy o0 P(x) = 0;
(if) ®(0) 1
il = —;

2 b
(iii) D(—x) = 1 — ®(x), for all x € R.
Indeed, ®(x) is a distribution function.

In general, we can obtain any normal random variable variable by shifting and scaling a standard normal
random variable. In particular, define

X=0Z+u, whereo>0

Then
EX =cEZ+u=u,

Var(X) = 6% Var(Z) = ¢°.

And we say that X is a normal random variable with mean u and variance 6. We write X ~ N(u, 6?).

Definition

Definition 35. If Z is a standard normal random variable and X = 6Z + U, then X is a normal
random variable with mean W and variance 62, i.e

X ~N(u,0%).

H is a standard random

Conversely, if X ~ N(u, 62), then the random variable defined by Z =

variable, so

Fx(x) =P(X <x)
=P(cZ+pu <x), whereZ~N(0,1)
x

And we may differentiate Fx (x) to find the PDF of X:

e = ) = — e[ - L L.

:EX
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Corollary

Corollary 33. If X is a normal random variable with mean | and variance 6%, X ~ N(u,c?),
then .
a<X<b) :cp<i> —cp(a_“).
c c

Below is an image showing the PDF of a normal variable with different parameters:

P

—~

Ix(z) fx (=)
. 2 ) pw=2
75 1 1 T~ 7 =2
T é T

Ix(z) fx(z)
pw=-2 pw=-2

1 1

_'2 T _'2 r

Figure 3.3: PDF of normal distribution with different parameters

An important property of the normal distribution is that a linear transformation of a normal random vari-
able is itself a normal random variable.

Theorem
Theorem 32. [f X ~ N(ux,0%) and Y = aX + b where a,b € R, then

Y ~ N(auy + b,a*c3).

Proof. This follows trivially from the arguments shown above. [
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3.5.4 Gamma Distribution

The gamma distribution is another widely used distribution. Its importance is largely due to its relation
to exponential and normal distributions. Before introducing the gamma random variable, we need to
introduce the gamma function.

Definition

Definition 36. The gamma function, shown by I'(x) is an extension of the factorial function to
real and complex numbers. If n € {1,2,3,---}, then

['(n)=(n-1)!

More generally, for any positive real number Q, define

—+oo
INa)= / x* e ¥dx, for o> 0.
0
Below is an image of the gamma function for some positive o:

I'(«a)

| | I
T T T

1 2 3 4 a

Figure 3.4: The gamma function for some real values of o

Note that when o« = 1, we have
—+oo
I'(1) :/ e tdx=1.
0
Using the change of variable x = Ay, the following equation is also very useful:
+o0 y
(o) = /1“/ Ve M ay for a,d > 0.
0
More properties of a gamma function follows:

OIM(a+1)=al(a);

) I’ (%) =T
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Now we may define the gamma distribution:

Definition

Definition 37. A continuous random variable X is said to have a gamma distribution with param-
eters o0 > 0 and A > 0, shown as X ~ Gamma(a, L), if its PDF is given by

laxa_le_’lx

fx(x) = [(a)

0 otherwise

x>0

If @ = 1, we get Gamma(1,A) = Exponential (A ), which is a special case. More generally, if we take the
sum of n independent Exponential(A) random variables, we will get a Gamma(n,A) random variable.

It can be proved by using moment generating functions. The figure below shows the PDF of a gamma
distribution with different parameters o:

Y ~ Gamma(a, \)

—_—=1 A=
’ 2
fY(y) a:27>\:%
..... a:&A:%
0.5

Figure 3.5: Gamma Distribution with Different Parameters

Corollary

Corollary 34. If X ~ Gamma(c, ), then

EX = —,Var(X) =

3.5.5 Weibull Distribution

The Weibull distribution is widely used in engineering practice due to its versatility. It was originally pro-
posed for the interpretation of fatigue data, but now its use has been extended to many other engineering
problems. In particular, it is widely used in the field of life phenomena as the distribution of the lifetime
of some object, especially when the “weakest link” model is appropriate for the object. That is, consider
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an object consisting of many parts, and suppose that the object experiences death (failure) when any of
its parts fail. It has been shown (both theoretically and empirically) that under these conditions a Weibull
distribution provides a close approximation to the distribution of the lifetime of the item.

Definition

Definition 38. A continuous random variable is said to have a Weibull distribution if its distribu-
tion function is given by

0 x<vy

I —exp< — xX>v

(04
By differentiating the function above, we get the PDF of a Weibull random variable with parame-
ters v,a,B3:

F(x) =

o
=
IA
<

flx) =

3.5.6 Cauchy Distribution

Definition

Definition 39. A continuous random variable is said to have a Cauchy Distribution with param-
eter 0 € R, if its PDF is given by

1 1

. xeR
it (x—0)2 ¢

f(x)

Below is an example of Cauchy distribution.

X-axis

Figure 3.6

Suppose that a narrow beam flashlight is spun around its center, which is located a unit distance from
the x-axis. Consider the point X at which the beam interests the X axis when the flashlight has stopped
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spinning, as shown in figure 3.6.

The point X is determined by the angle 0 between the flashlight and the y-axis, which from the physical
situation, appears to be uniformly distributed between —7/2 and 7/2/ The distribution function of X is
thus given by

F(x) =P{X <x}

=P{tan6 < x}
=P{6 < tan 'x}
! + ! tan !
=—+— X.
2 7
Where we know that (Cr/2) 1
a—(—m a T i1
Plo<agl=—"-—"""=_4+—- — = d
{6 <a} p- > + p > <a< 5
Hence the density function of X is given by
d 1
=—Fkx)=—— x€R
Fx) dx (x) m(1+x2) o

and we see that X has the Cauchy distribution.



Chapter 4

Multiple Random Variables

Multiple Random Variables

Definition 40. The vector X = (X1,Xa,-- ,X,,) defined on (Q,.%,P) into R" by
X(0)={X|(0),X2(®), -, X,(®)}, o € Q

is called an n-dimensional random variable if the inverse image of every n-dimensional interval
is also in 7.

Let X = (X1,X>,- -+, X,) be a vector of random variables, and & = (x,x2,--- ,X,), we define
Fx(xz) =P{X; <x1;X <x2;--+ Xy <X}

And we claim the following:

(D Fx is non-decreasing in every argument xi,x2, - - ,X;;
@) Fx is right continuous in all arguments xj,x2, - , Xy}
@ FX(—OO,XZ, e 7xn) - FX(XI,—OO,X3, e axn) — = 0,

@ FX(+°°7+°°7"' 7+°°) = 1;
®) Letn =2, Ve, & > 0, we have
Fx(x1 +&,x2+€) — Fx(x1 + €,x2) — Fx(x1,%2 + &) + Fx(x1,%2) > 0

60
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This idea can also be generalized for n > 2.

For better notation and simplification, we will discuss the case when n = 2 from now on.
Definition

Definition 41. A 2-dimensional random variable (X,Y) is said to be of the discrete type if it takes
on pairs of values belonging to a countable set A with probability 1. We define p;; = (x;,y;) for
every pair, and define

pij =P{X =xi;Y =y}
to be the joint probability mass function of (X,Y), the distribution function is given by

F(x,y)= Y pijy B={0,j):x <xy; <y}
(i,j)eB

We also give the definition for the continuous type:

Definition

Definition 42. A 2-dimensional random variable (X,Y) is said to be of the continuous type if
there exists a non-negative function f, such that for every pair (x,y) € R?, we have

F(x,y) = /); /wa(w)dudv

where F(x,y) is the distribution function of (X,Y) and f is the joint probability density function
of (X,Y).

We know that f(x,y) > 0, also
o0 o0
/ / f(x,y)dudv =1

And in particular if f is twice continuous at (x,y), then we have

0°F(x,y)
Tay = f(x,y)

Theorem

—+o0 ~+o0
Theorem 33. If f is a non-negative function satisfying / f(x,y)dxdy =1, then f is the

Jjoint probability density function for some random variable.

Suppose a 2-dimensional random variable (X,Y’), assume it is of the continuous type, then we define

Fi(x) =P(X; <x)=F(x,+) = yli_r}oloF(x,y)

and
lim F(x,y) = lim P{X <x,Y <y}.
Yoo Yoo
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Likewise,
Fy(y) = F(+o0,y) = lim F(x,y)

X—ro0

and
lim F(x,y) = hrnIP’{X <x,Y <y}

X500

Also we have
oo oo

filx) = fx,y)dy; f(y) = f(x,y)dx

We have fi(x), f2(y) > 0, and fj(x) is called the marginal probability density function of X, and f>(y) is
called the marginal probability density function of Y.

Now for discrete type, assume X = {x1,x2,--- },¥Y = {y1,y2,--- }, then

Z Z pijs B={(i,)): Xi <x,yj < +oo}

(i,j)eB

Joo
filh) =P(X =x) = Y P(X =x;),Y =y;) = Zpu—pz
=

Likewise,
f2<yj) Y yj Zplj_p]

Likewise, p;. is called the marginal probability mass function of X, and p.; is called the marginal proba-
bility mass function of Y.

Example: Consider a circle of radius R centered at the origin. A point is randomly chosen on the
circle, and we say the the point is uniformly distributed within the circle. That is, assume the point has
coordinates (x,y), then the joint distribution of the random variable X,Y is given by

1.2 2
fxy(xy) = {”R2 SR

0 : otherwise

Compute the marginal density functions of X,Y; compute the probability that D, the distance from the
origin of the point selected, is less than or equal to a, where a is a given constant. Finally find E(D).

solution: The marginal distribution of X is given by

= [

w TR2
1 [VR-22
nR? )R

2
= R2 — x2, where x*> < R.

and is equal to O otherwise. Likewise, we have

2
—5VR>—y? ,where y> < R%.

fr(y) = IR
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and is equal to O otherwise.

Since the distace is always non-negative, thus we have

P{VX24+Y2<a} =P{X*+Y><d*}

= // f(x,y)dxdy
+y2<a
- 77:R // +y2<a2

So we know that Fp(a) := 4

Hence
2 (R 2R
ED = —/ a*da = —
R? )y 3

Example: Suppose (X,Y) be jointly distributed with joint probability density function given by f(x,y) =
2,0 <x<y<1,and f(x,y) = 0 otherwise. Then we have

1 2-2x,0<x<1
= [ 2dy={ .
X

0, otherwise

Y 2y,0<y<1
= / 2dx = )
0 0, otherwise

Definition
Definition 43. Let (X,Y) be a random variable of the discrete type, if P(Y =y;) > 0, the function
P(X le',Y :yj)

P(Y = yj)

for a fixed j is known as the conditional probability mass function of X given 'Y =y, a similar
definition can also be given on'Y for a fixed x;

pij=PX=x|Y =y;) =

By definition, we also have

P(X <x,Y =Yy)

Fxy(x,y) =P(X <x|[Y =y) =



64 MULTIPLE RANDOM VARIABLES

For a continuous random variable, we have

Fyy (x]y) =P(X <x[Y =)
= lim P(X <x|Y € (y—¢€,y+¢€))

e—0+
B IP’(X<xYE(y £,y+¢€))
_£H0+ YE (y—g,y+¢€))
y+8
f(u,v)dudv
= lim
y-l—e
e—=0+ )dv
y €

(u,y
* f(u,y)
O /oo £(©) du

and thus

fx\Y(an) = j;(zx(,y);)

is called the conditional probability density function of the random variable of the continuous type.

Definition

Definition 44. The conditional probability distribution function for a random variable of the con-
tinuous type X given Y =y is given by

Fyy (x[y) = EILI&P{X <x|Y € (y—¢,y+el}

Theorem

Theorem 34. Let f be the joint probability density function of a random variable (X,Y) of the
continuous type. Let f>(y) be the marginal probability density function of Y. At every point (x,y)
which f is continuous and f>(Y) > 0 and also continuous, the conditional probability density
function of X givenY =y is given by

fX|Y(x|y) =
and the same idea applies for fyx(y|x).

Note that .
| fuydu= ) Fyr(aly)
so we have

AW = [ | [ rwna] o= [ pory b

where F}(x) is the marginal distribution function of X.
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Example: Consider random variable (X,Y) which has a joint distribution function given by

Fley) 2,0<x<y<l
x7 = .
y 0, otherwise

Then we can find

_fley) 1
fY‘X(y|X)— fl(—x) - 1_x7 X<y<1
also ( ) |
Frpr (i) = 1;2"(;3) 1 0<x<y

Now we also need to care about the bounds, since they might be tricky:
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Independent Random Variables

Definition
Definition 45. Given X = {xy,xp,--- },Y = {x1,x2,--- }, we say that XY are independent, if
]P(X = xi,Y = yj) = P(X = x,-)IP’(Y = yj)

forallx;e X,y; €Y.

We can also say that X, Y are independent if and only if
F(x,y) = Fi(x)F(y) forall (x,y) € R?

Corollary

Corollary 35. Let X,Y be independent random variables, then we have Fy|x (y|x) = Fy(y) for all
y and Fxy (x|y) = Fx(x) for all x.

Example 1: A man and a woman decide to meet at a certain location. If each of them independently
arrives at a time uniformly distributed between 12 noon and 1 P.M., find the probability that the first to
arrive has to wait longer than 10 minutes.

Solution: If we let X, Y denote, respectively the time past 12 that the man an the woman arrive, then X,Y
are independent random variables and each of which is uniformly distributed over [0,60]. The desired
probability is given by

P{X+10<Y}+P{Y +10< X}

And by symmetry, is just 2P{X 4 10 < Y}, thus we have

2P{X+10<Y} = 2// f(x,y)dxdy
x+10<y

=2 o, R )y
60 y—10 / 1\ 2
:2/10 /0 (@) dxdy

25

:%.

Example 2: (Buffon’s Needle Problem) A table is ruled with equidistant parallel lines with a distance
D apart. A needle of length L where L < D is randomly thrown on the table. What is the probability that
the needle will intersect one of the lines (the other probability will be that the needle will be completely
contained in the strip between two lines)?

Solution:
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Let X be the distance from the middle point of the needle to the nearest parallel line, and 0 be the angle
of the needle and the projected line of length X. Then by the construction, the needle will intersect the
line if and only if

X

cos(6)

<

|~

FIGURE 6.2

Figure 4.1: The graph illustrating when the needle will intersect

And we see that X € [0,D/2] and 6 € [0,7/2], so we may assume that they are independent, and uni-
formly distributed throughout their ranges, hence we have

IP’{X < —cos } // x) foydxdy
.X< COS
n/2 pzcos(y
/ / dxdy
7rD

"D

Example 3: If random variables X,Y,Z are independent and uniformly distributed over [0, 1], compute
P{X >YZ}.

Solution: Since
fX,Y,Z(xayvz) :fX(x)fY<y)fZ(Z) = 17 (x,y,z) € [Oa 1]37

so we have

P{X>YZ} = / / x>yzfx,y,z(x,y,Z)dxdydz

1 prl ,l
= / / dxdydz
0 JO Jyz
3

Z.

Suppose X, Y are independent random variables, we also want to find the probability distribution of X +7Y.
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‘We have

Fx+y( ) = ]P){X—{—Y < Cl}

= //+y<a v (y)dxdy

+oo  ra—y
_/ Jx (x) fr (y)dxdy

_/+°°/a ny Ydxfy (v)dy

= FX(a ¥).fr (v)dy

The cumulative distribution function Fy .y is called the convolution of the distributions Fy and Fy, by
differentiating the equation, we get

fer@= [ fela—y)fr()dy

Example 4: Suppose X,Y are independent random variables both uniformly distributed on [0, 1], find the
probability density function of X + Y.

Solution: We know that
,0<a<1

0, otherwise

Jx(a) = fr(a) = {

so we have
fxyr(a /fXCl ) fr(y)dy = /fxa y)d

For 0 < a <1, we have

fx+r(a / dy=a
and for 1 <a <2, we have
1
fxiy(a) = dy=2—a
a—
Hence
a,0<a<1
fxiy(@a)=<2—a,l<a<?
0, otherwise
Corollary

Corollary 36. Suppose X,X3,- -, X, are independent random variables uniformly distributed on
[0,1], and let F,,(x) = P{X; +Xo+ -+ X, < x}, then

x"
15:(G3) = ot when 0 <x <1

Proof. This can be done by using induction. |
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Based on example 4, what is the expected number of n such that X; + X, 4 -- -+ X,, > 1? That is, we want
to find
N::min{n:X1 +Xo4+---+X, > 1}

Note that N > nifand only if X; + Xo +---+ X,, < 1, so

1
P{N >n} =F,(1) = 0 n>0,

thus
1 1 _n—l

(n—1D! n~ nl

P{N=n}=P{N>n—1}-P{N >n} =

Therefore
-1 &1

n! i;m—w:

The sum of the independent random variables can also be calculated using moment generating functions.
Suppose X1,X>, -+, X, are n independent random variables and

Y=Xi+X+ - +X,

Then

I
ﬁ

My (s) ol

s(X1++Xy) ]

e
e
e

ﬁﬁ

sX 1 SX2 Xn

:E[ele]”_E[esX]
=My, (s) - My, (s).

This important application can be used to find the moment generating function for a binomial random
variable. Suppose X ~ Binomial(n, p), then we know that

X=X1+X+---+X,
where X; ~ Bernoulli(p), thus
My (s) = Mx, (s) --- Mx, (s)

where
My.(s) = E[e**] = pe* +1—p

So
Mx (s) = (pe’ +1—p)".
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Conditional Distributions

4.3.1 Conditioning by One Variable
Recall the conditional probability:

P(ANB)

PAIB) =

,when P(B) > 0.

As another example, if we have two random variables X,Y we may write

P(X € C,Y € D)

P(X eClYy € D) = FY € D)

,where C,D € R.

Now suppose that we have a continuous random variable X, and we know that the event X € I = [a,b]
has occurred. Call this event A, the conditional CDF of X given A, denoted by Fy|4(x) or Fx|q<x<p(*) is
given by
Fyja(x) =P(X <|A)
=P(X <xla<X <D)
PX <x,a<X <b)
P(A)

Now if x < a, then Fy, (x) = 0, on the other hand, if a < x < b, we have

P(X <x,a <X <b)
P(A)
Pla <X <x)
P(A)
_ Fx(x) —Fx(a)
- Fi(b) — Fx(a)

Fxja(x) =

And finally if x > b then Fx 4 (x) = 1, thus we obtain

(1:x>b

FX\A(X): Fx(x)—Fx(a:

L 0 : otherwise

We assume that X is a continuous random variable, we do not need to be careful about the end points, to
obtain the conditional PDF of X, we may simply differentiate Fy/4 (x), which gives

Jg)‘(f:)):agx<b

Txja(x) =

0 : otherwise
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The conditional expectation and variance are defined by replacing the PDF by conditional PDF in the
definitions of expectation and variance. In general for a random variable x and an event A, we have the
followings:

s a

+oo

O EXIA] = [ xfga(wdx;

+oo

_ g(x)fX|A(x)dx;

(iii) Var(X|A) = E[X?|A] — (E[X|A])>.

. J

(i) Elg(s)A] = [

Example : Let X ~ Exponential(1), i.e

—Ax .
fx(x):{le x>0

0 : otherwise

where A = 1 in this case. Find : (i) The conditional PDF and CDF of X given X > 1; (ii) E[X|X > 1];
(iii) Var(X|X > 1).

Solution:

(1) : Let A be the event that X > 1, then

oo 1
P(A) :/ e dx=—.
1 e

thus

el x> 1
fxixs1(x) = {

0 : otherwise

and for x > 1, we have
. Fx(x) —Fx(l) _ 1 _e_x_H
P(A)

and Fy/4 (x) = 0 otherwise.
(i1) : We have

—+oo
BN > 1= [ efye ()dx
Fo0 |
:/ xe *Tldx
1
=2

(ii1) : We have

+
EDCX > 1) = [ 2 fyxe (dx

—+oo
= / ey
1
=35.
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Thus
Var(X|X > 1) = E[X?|X > 1] - (E[X|X > 1])> = 1.

4.3.2 Discrete Conditional Distribution

Recall that for any two events E, F, the conditional probability of E given F' is defined, provided that
P(F) > 0 is that

P(EF)

P(F)

Hence, if X,Y are discrete random variables, it’s natural to define the conditional probability mass func-
tion of X given that Y =y by

P(E|F) =

pxjy (x[y) =P{X =x[Y =y}

_P{X=xY=y}
-~ P{r=y}
_ pxy)

pr(y)

Similarly, the conditional probability distribution function given that ¥ = y is defined, for all y such that
pr(y) >0 by
Fyy(xly) =P{X <x|Y =y} =Y pxy(aly)

a<x

In other words, the definitions are exactly the same as in the unconditional case, except that everything is
not conditional on the event that Y = y. If X is independent of Y, then the conditional mass function and
the distribution function are the same as the respective unconditional ones. This follows because if X is
independent of Y, then we have

pxjy (x[y) =P{X =x[Y =y}
C P{X=xY =y}
P{Y =y}
_ P{X =x}P{Y =y}
P{Y =y}
=P{X =x}.

Example: Suppose that p(x,y), the joint probability mass function of X and Y, is given by
p(0,0) =0.4,p(0,1) =2,p(1,0) = 0.1, p(1,1) = 0.3

Then find the conditional probability mass function of X given that Y = 1.

Solution : We first note that

pr(1) =Y p(x,1) = p(0,1)+ p(1,1) = 0.5

Hence

_op(,1) 2
px|Y(x|y)_ PY(l) _g
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and

pxjyr (1) = =z

Example: If XY are independent Poisson random variables with respective parameters A; and A, cal-
culate the conditional distribution of X given that X +Y = n.

Solution : We calculate the conditional probability mass function of X given that X +Y = n as follows:
P{X =k, X+Y =n}
P{X+Y +n}
_ P{X=kY=n—k}
 P{X+Y=n}
_ P{X=k}P{Y =n—k}
B P{X+Y=n}
Recall that X +Y has a Poisson distribution with parameter A; + A,, we see that the preceding equals

P{X =k|X+Y =n} =

P{X =k|X+Y =n}= AR P—Y

oo ARt
 (n—k)k! (A 4 Ap)n

() G2) sw)
- \k M+ M+ ’

In other words, the conditional distribution of X given that X +Y = n is the binomial distribution with
parameters n and A; /(A + A2).

e_’lllf 87127(,2"72 [e—(lp%z)(ll + )"
n!

Example : Consider n independent trails, with each trail being a success with a probability p. Given a
total of k success, show that all possible orderings of the k successes and n — k failures are equally likely.

Solution : We want to show that given a total of k success, each of the (Z) possible orderings of k success
and n — k failures is equally likely. Let X denote the number of successes, and consider any ordering of
k success and n — k failures, say o = (s,s, f, f, -+, f), then
P{o,X =k}
P{X =k}
__P(o)
- P{X =k}
_ ra-prt
() Pk (1= p)n*
1
(i)

Example : Consider two random variables X and Y with joint probability mass function given by

P{o|X =K) =
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Y=2|Y=4|Y=5
_ I 1 1
i
X226 v
X=3| g g i)

Find : (a) P{X <2,Y <4} ; (b) The marginal probability mass functions of X and Y; (c) P{Y =2|X =1}
; (d) Are X,Y independent?

Solution :

(a) : By definition, we have

P{x<2Y<4}= Y P{xX=iY=j}

i<2,j<4

= p12+pi14a+p2n+pau
1111
"D uTe 12
3

~ 8

(b) : The marginal pmf of X is given by:

1 1 1 4
Pl-—P12+P14+P15—E+ﬂ+ﬁ—ﬂ
B N n _1+1+1_9
P2. = P22+ P24 P25—6 278 2
U USSR B v
P3. = P32 1T D34 P35—4 8 12 24

and thus we have A
29? 1
= 2
fx(x) =<1
ﬂX::;

0 : otherwise

X
X

Same idea may be applied on Y, The marginal pmf of X is given by:

B N n _1+1+1_12
P2=DpP12t+pn P32—12 62 24
B n n _1+1+1_6
P4 = P14t P24 P34—24 278 2
_ N n _1+1+1_6
P5 = P15 T D25 P35—24 8 " 12" 24

and thus we have

Y =2

6
~ .Y =4

_ )2
fY(y) %:YZS

0 : otherwise
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(c) : By definition, we have

P{X=1Y =2}

Py 20X =1} = =

_ o

(d) : To check that whether X,Y are independent, we need to check
P{X =x,Y =y} =P{X =x}P{Y =y}
For all possible pairs of X,Y. We find that

1
P{X=2Y=2}=¢

But

P{X =2)P{y =2} = _ x

1
2 16

oo | W

Which means this pair does not satisfy equation (x), thus they are not independent.

75

Example : Suppose that the number of customers visiting a fast food restaurant in a given day is
N ~ Poisson(A). Further assume that each customer purchases a drink with probability p, indepen-
dently from other customers and independently from the value N. Let X be the number of customers who
purchase drinks, let Y be the number of customer that do not purchase drinks, so X +Y = N. Find : (a)
The marginal PMFs of X and Y’; (b) The joint PMF of X and Y; (c) Are X and Y independent? (d) Find

E[X?Y?].
Solution:

(a) : Based on what we are given, clearly

X|(N = n) ~ Binomial(n, p);Y|(N = n) ~ Binomial(n,1 — p)
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Then by the law of total probability, we have

Py (k) = i;p{x = kN = n}Py(n)

=3 (3)ra-prtent-nl;

D

_exp(=A)(Ap)* f (A1 —p)*
k! = (n=k)!

— SRCAAPY a1~ p)

- eXp(_);f?(;Lp)k?fork:0,1,2,~--

and thus we conclude that
X ~ Poisson(Ap);Y ~ Poisson(A(1 —p))

Example : Suppose tossing a coin with P(H) = p, repeatedly toss the coin until there are two consecutive
heads. Let X denote the total number of coin tosses, find EX.

Solution : Suppose EX = u, we first condition on the result of the first toss, then
i = EX = E[X|H]P(H) + E[X|T|P(T) = E[X|H]p+ (1 + u)(1 - p).

Since geometric distribution is “memoryless”, i.e [EX should be a fixed value regardless of the number
of fails it gave. So if the first toss is a tail, it is then considered as a “fail” and start over again, but the
number of trails increase by 1, however EX is still fixed. So that’s why we have E(X|H) = 1 +EX, and
we get

PEX =E[X[H]p+1-p (%)
Then, in order to find E[X|H], we condition on the second trail:
E[X|H] =E[X|HH|P(H)+E[X|HT|P(T)
EX|HH] -p+EXIHT|(1-p) ()
—— ——

success with 2 tosses a fail

=2p+(2+EX)(1—p)=2+4(1—p)EX
Now combine equations (), (+x), we have
PEX =(2p+ (2+EX)(1—p))p+1—p

Thus
1+p

EX = .
P2
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4.3.3 Continuous Conditional Distribution

Definition

Definition 46. If X,Y have a joint probability density function f(x,y), then the conditional prob-
ability density function of X given that Y =y is defined, for all values of y such that fy(y) > 0,
by

f(xy)

fX\Y(xb;) = fY(y)

We may multiply the left-hand-side by dx and the right hand side by (dxdy)/dy and we will get

_ f(x,y)dxdy
Txpy (xly)dx = ROy

O P{x <X <x+4dx,y <Y <y+dy}
N P{y <Y <y-+dy}
=P{x <X <x+dxly<Y <y+dy}

The use of conditional densities allows us to define conditional probabilities of events associated with
one random variable when we are given the value of a second random variable. That is, if X and Y are
jointly continuous, then for any set A,

P(X €Al =3} = [ fuy(y)dx

In particular, by letting A = (—o0,a], we can define the conditional cumulative distribution function of X
given that Y =y by

Fy(ah) =PIX <al¥ =y} = [ fyyah)ax

For two jointly continuous random variables X, Y, we can define the following conditional concepts:
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PROPERTIES OF JOINTLY CONDITIONAL DISTRIBUTION

(i) The marginal distribution of y, denoted by fy(y) is given by

fr(y) = /ij.Y(x,y)dx

(i1) The conditional PDF of X given Y = y:

fX|Y (xly) = —f)z/((x;)y)

(ii1) The conditional probability that X € A given Y = y:
P(X €AlY =y} = [ fur(ehdx
(iv) The conditional CDF of X given Y = y:
By (xhy) =PLX <alY =3k = [ oy ()

(v) The expected value of x given Y = y:

+o0
BIXIY =y = [ fy(aly)d

(vi) Conditional LOTUS:

(o}

Elg(olY =31 = [ g)fir(ah)dx

—o0

(vii) Conditional variance of X given Y = y:

Var(X|Y = y) = E[X*|Y = y] - (E[X|Y = y])*

Example: Let X,Y be jointly distributed as

fxy(x,y) =
0 : otherwise

Find : (i) The conditional PDF of X given Y =y where 0 <y <2; (ii) P{X < 0.5|Y =y} ; (iii) E[X|Y = 1];
(iv) Var(X|Y = 1).

Solution:
(i) : We first compute fy(y), given by

oo Ix2 3?2 xy 1y Y
= d == — e _d = 15 a 17
fr(») _ Sy (xy)dx A TRV T
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Then we know that

B 3x2 4+ 3y + 2xy
32 4y+1

and thus for 0 <y <2 we obtain

362 3y>+2xy . 0<x<1

3y2+y+1
Ty (xly) =
0 : otherwise
(i1) : We have
1 33x243y242
Plx<lly—, :/2 xJ;erxydx
2 o 3y +y+1
_ Y+t
3y2+y+1°

(ii1) : We have

~+o0
EIXIY = 1] = [ efraly = D

oo

_/1 3x% 4+ 3y> + 2xy
B 32 +y+1

3 342
_/ x++xdx

34141
:—/ (3x% +2x% +3x)dx
5Jo

7
12

(iv) We have

400
By =1)= [ @y (el =D

1 1
= 5/ (3x* 422 + 3x%)dx
0

21

50°

dx

79
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So we have

Var(X|Y = 1) =E[X*|Y = 1] - (E[X|Y = 1])?

21 7\?2
RO
287
= 500"

Example: The joint density function of X and Y is given by

x(2—x—y) : (x7y) < (071)2
0 : otherwise

f@w={

Compute the conditional density of X giventhatY =y, 0 <y < 1.
Solution: For (x,y) € (0,1)?, we have

Fa(aby) = L2
_ fey)
J72 f(x,y)dx
_ x(2—x—y)
fol x(2—x—y)dx
_ x(2—x—y)
2_y

32
6x(2—x—y)
4-3y

Example : Suppose that the joint density of X and Y is given by
e~ XY™y

flx,y) = { vy - (x,y) € (0,+°°)2

0 : otherwise
Find P{X > 1|Y =y}.
Solution : We obtain the conditional density of X given that Y =y:

Frr (aly) = J;(Y(yyf

. efx/yefy/y
e [T y)edx
— le*X/y

y
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Hence,

+oo ]
P{X > 1|Y =y} :/ —e ™ Pdx
Ly

~+o0
— ey

1
—e

If X and Y are independent continuous random variables, the conditional density of X given thatY =y is
just the unconditional density of X.
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Order Statistics

Definition

Definition 47. Let X1,X>,--- , X, be n independent and identically distributed continuous random
variables having a common density f and distribution function F, define

X(1) = the smallest of X1,X2,- -+ , Xn
X(2) = the second smallest of X1,X>,- -+, Xp

X(j) = the jth smallest of X1, X2, , Xy

Xy = the largest of X1,X>,- -+, Xn

Then the ordered values X(1) < X(3) < --- < X,y are known as the order statistics corresponding
to the random variables X1,X>,--- , Xj,.

The joint density function of the order statistics is obtained by noting that the order statistics X1y, X2y, -+ , Xy
will take on the values x| < x; < --- < x, if and only if for some permutation (i, i3, -- ,iy) € Sy, we have

X1 =xi, X0 =Xy, -+, Xy = X,

Since for any permutation (iy,i,- -+ ,iy) € Sp,

€ € €
]P){x,‘l—z < X <x,-,+§,~-,x,-n<Xn <X,‘n—|—§}

~ sanl X2, Xn (xil 7 Xipy "t 7‘xin)

=& f(x)-- f(x)

it follows that for x; < xp < -+ < Xy,

S ) S
P{)ﬁ —§<X(1) <x1—|—§,-~~,xn <X(n) <xn+§}
~nle" fxp)-- fxn)
Dividing by €" and letting € — 0 yields
fX(l)a'“:X(n)(‘xl7‘x27 e xn) = alf () f(x2) - ), X1 <xp <o <Xy

Example 1: Along a 1 mile long road are 3 people “distributed at random”. Find the probability that no
2 people are less than a distance of d miles apart when d < %
Solution : Assume the the positions of the 3 people are independent and uniformly distributed over the

road, if X; denote the position of the ith person, the desired probability is given by
P{X(l) > X(ifl) +d,i= 2,3}
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and we have
fX<1),X(2)7X<3) (xl,)Cz,Xg,) =3l 0<xi<xm<xz<l

Thus
P{X(;) > X(i_1) +d,i=2,3} = /// fx(] X3 (X1,%2,%3)dx1dx2dx3
Xi>xj_1+d
1-2d
= 3'/ / / dxzdxrdxy
x1+d Jxy+d
(1— 2d

In fact, this method can be generalized, when n people are distributed at random over the unit interval,
the desired probability is

1= (n—1)d]", when d < ——

n—1
The density function of the jth order statistic X(;) can be obtained either by integrating the joint density
function or by direct reasoning as follows: In order for X ;) to equal x, it is necessary for j — 1 of the n
values X1, --, X, to be less than x and n — j of them to be greater than x, and 1 of them to equal x. Now

the probability density that any given set of j — 1 of the X;’s are less than x, another given set of n — j are
all greater than x, and the remaining value is equal to x equals

[F (o)l 1= F )] f(x)

(j—LZ—Ll):(n—Dﬁj—U!

different partitions, it follows that the density function of X is given by

Hence, since there are

CEIIEn]

and the cumulative distribution function of X ) is given by

[F (o)l 1= F )] f(x)

fx(j) (x) =

Fx, (v) = " ) /_ym[F(x)]f_l[l—F(x)]n—jf(x)dx

(n= D1 =1)!

However by definition we also have

Fx;, (y) =P{X(;) <y} =P{j or more of the X;’s are less or equal than y}
=L (roro-ror

So we have an interesting inequality:

n! 1

(n—j)! ( — 1! /y B == (Dyk“_Y]"IS 0<y<l

k=j

Furthermore, the joint density function of the order statistics X(;) and X ;) when 1 < j is

n!

fX(i)’X(j) (i, x;) = (i—1)(j —l; D!(n—j)! [F(xi)]i_l[F(xj) _F(xi)]j_i_l[l _F(xj)]n_jf(xi)f(xj)'
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Now suppose that n independent and identically distributed random variables X, X>, - - - , X, are observed,
the random variable R defined by R := X,y — X(y) is called the range of the observed random variables.
If the random variables X; have distribution function F' and density function f, then for a > 0 we have

P{R < a} =P{X(,) — X(1) < a}
N //xnxl <a fX(1)7X(n) (X] ?xn)d)ﬂdxn

+oo  rxita n! o
N /—oo /x1 (n—2)! [F () = F (o) "7 (en ) f (xn) doxndlxs

By making y = F(x,) — F(x1), we have

[ ) - F ) = | V'dy = P )~ F()

X1 0 n—

Thus oo
P{R<a}=n / F (1 +a) — F ()" f (1) dx,

—00

In the case when X;’s are all uniformly distributed on (0, 1), for 0 < a < 1, we have
! 1
P{R < a} =n /O [F(x1 +a) — F(x)]™ f(x1)dx

l1—a 1
:n/ a”_ldxl—l—n/ (l—xl)"_la’xl
0 1

—da

n(l—a)" ' 44"
Differentiation yields the density function of the range, given in this case by

nn—1a"?(1—a):0<a<1
fr(a) =19 " .
0 : otherwise

That is, the range of n independent uniform (0, 1) random variables is a beta random variable with pa-
rameters n — 1,2.

Example 3: Let (X,Y) denote a random point in the plane, and assume that the rectangular coordinates
X,Y are independent standard normal random variables. We are interested in the joint distribution of
R, ©, the polar coordinate representation of (x,y)
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Exchangeable Random Variables

Definition

Definition 48. The random variables X1,X5,--- , X, are said to be exchangeable if, for every per-
mutation T(iy, iy, ,iy) € Sy, we have

P{Xil leaxiz S-xZa"' 7Xin an} — P{Xl :-x17X2 =X2, 7Xn :xl’l}

That is, the n random variables are exchangeable if their joint distribution is the same no matter
in which order the variables are observed.

For example, if n = 4 and using a particular permutation = = (3,1,2,4), we want
Ix1.%0. %%, (X1, X2,X3,X4) = fx3 X, XX, (X1,%2,%3,X4)
If X;’s are discrete, this is equivalent to say
P{X| =x1,X0 =x0, X3 = x3, X4 = x4} = P{X3 = x1,X] =x2,X0 = x3,X4 = x4}
Example 1: Suppose we have an urn containing 1 red ball and 2 white balls, draw out balls one at a time

and without replacement, and note the color. Define

{1, if the ith ball is red
X, =

0, otherwise

Then the random variables X1, X>, X3 are exchangeable.

To see this, we compute the followings:

1 1
PXi=1,X%=0X3=0)==-1-1=~
3 3
21 1
PX, =0X, =1.X3=0) =2 -~-1==
(X1 =0,X,=1,X3=0) 33 3
21 1
(X1 =0,X,=0,X3=1) 33 3

Since they are all the same, so we say X1, X, X3 are exchangeable.
Corollary

Corollary 37. Suppose that X1,X>,--- ,X, are independent and identically distributed (iid), then
X1,X>,---, X, are exchangeable.

Proof. Let f be the probability density function for any of the X;, then by definition we have

iid

Ixi X X, (X152, x0) = f(x1) - f(x2) -+ f ()

Thus R.H.S can be arranged in any order as desired. |
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Corollary

Corollary 38. Exchangeable random variables are identically distributed.

Proof. consider the continuous interchangeable random variables X1, X>,---,X,, and by the generalized
Fubini’s theorem, it’s clear that

in(Xi :///le Xn Xl,...x,-,... ,Xj7..-xn)dX1 dx, ldx1+l ceodx X
_ // /le X], Xjyoo ,xi,"'-xn)dx] ..~dxi71dxi+l dxn

Thus it also holds for any permutation 7 € S,,, and thus we conclude that fy, (x1) = fx,(x2) =

fx, (%n)

Definition

Definition 49. The random variables X1,X3,--- in an infinite sequence are said to be exchange-
able if the finite collection X1,X>,- - ,X, are exchangeable for any finite n > 1.

Example 2: (Pélya’s Urn) Suppose we have an urn containing Ry red balls and Wy white balls, and ¢ > 0
be a fixed integer. We draw a ball, note the color, replace the ball and put an additional ¢ balls of that
color in the urn as well. Rinse and repeat. Define

~J 1, if the ith ball is red
e 0, otherwise

Then the infinite sequence of random variables X1, X>, - - - , X, are exchangeable.

To see this, we begin with an illustration that we will later generalize, note that

P(X;=1,% = 1,X; =0,Xs = 1,Xs = 0)
B Ry Ro+c¢ Wo Ro+2c¢ Wo+c
_R0+WO Ro+Wo+c Ro+Wo+2c Ro+Wo+3c Ro+Wy+4c

Fix any positive integer n and consider the sequence X1, X5, - - - ,X,;, we want to give an general expression
for P(X; = x1,Xo = xp,-++,X, = xy), from the particular case illustrated above, it is easy to see that the
denominator of this more general case will be

(Ro+Wo)(Ro +Wo+c)(Ro+Wo+2c) -+ (Ro+ Wo+ (n—1)c)

Note that )7, x; is the number of red balls chosen in n draws from the urn and n — Y} | x; is the number
of the white balls.

If Y x; = n (all balls drawn are red), we have

P(X1 = x1,X2 = x2,- -+, Xy = xp)
- RO(R0+C)(R0—|—2C) .. (Ro—i-c(Zx,- — 1))
(Ro+Wo)(Ro+Wo+c¢)(Ro+Wo+2¢)---(Ry+Wp+ (n—1)c)
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and if )} x; = 0 (all balls drawn are white), we have

P(Xy =x1,X2 =x2, - X = Xn)
Wo(Wo+c)(Wo+2¢)--- (Wo+c(n—Yxi—1))
(Ro+Wo)(Ro+Wo+c¢)(Ry+Wo+2¢)--+ (Ro+Wo+ (n—1)c)

If 0 < Y x; < n, we have

P(Xl :X,Xz = X2, ,Xn :Xn)
_ RO(R0+C)(R0—|—2C)-‘~(R0+C(in— 1)) -Wo(Wo+C)(W0+2C)~-'(W()—|-C(l’l—zx,'— 1))
(Ro+Wo)(Ro+Wo+c¢)(Ro+Wo+2¢)---(Ry+Wop+ (n—1)c)

In all cases, the probability is a function of ) x; and not the individual positions of the 1’s and 0’s that
make up the x;, thus we say X1,X5, -, X, are exchangeable.

Example 3: Let X;,X5,---,X, be independent uniform (0,1) random variables and denote their or-
der statistics by X(1),X(2),"++ , X(n), that is X(;) is the j th smallest of X;,X5,---,X,. Also denote ¥; =
X(1),Yi = X(j) —X(i—1), show that ¥}, Y3, - - ¥, are exchangeable.

Solution: The transformations yield that
Xi=y1+y2+-+Vyi
and the Jacobian of this transformation is just 1, so we have

Yo v, 01255 n) = FOLY1+ Y2, sy + Y2+ + )

where f is the joint density function of the order statistics, hence we have that

fY],Y2,~~7Yn(yl7y27 e 7yn) =n!

Because the preceding joint density is a symmetric function of y1,ys,-- - ,y,, we see that the random vari-
ables are exchangeable.
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Covariance, Correlation and Inequalities

Definition 50. If random variables X ,Y satisfies E{(X —EX)(Y —EY)} < 4-oo, we then call it the
covariance between X and Y and write

Cov(X,Y) = E{(X —EX)(Y —EY)} = E(XY) — E(X)E(Y)

Corollary

Corollary 39. If X,Y are independent, then Cov(X,Y) = 0.

Proof. Since X,Y are independent, so for any functions 4, g, we have
E{g(X)h(Y)} = E{g(X) }E{h(Y)}
So we have E(XY) = E(X)E(Y), which finishes the proof. |
Corollary
Corollary 40. We also have the following propositions for covariance:
D Cov(Y,X) = Cov(X,Y);
@ Cov(X,X) = Var(X);
@ Cov(aX,Y) =aCov(X,Y);

@ Cov (éXi, i Yj> = Zn: i Cov(X;,Y))

j=1 i=1j=1

The proofs are left as an exercise. One important remark is that we have

Var( y X,-) = iVar(X,-) +2) ) Cov(X;,X)).
i=1 i=1

i<j

Definition 51. The correlation of two random variables X,Y denoted by p(X,Y), is defined as
long as Var(X), Var(Y) is positive, is defined by
~ Cov(X,Y)

v/ Var(X) Var(Y)

p(X.Y)
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Corollary

Corollary 41.

Proof. Suppose X,Y have variances given by ze, Gyz respectively, then on the one hand,

O<Var< Y)
Gx

Var( ) Var(Y) 2C0v(X,Y)
o} 0x 0y

)C

2[1+p(X,Y)]

implying that

X Y
0 < Var (_ - _)
Oy Oy
_ Var(X) N Var(Y) 2Cov(X.Y)
o2 o2 0,0y

X y
:2[1 _p(X7Y)]

On the other hand,

implying that
p(X,Y)<1.

89

The correlation coefficient is a measure of the degree of linearity between X and Y. A value of p(X,Y)
near +1 or —1 indicates a high degree of linearity between X and Y, whereas a value near O indicates
that such linearity is absent. A positive value of p(X,Y) indicates that Y tends to increase when X does,

whereas a negative value indicates that Y tends to decrease when X increases. If p(X,Y)
Y are said to be uncorrelated.

=0, then X and

Example 1: Let X7,X>,---, X, be independent and identically distributed random variables having vari-

ance 02, show that
COV(X,' —)_(,)_() =0

where X is called the sample mean, denoted by
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Solution: We have

j=1
1 & o2
==Y Cov(X;,X;)— —
n = n
_o? o’
N n n

Corollary

Corollary 42. Let X,Y to be random variables, consider X' = aX +b,Y' = cY +d where a,c > 0,
then
p(X’Y) = p(X/7Y/)'
Proof. If we denote uy = EX, uy = EY, then we have
EX' =aEX +b=aux +b

EY' = cEY +d = cuy +d
Also

Var(X') = E[(X — py)?]
E[(aX +b—aux —b)?]
Ela’(X — px)’]
= a’E[(X — ux)?] = d’ox.

Likewise, we have
Var(Y') = oy.
So
_ Cov(X',Y")
N Oy’ Oy
_ E[X — ux ) (Y — )]
Oy Oy’
acCov(X,Y)
Oy’ Oy

acCov(X,Y)

(acx)(coy)
=p (Xv Y)'

p(X",Y")
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It shows that shifting and re-scaling of random variables does not change the correlation.

Example: N people sit around a round table (NV > 5). Each person will toss a fair coin. Anyone whose
outcome is different from his/her two neighbors will receive a present. Let X be the number of people
who receives presents, find EX and VarX.

Solution: Number those N people from 1 to N, let X; be the random variable defined as

_J 1:if the person receives the present
l 0 : otherwise

then clearly X = X; + X, + -+ + X,,. And observe that P(X; = 1) = 0.25, this is because all possible
outcomes of that person and his/her neighbors are:

HHH,TTT,HTT,HHT,HTH,THH,THT,TTH

and then by linearity we have

N
EX =EX; +---+EX =7

Theorem

Theorem 35. Suppose X,Y are random variables, then
EX+Y|" <C.(E|X|"+E|Y|")

1:0<r<1

where C, = .
2 r>1

Proof. This follows from the fact that

la+b" <Cfla|"+[b[].

Theorem

Theorem 36. (Holder’s Inequality)

Let XY be random variables and let p > 1,q > 1 so that ]l, —i—cl] =1, then
1 1
ElXY| < (E|X|7)7 (E|X|?)¥

If we take p = g = 2, we will get a special case of Holder’s inequality, which is known as the Cauchy-
Schwarz inequality.
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Theorem

Theorem 37. Let X,Y be random variables, then

E|xY| < /E|X?-\/EJY]

Corollary

Corollary 43. Let X,Y be random variables, then
|COV(X,Y)‘ < Ox : Oy

where we define

ox =/ Var(X),oy = \/Var(Y).

Corollary

Corollary 44. (Lyapononv’s Inequality)

Let X be a random variable, and 1 < r < s < +oo, then

—

(EIX|')" < (BIX])"
Theorem
Theorem 38. (Jensen’s Inequality)

If g is a convex function (i.e f"(x) > 0) and EX exists, then

g(EX) < E(g(X)).

Likewise, if g is concave (i.e f(x) < 0) and EX exists, then

g(EX) > E(g(X)).

MULTIPLE RANDOM VARIABLES
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Random Vectors

When dealing with multiple random variables, it is sometimes useful to use vector and matrix notations.

Definition

Definition 52. Let X1,X5,---,X,, be n random variables, then define the random vector X to be

Here X is an n-dimensional vector because it consists of #» random variables. We can further define the
distribution function of the random vector X to be

Fx(m) = FXl,X2,~--,Xn(x1 ;X0 ,xn) = ]P{X] <x1,X0 <xp,- - X, < xn}.
If X;’s are jointly continuous, then we have the PDF written as
Ix () = fx, xp, X, (X152, -, %n).
Definition
Definition 53. The expected value (the mean vector) of the random vector X is defined as
EX;
EX,
EX=| .
EX,
Similarly, a random matrix is a matrix whose elements are random variables. In particular we can have
an m by n matrix M as

X X2 Xin
M- X2 X'22 Xon
Xl X;;12 Xinn
Thus the mean matrix of M is given by
EX;1 EX;p - EXj,

EM — E).(Zl E).(zz E).(Zn

EXy1 EXpe -+ EXom
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Corollary

Corollary 45. (Linearity of Expectation)

Let X be an n-dimensional random vector, A is a fixed m by n matrix and b is a fixed m-
dimensional vector, define Y = AX + b, then

EY = AEX +b.

Now we would like to define the correlation and covariance matrix:

Definition

Definition 54. (Correlation and Covariance Matrix)

For a random vector X, we define the correlation matrix Ry as

EX? EX\X; - EXX,
EX,X; EXZ ... EX»X
Rx =EXxT)=| 2" ™7 © 2
EX,X; EX,X, --- [EX?

Also, the covariance matrix Cy is defined as

Var(X;) Cov(X;,X3) --- Cov(X},X,)

Cov(Xy,X Var (X - Cov(Xy, X,

Cx —E[(X —EX)(X —EX)T] = (.2 1) .( 2) | (.2 )
Cov(X,,X;) Cov(X,,X») --- Var(X,)

The covariance matrix is a generalization of the variance of a random variable. Remember that for a
random variable, we have Var(X) = EX? — (EX)?.

Corollary
Corollary 46. For a random vector X, we have

Cx = Rx —EXEXT

Also, covariance matrix is symmetric, so it satisfies all the nice properties of a symmetric matrix. In
particular, C'x can be diagonalized and has real eigenvalues, since we assume X is a real random vector.
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Definition

Definition 55. An n x n symmetric matrix M is positive semi-definite (PSD) if for all n-

dimensional vectors b, we have
b Mb > 0.

Also, M is said to be positive definite (PD), if for all vectors b # 0, we have

bT Mb > 0.

A special important property of the covariance matrix is that it is positive semi-definite (PSD).

Theorem

Theorem 39. Let X be a random vector with n elements, then its covariance matrix Cx is
positive semi-definite (PSD).

Proof. Let b be any fixed vector with n elements. Define the random variable Y as

Y =b' (X —~EX)

Then we have

0 <Ey?
=E(ryT)
=b'E[(X -EX)(X -EX)"]b
=b'Cxb.

Theorem

Theorem 40. Let X be a random vector with n elements, then its covariance matrix Cx is
positive definite (PD) if and only if all its eigenvalues are larger than zero. Equivalently, C'x is
positive definite (PD) if and only if det(Cx) > 0.
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Functions of Random Vectors

Theorem

Theorem 41. Let X = [Xl X, --- Xn} T be an n-dimensional random vector with joint PDF
fx(x). Let G : R" — R" be a continuous and invertible function with continuous partial deriva-

tives and let H = G~'. Suppose a random vector Y = [Yl , ... Yn} T is givenbyY =G(X),
hence X =H(Y ), and

X H\(Y1,Y2,- V)

X5 Hy(Y1,Ya,-+,Yy)

Xn Hy(Y1,Y2,- -+, Yy)
Then the PDF of Y is given by
fr(y) = fx(H(y))|/|
where J is the Jacobian of H defined by

JdH, JH,  9JH
dyy dy dy
J— 9.y1 9‘yz (9_‘)’n
oH, OH, OH,
dyr Iy Iyn

Example 1: Suppose Y;,Y> ~ N(0, 1) are independent random variables, find the probability density
function of 4/ le + Yzz.

Solution: We first define two new variables:
U=\/Y}+Y} V="

Y1 =+VU2-VZY,=V

Thus we may define two linear maps given by

Then we have

D (+Vu2—v2 )= (u,v)

Dy (—Vu2—v2v) = (u,v)
The Jacobians are given by
u(vVu2 —v2)7l —p(Vu2 —2)~!

1 =det =u(vu2—2)"!
0 1
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1 =det = —u(v/u2—2)~1

Then we have

Joy(u,v) = frn (V2 =v2 0|21+ fr (V2 —v2v)| 7
u 1 _2 1 _2

And we have

W2

ue 2z
Cvl < u

2 2
fU,V(uav): vt —v

DOES NOT EXIST : otherwise

Now we will find the distribution restricted to U only, and we have

T ue 7
u) = ———dy
Juw) /oo TV u? —v?
w2
_uez u 1
uNuZ 2

|
Q|-
Q\
SRS
+
[SE]
O
O
jy

So we have

0 : otherwise

fulu) = {ue_uz2 u>0

Example 2: Suppose X;,X>,X3 ~ N(0,1) are independent standard normal random variables, and let
Y1 =X1+Xo+X3,12 = X] — X3,Y3 = X1 — X3, find the joint density function of Y7, Y,, 3.

Solution : We have

i+h+Yr Y1 —2Y,+Y Y1+Y,—2Y
X, = 1+12+ 3 x, = 2t 3 Xy = 1+12 3
3 3 3
and thus the Jacobian of the transformation is given by
L1 1
33, 3
=det [+ -2 1
7 10 %
3 3 3

and we have

Yi+Yh+Y; Y1 -2V, +Y; Y+ —2Y3)\ 1
le,Yz,Ya(yl7y27)’3) = fX,.%.%; ’ ’ 3
3 3 3 3

1

= WeQ(yuywa)ﬂ
3(2m
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where )
V1,2, 2, 2
O1,y2,y3) = 3 +3Y2+3y3 372)3:

Example: Suppose Uj,U, are random variables uniformly distributed on (0, 1), find the distribution

function for X; and X, where X; = sin(2zU;)+/—21In(U;),X, = cos(2xU;)+/—21In(Uy).

Solution : We first find the “inverse” Jacobian:

9% 9X;
/ ] d U, dU,
- =det
X, 9IX»
U, IU,
sin(2702) 2mcos(2ntU,)+/—21In(Uy)
- 2)V 1
Ui/ —2In(U)
= det
cos(2nU3)

—2msin(27U,)+/—21In(Uy)

U/—2n(U 1)

B 27 sin®(27uy) n 21 cos?(2nl;)

U; Uy
2z
=7
So the desired Jacobian is given by
1 U,
T

Now according to the relations given, solve for U, U, in terms of X1, X,, we get:

U — e*X%;X%,Uz _ arctanz(jrﬁ /X2)

Now, we have
Uy

Ix, % (x1,x%2) = fu, v, (w1 (x1,x2), u2(x1,x2)) - oy

where
fUl-,Uz(”lauz): (s ) (0,1)
0 : otherwise

so we actually have

Ui 1 33
le,Xz(xth): I'E:Ee 2

() )

And thus we have X,X, ~ N(0, 1), the standard normal distribution.
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Example: Let (X,Y) denote a random point in the plane, and the joint pdf is given by

1:x2+ y2 <1
0 : otherwise

fX,Y(L)’) = {

99



Chapter 5

Limit Theorems

Limit Theorems

5.1.1 Law of Large Numbers

The law of large numbers has a very central role in probability and statistics. It states that if you repeat
an experiment independently a large number of times and average the result, what you obtain should be
close to the expected value. There are two main versions of the law of large numbers. They are called the
weak and strong laws of the large numbers. The difference between them is mostly theoretical. In this
section, we state and prove the weak law of large numbers (WLLN). Before discussing the WLLN, let us
define the sample mean.

Definition

Definition 56. For i.i.d random variables X,X>,- -+ ,X,, the sample mean, denoted by X, is de-

fined as
7. XtXt4X

n

Another common notation for the sample mean is M, if the X;’s has CDF Fx(x), we might show the
sample mean by M, (X) to indicate the distribution of the X;’s.

The sample mean, X = M,,(X) is also a random variable and we have

Var(X)

E[X] = E[X] Var(X) =

To see this, we have
EXl —I—EXz—l— cee +EXn . nkEXx

n n

E(X) = — EX.

100
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and

- vVar(X;+Xo+---+X
Var(X) = ar(X, + 22+ %) (since Var(aX) = a® Var(X))
n
Var(X;) + -+ Var(X,)

_ n'Var(x)
-

_ Var(X)
===

Theorem

Theorem 42. (The Weak Law Of Large Numbers (WLLN) (aka Khinchin’s Theorem)

Let X1,X5,--- , X, be i.i.d random variables with a finite expected value EX; = I < +oo, then for

any € > 0,
lim P{|X —u|>¢e}=0.

n—r—+oo

Proof. If Var(X) = 0 < +oo, then we may apply Chebyshev’s inequality directly:

P{X—pu|>e}< — 0,as n — oo

Var(X) Var(X)
2 T e

Theorem

Theorem 43. (The Strong Law of Large Numbers (SLLN) (aka Kolmogorov’s Law))

Let X1,X>,--- , Xy, be i.i.d random variables with finite expected value, then X, => |t when n — oo,
ie
P{ lim X, =pu}=1.

n—y+oo

Corollary

Corollary 47. Let {X,} be a sequence of i.i.d random variables with finite expected value, and
EX = u to be the mean, Var(X) = 62 to be the variance. We define the sample mean X, and

sample variance S? to be

1 u —

ZZ X;, S5 = Z (Xi —X)?
iz

Then we have

Proof. We first observe that

101
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According to the law of large numbers, we have

Also given that EX 2_02+ ,LLZ, thus

1 n
p Y x? 5 6?4 .
i=1

Also, by LLN, X, LA U, and by continuous mapping theorem, we have
x5l

So we have .
1 _
ZZX2£>62+H2 and X. 5 p?

i
i=1

Therefore
2

Sﬁg(crz—k,uz)—uz:c ,as 1 — oo,
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Central Limit Theorem

Theorem

Theorem 44. (Lindeberg—Lévy Central Limit Theorem)

Let X1,X5,---,X,, be i.i.d random variables with expected value EX; = U < +oo and variance
0 < Var(X;) = 62 < +oo, then the random variable

X—u X +X+-+Xo—ny
7 Vi

converges in distribution to the standard normal random variable as n goes to infinity, that is

Zn:

lim P{Z, <x} =®(x), VxeR

n—y+oo

where ®(x) is the standard normal CDF.

Proof. Assume {X|,X;,---} are i.i.d random variables with mean y and finite variance o2, then the sum
X1+ ---+ X, has mean nu and variance no?, consider

_ X1+ X+ 4 Xy —np <
V/
: R R
where we define ¥; = —“ , each with 0 mean and unit variance (Var(Y) = 1). The characteristic function

of Z, is given by

o= [on ()]

Given the fact that they are i.i.d. Then the characteristic function of Y; is, by Taylor’s theorem,

o ()= -5re(n) ()

) . . . . 2
where o(-) is the little o notation for some function ¢ that goes to zero more rapidly than ’; does. Also

since .
¢ = lim <1+f)
n

12 2\ \" 12
¢z,(t) = (1—2—+0( )) —e 2" n— oo
n n

All of the higher terms vanish in the limit n — +-oo, the right hand side equals the characteristic function
of a standard normal distribution N(0, 1). [

we then have
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An interesting fact about CLT is that it does not matter what the distribution is. To get a feeling of the CLT,
let’s first assume that X;’s are Bernoulli(p), then EX; = p, Var(X;) = p(1 —p), also ¥, = X; +--- + X,
has Binomial (n, p) distributions, thus

Zn:M
np(1—p)

The figure below (5.1) shoes the PMF of Z, for different values of n, the shape of the PMF gets closer to
a normal PDF as n increases.

PMF of Z;
= NP
p(l—p)
Assumptions: PMF of Z
2
e X1, X5 ... are iid Bernoulli(p). X, + Xs—2p
B Jpg= 21102 20
.Zn:X1+X2+-~-+Xn np 2p(1 — p)
np(1 —p) |
We choose p = 3.
PMF of Zs
X1 + X2 + X3 - 3]?
Z3 =
V3p(1—p) ‘
w0 PMF of Zs
Z X?T — 30p
ZSO — 1=1
30p(1 - p)

Figure 5.1: Z, is the normalized sum of n independent Bernoulli(p) random variables. The shape of its
PMF, Pz (z), resembles the normal curve as n increases.

As another example, let’s assume that X;’s are Uniform(0, 1), then EX; = 3, Var(X;) = %, in this case

X1_|_..._|_Xn_%
n/12

Zn:




CENTRAL LIMIT THEOREM 105

PDF of 73

Assumptions:
e Xy, X5... are iid Uniform(0,1). X, +Xo—1 PDF of Z,

Xi+Xo+...+ X, -2 2
0 z,= T : " /\
12

p X1+X2+X3—% PDF of Z3
3:

3
12

Z X; — 30 PDF of Z30

Figure 5.2: Z, is the normalized sum of n independent Uni form(0, 1) random variables. The shape of its
PDF, f7 (z), gets closer to the normal curve as n increases.

The importance of the central limit theorem stems from the fact that, in many real applications, a certain
random variable of interest is a sum of a large number of independent random variables. In these situa-
tions, we are often able to use the CLT to justify using the normal distribution. Examples of such random
variables are found in almost every discipline. Here are a few:

(D Laboratory measurement errors are usually modeled by normal random variables;

@ In communication and signal processing, Gaussian noise is the most frequently used model for noise;

@ In finance, the percentage changes in the prices of some assets are sometimes modeled by normal
random variables;

@ When we do random sampling from a population to obtain statistical knowledge about the population,
we often model the resulting quantity as a normal random variable.

Here is the steps that we need in order to apply the CLT:
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How 1O ApPLY CLT

(1) : Write the random variable of interest, Y as the sum of # i.i.d random variables X;’s:

Y=X1+Xp+-+Xu.
(ii) : Find EY and Var(Y) by noting that

EY = nu, Var(Y) = no>
where u = EX; and 62 = Var(X;).
(ii1) : According to CLT, conclude that

Y-EY Y-nu

VVar(Y) oyn

is approximately standard normal, thus to find P{y; <Y < Y»}, we can write

— Y — —
P{y1§Y§Yz}=P(yl oL - ey n#)

oyn — oyn T~ oyn
(52 )

where @ is the standard normal CDF given by

X 1 },2
d(x) = / \/Ee_Tdy

Example : A bank teller serves customers standing in the queue one by one. Suppose that the service
time X; for customer i has mean EX; = 2 (minutes) and Var(X;) = 1 . We assume that service times
for different bank customers are independent. Let Y be the total time the bank teller spends serving 50
customers. Find P(90 < Y < 110).

Solution : Following the steps mentioned above, let
Y=X1+Xo+ --+X,

where n = 50, EX; = u = 2, Var(X;) = 6% = 1, thus we can write

P{90<Y<110}:1P>{90_”“ Yonp _ 110—nu}

o\n < o\n ovn
{90—100 Y —nu 110—100}
=P < <
V50 o\vn V50

IP’{—\/E < YG_\/’%“ < \/5}
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By CLT, i o is approximately standard normal, so we can write

o\/n

P(90 < Y < 110) = ®(v2) — ®(—V/2) = 0.8427.

Example : In a communication system each data packet consists of 1000 bits. Due to the noise, each
bit may be received in error with probability 0.1 . It is assumed bit errors occur independently. Find the
probability that there are more than 120 errors in a certain data packet.

Solution: Let’s define X; as the indicator random variable for the ith bit in the packet. That is, X; = 1 if
the ith bit is received in error, and X; = 0 otherwise. Then the X;’s are i.i.d. and X; ~ Bernoulli(p = 0.1).
If Y is the total number of bit errors in the pocket, we have

Y=X|+Xo+ - +X,
Since X; ~ Bernoulli(p = 0.1), then we have
EX; =u = p=0.1;Var(X;) = 6> = p(1 — p) = 0.09

By CLT, we have

IHY>1X&:P{Y_HM>1ﬂ%ﬂW}

ovn o\/n

Y —nu  120—100
=P

{oﬁ 7T %0 }

20
~l-P| —
(%)

=0.0175.

In general, if o is not easy to calculate, we can approximate ¢ by §,, which we introduced earlier. We
have

So we have
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Modes of Convergence

Definition

Definition 57. Let {F,} be a sequence of distribution functions, if there exists a distribution func-
tion F such that
lim F,(x) = F(x)

n—y+oo

at every point x which F is continuous, we say that F,, converges in law (or weakly) to F, and we
write I, LF ;

Let {X,,} be a sequence of random variables and {F, } be the corresponding distribution functions,
we say that X, converges in distribution (or law) to X if there exists an random variable X with

N . . [0} . L
distribution function F such that F,, — F. We write X,, — X.

Theorem

Theorem 45. Let {X,},X be continuous random variables such that lim,_, 1« f,,(x) = f(x) for
a.e x € R where f,, f are the probability density functions of X, and X respectively, then X, Lx.

Definition

Definition 58. Ler {X,} be a sequence of random variables defined on some probability space
(Q,.7,P), we say that the sequence {X,} converges in probability to the random variable X if
Ve >0,

lim P{|X,—X|>¢€}=0

n—y+oo
And we denote by X, 2x.
Example : Let X be a random variable and X,, = X +Y,,, where

2

1 o
EY,=- Var(¥,) =—
n n

) P
where o > 0 is a constant. Show that X, — X.

Solution:

By triangle inequality, we have

1
[Ya] < Yo~ EXa| + [EXa| = [ty — EX,] + .
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Then, Ve > 0, we have
P{[X, —X| > e} =P{|V,| > &}

1
gIP’{|Yn—]EYn|+—28}
n

1
—p{lt-Eh 2 e~}

n
Var(Y,
< Lln)z By Chebyshev’s Inequality
(=)
62

=— 5 0, as n — oo,

Therefore we conclude that X, £> X.

As we mentioned previously, convergence in probability is stronger than convergence in distribution.

That is, if X, £> X then X, i X. However the converse is not necessarily true. To see this, let X1, X>,--- , X3
be a sequence of i.i.d Bernoulli(0.5) random variables, Let also X ~ Bernoulli(0.5) be independent from
the X;’s, then X,, — X, however X,, does not converge in probability to X since |X, — X| is in fact also a
Bernoulli(0.5) random variable and

P{|X,—X|>€}=0.5
. . . . d . .
A special case in which the converse true is when X;,, — ¢ where c is a constant. In this case convergence
in distribution implies convergence in probability.

Theorem

d . P
Theorem 46. If X, — c where c is a constant, then X, — c.

Proof. Suppose X, has distribution function Fy, then by definition we know that lim,,_, ;. Fx = c. Now
for any € > 0 we have

P{|X,—c|<e}=P{—e<X,—c<¢€}
=P{—e+c<X,<e+c}
= Fx,(e+¢)— Fy,(~€+¢)
=1

thus X, £> c. |
Corollary
Corollary 48. (D) X, Ly — X,—X L% 0,

QIf Xy, DX and X, 5 Y, then P{X =Y} = 1.
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Corollary

Corollary 49. If X, Px , then X,, — X, LY 0.

Corollary
Corollary 50. If X, = X and Y, 5> Y, then
P
X, +Y, B X4y
Theorem
Theorem 47. (Continuous Mapping Theorem)
Let X, 2 X and g is a continuous function defined on R, then g(X,) LA g(X).

Proof. |

Theorem

Theorem 48. If X, £> X, then X, £> X.

In general, the reverse of this theorem is not true!

Proof. |

Theorem

Theorem 49. (Slutsky’s Theorem)
FlXy— Y| 5 0and ¥, 5 Y, then X, 5 v.

Proof. [

Theorem

Theorem 50. (Cramer’s Theorem)
L P :
If X, — X,Y,, — c where c is a constant, then
(i): Xy £V, B X +¢;
(ii) : XYy 5 X if ¢ £ 0 and XY, 5> 0 if ¢ = 0;

X, L X
(iii) : 2 B 2 ife £ 0.
Y, c
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Example: Let X,X5,--- be a sequence of i.i.d random variables with common probability density func-

tion f(x) = ¢~ (=9) for x > 0 and = 0 otherwise. Let X, denote the sample mean given by X, = 1 Y X

“n
(a) Show that X, ite:

(b) Show that for any sequence Y1,Y>, - - ,¥, of random variables and a constant c, if ¥}, £> c,thenY, £> c;

(c) Show that min(Xy,Xp,---,X,) L.

Solution:

(a) : First we find EX, since those are i.i.d, they must have the same EX value:

EX = /+ooxfx(x)dx

o0
= / xe~ 0 gy
0

~+oo
~+oo
= —xe 7O _ / —e 0 gy
6

6
=0+1.

Then, we find out that what we want to show is just X, 2 Ex , to further prove this we consider for any
€ > 0, the term P{|X,, — EX| > €}, and by Chevbeshev’s inequality,

_ Var(X,
P{|X, —EX|> ¢} < %

B ,%Var(X)
e
_ Var(X) 1

> — —0,asn — +oo.
£ n

So we have proved that X, = 1+ 6.

(b) : By definition, ¥,, = ¢ implies lim,_, 1. Fy, = ¢ where c is a constant and Fy, is the distribution
function of the random variable Y,,, and we have

P{|Y,—c|<e}=P{—e<Y,—c<e}
=P{-e+c<Y,<e+c}

= Fy,(e +¢) = Fy,(—€+¢)
asnj>+oo1

Thus we have proved that Y, L.



112 LIMIT THEOREMS
(c) : Define Xy = min(Xy,X5,---,X,), then by definition,
+o0 n
PXo>x) = PX; >x,Xo >x,--- X, >x) = (/ e(te)dt)
X

—n(x—0)

=e ,ifx > 0.

Thus we have

e 00y >0

FYO(X):{O:xSG

fyo(x):{1:x§9

and the distribution function is

e =0) . x> 9

0:x<86
as n — oo, Fy,(x) — {1 *= 0 and hence we have Y, £> 0 where 0 is a constant, and thus by (b),
y>
Y, 5o
Example: Let X{,X5,---,X, be i.i.d random variables with common mean O and variance 1, suppose

Bs =EX 4 < +oo. Find the limiting distribution of the random variable

Y Xi
W, =vVn=——.
-1 X7
Solution: Note that 5x,
D YR
n
We define )
n n
U, — i=1Xi V., — L Xi
n \/;l yr'n n
Then, according to the properties of X;, we know that 4 = 0,6 = 1, and the Central Limit Theorem states
that " x
L Xl o)
c/\/n

If we define X = %Z?ZIXI-, then
Z?zlxi HY X Y—n‘u
=—= = — N(0,1
N vn o 1/y/n oyn (0.1)

So we have U, 5 N (0,1) by Central Limit Theorem.

Un:

Furthermore, if we define Y; — Xiz, then V,, =Y, and we know that
E(Y) = E(X?) = Var(X) 4+ (EX)> = 1, Var(Y) = E(X*) — (E(X?))? = B4 — 1 < +oo
And then we have

_ Vit tY,) 1¢&
EY,))=E{ ——— | ==Y EY,=EY =1
7)) ( . ) Ty
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and

1 Var(Y)

Var(Y,) = Var ( ZY) — Var(Y; +---+Y,) = ﬁnVar(Yi) =

So Chevbeshev’s inequality states that for any k > 0,

P{|Y, IEY|>k}<Var(2 )
nk(z) %—)Oasn—)—l—oo

So we have that Y, £> 1, and by Cramer’s theorem, we have

U
5 N(0,1).
Vi

Example: Let X;,--- be a sequence of i.i.d, U|0, 1] random variables, and define
Y, = min{Xy,--- . X, }

Then prove the following results separately:

(@) Y, 5 0;

(b) ¥, = 0;

(©) ¥, = 0;

@Y, 5 0forall > 1.
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