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1 Introduction to complex numbers

1.1 Basic definitions
Definition 1. The set of complex numbers, C, is defined by
C :={z + yi|z,y € R},
where i? = —1.
Like real numbers, C is equipped with basic operations. Let z = a + bi, w = ¢ + di, then
o z4+w=(a+bi)+ (c+di)=(a+c)+ (b+d)i,

o 2w = (a+ bi)(c+ di) = (ac — bd) + (bc + ad)i.

We have |z - w| = |z| - |w|. Verify it yourself.

Suppose (a,b) # (0,0), then the inverse of z is defined by

L1 1 (a=b) 1
2z a+bi (a+bi)a—bi) a2+b?

(a — bi).

The complex conjugate of z = a + bi is denoted by Z = a — bi, the norm of z = a + b is
defined by |z| = va? + b?, hence
z-z2=|z.

We may also represent a complex number using polar coordinates:
z=a+bi=r(cosf +isinb),
where r = va? + b%, 0 = arctan(b/a). We define arg(z) = 6.

Polar representation is useful when multiplying complex numbers. Suppose z; = 7(cos6; +
isinby), zo = ro(cosfy + isin ), then

21 Ry = TlT’Q(COS 01 + 2 sin 01)(005 6)2 + 7sin 92)
= 71Ty ((cos 01 cos Oy — sin 0y sin 6y) + i(sin O cos O + cos Oy sin 92)>
=779 ( cos(by + 03) + isin(6; + 02)>.

That is, we have
arg(z1 - 22) = arg(z1) - arg(za).
Theorem 1. cosf + isinf = .
When 6 = 7, then we have the famous Euler’s formula:
em+1=0.

The number e ~ 2.7182818 - - - is an irrational number defined through the limit

1\N
e:]\}l_rgo<1+N> .
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One can also show that

= i 1 LYY
@ = {1y

Nx
= lim (1 -+ N) by Monotone convergence theorem,

N—oo

N
= lim (1 + %) by Bernoulli inequality.

n—oo
NN
i - 10
=1 14+ — .
= (14 %)

As N — oo, small angle approximation yields

1+ii’\“ Q + ¢sin ﬁ
N~cos - S N )
1+'0 NN CoS i + 4 si i :
ZN ~ N 7sin N )

1.2 Fundamental theorem of algebra

Hence we have

Theorem 2. If f(z) = a 2"+ --+a12+ag s a polynomial with complez coefficients, then 3z € C
such that f(z) = 0.

First proof. If |z] >> 0,|z| = R > 1, then |a,z"| = |a,| - R",

lap_ 12" 14 arz +ao] < |ap_1| - R4 -+ |ag] - R+ aol
< R (lao] + |aa| 4 -+ - + |an-a).

Let 2 be a point inside the open disc |z| = R such that |f(zo)| is minimized. By transforming z,
to 0, we may assume |f(0)| is the minimum, and |f(0)| = |ag|. Now suppose after transformation,
the polynomial is

f(2) = ao+ axz" + - + a2 = a0 + a2 (1 + ap12 + -~ + a,2" )

1/k
where ay, is the first non-zero coefficients. Choose z = (—g—2> ¢ for some small € > 0, then

f(z) :ao_aoek (1+%Z+...+a_’”‘zn—k)
ak ak_
~ ap(1l — ek),

which implies |f(2)| < |f(0)], a contradiction to the minimality of |f(0)], unless ag = 0. Hence in
original polynomial f(z9) = 0, which is a root. O

Topological proof. Wlog, suppose f(z) = 2"+ a,_ 12" ' + -+ + a2+ ap. When |z| is large, f(z) is
dominated by 2", and

1f(2) = 2" = |an_12" "+ -+ a1z +agl < O |2]" 1,
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where C' is some constant not depending on z. Let |z| = R be the circle with radius R, then z"
is the circle with radius R" and winding n times. The remaining term a,_ 12" + --- + ao will
perturbate around 2" = R". When R = 0, the path is concentrated around aqy. For some R, the
path must cross 0, indicating a root. O

Using Liouville’s theorem. We claim that any bounded differentiable function f : C — C is con-
stant (Liouville’s theorem). Suppose p(z) € C[z] is a polynomial with no roots, then let f(z) = %,

then
d 1 7@
dzp(z)  p*(2)’
and by Liouville’s theorem, f(z) is a constant, so is p(z). O

1.3 Topological structures of C

Definition 2. A sequence of complex numbers {z,} C C is said to converge to z € C, if Ve > 0,
AN € N, such that d(z,,z) < € for alln > N.

The distance is the norm of the difference: d(z,,z) = |z, — 2|, since C is a metric space.
Definition 3. A sequence {z,} C C is Cauchy, ifVe > 0,3AN C N, such that |zp—2z| < €,Vk,l > N.

Note that C is complete, meaning every Cauchy sequence in C converges.
Definition 4. We define the following sets in C:

e The open disc with radius r centered at zy: D,(z) = {z € C, |z — 20| < 1}.

e The closed disc with radius v centered at zy: D,(20) := {2z € C, |z — 2| < r}.

e The boundary of a closed disc: Cy(z) :=={z € C, |z — 2| =1}.

For special notation, the unit disc is denoted by D := D;(0).

Definition 5. Given 2 C C, a point zg € Q is an interior point if Ir > 0, such that D,(z9) C Q.
A set Q C C is open, if Vz € Q, z is an interior point. A set Q C C is closed if its compliment,
Q, is open.

The collection of all open sets in C, {U;} forms a topology on C, i.e.,

e &, C are open,;

n

° ﬂZ/{i is open. We say it is closed under finite intersection;
i=1

. UZ/{Z- is open. We say it is closed under arbitrary union.
T

Definition 6. A point z € C is a limit point for Q C C, if there ezists a sequence {z,} C €2, and
lim z, = z.

n—o0

Proposition 1. If Q is closed, then every limit point of Q lies in Q.

4



Proof. Let z € C,z = lim,, o 2, where 2, € ). Suppose z ¢ Q, then z € Q open, so 3r > 0, such
that D,(z) C Q. But choose € < r, we get a contradiction. ]

Definition 7. Given Q C C, define Int(Q) as the set of interior points of ), ) is defined as the
closure of €1, which is the set of limit points of Q2. We have

Int(Q) c Qc Q.
Finally, the boundary of Q, denote as 09, is defined by 92 := Q — Int(Q).
Definition 8. A set 2 C C is bounded, if AR > 0, such that @ C Dg(0).
Definition 9. A set Q) C C is compact, if it is both closed and bounded.

Here definition 9 is not rigorous. The formal definition of compactness says that a set is compact
if every open cover has a finite subcover. We use the Heine-Borel theorem to conclude Q2 C R" is
compact iff it is closed and bounded, and use R? ~ C.

Definition 10. A set Q2 C C is sequentially compact, if every sequence {z,} C C has a convergent
subsequence.

Proposition 2. If a set Q) C C is compact, then ) is sequentially compact.

Proof. Since €2 is compact, every open cover has a finite subcover. For each &k > 1,k € N, consider
the families of open covers defined by {By-«(w),w € Q}. Then, for each k, we have a finite
collection of complex numbers wy, , - - - , Wk,,, such that

mg

Q C UB27I€(U)]€Z>
i=1

Let {z,} C Q be any sequence. When k = 1, {2 is covered by a finitely many balls of radius 1/2.

At least one of those balls contains infinitely many terms in {z,}, so let z}ﬁ’ C z, be a subsequence

such that 2" € Bijs(+), i.e., all terms in {zr(lll)} lie in the same ball with radius 1/2. Using the

. . k k+1 k
induction idea, suppose we have {zflk)} chosen, then we can construct a subsequence zfzk +1) C zy(Lk),

k+1)

such that all terms of zquﬂ ) lie in the same ball with radius 2-*+9. Now define Yk = z,ik), by our

construction for all k, when m > k y,, € By-«(+). Hence
Y — Yn| <2-27% =0, Vm,n>k.
Hence we conclude {y;} is Cauchy. Since C is complete, so denote
li = .
Jim =

Finally since €2 is closed and bounded, y € 2. Hence every sequence has a convergent subse-
quence. ]

Definition 11. A set Q2 C C is connected, if () cannot be written as the union of open sets. 2 C C
18 called a region if it is open and connected.



2 Holomorphic functions

2.1 Cauchy-Riemann equations

Definition 12. A function f(z) : C — C is holomorphic if it has a well defined derivative, i.e.,
o FER) - f(2)

h—0 h

exists and 1s well defined.

Let f(z) = f(z +iy) = u(z,y) + iv(z,y), and suppose [ is holomorphic. We compute the
derivative f’(z) in two ways: First, let h € R:

fz+h) = () u(x +h,y) +w(z+hy) —uz,y) —wz,y)

i h = h
— lim u(z + h,y) —u(z,y) i lim v(x + h,y) —v(z,y)
h—0 h h—0
ou . Ov
= o tin. (2.1)
Second, let h € R:
lim f(Z + Zh) - f(Z) — lim U(I, ) + Zh) + “)(Ia ) + Zh) - U(l’,y) - Z?J((L',y)
h—0 ih h—0 th
— lim u(z,y + zh) —u(z,y) i lim v(zr,y + Zh) —v(z,y)
h—0 th h—0 ih
10u Ov
_1ou  ov 2.2
i Oy + oy (2:2)
Since f is holomophic, by (2.1) and (2.2), we have the Cauchy-Riemann equation:
bu_ov ou__ou) 23
oxr 0Oy Oz dy

If f=(u,v):R?— R? the Jacobian of f is defined as

ou o
ox dy _

Jp= @3 (Z b), a,beR.
ox oy

Note that if we let z = a + bi and define a map T by w — (a + bi)w where w € C. Take the
basis of C as (1,0), (0,4), then the transformation matrix is given by

T(w) = <Z _ab) w.

Think of z = cos# + isin #, we hence have the transformation matrix:
cos) —sind
sinf)  cosf@ )’

which is the counter-clockwise rotation by 6.



Theorem 3. If a function f(z) : C — C satisfies the Cauchy-Riemann equation, then f(z) is
holomorphic.

Proof. Let h = hy + ihs, f(2) = u(z,y) + iv(z,y). By linear approximation, we have

0 0
(e by he) = ula,y) 5ok ok A (B), (24)
where 91(h) — 0 as h — 0. Likewise,
(2 4 h1,y + ha) = v( )+a—vh +@h + [|A]] - o (h) (2.5)
vr LY 2) = UL, Y or By 2 2\/t), .

where 5(h) — 0 as h — 0. Then combine (2.4) and (2.5) and use Cauchy-Riemann equation, we
have

0 0
Pt = 1)+ (G =i ) G iha) + I w()
where 9(h) — 0 as b — 0, hence f'(z) exists. O

2.2 Examples of holomorphic functions

We investigate some holomorphic functions:

D f(z) = z". We have that

lim fz+h)— f(2)  lim (z+h)"—=z
h—0 h h—0
_ hm Z:O (Z) ankhk
h—0 h
= }lg% nz""t 4 (Z) ha""2 4. 4 !
=nz"!

We have f(z) = nz""1.
@) If f(z),9(z) are holomorphic, then so is
Af(2) + A2g(z), A A €C,

and
(A f(2) + A2g(2)) = Af(2) + Aag'(2).
Based on this property, f(z) € Clz] is holomorphic.

(3) Power series: A power series is an infinite sum

o0
E az", a, € C,
n=0



we say the series converges at zg € C if
N

hm a Zn eXiStS.
n<Q
N—o0

n=0

We will see later that, if the power series converges absolutely in 2 C C, then it defines a
holomorphic function.

@ A function that is not holomorphic: f(z) = z. Derivative differ if you approach from real
and imaginary axis.

2.3 Power series

As we have shown, polynomials are holomorphic. Indeed, holomorphic functions form a ring.

Definition 13. A power series is a formal expression of the form
a,z", a, € C.
n=0
If z € C, we say that the series Y an,z™ converges if
N

lim E anz" converges.
N—o00 o
n=

We say > a,2" converges absolutely, if

o0
Z la,| - |2"| converges.

n=1
Theorem 4. If > a,2z" convergence absolutely, then Y a,z" converges.

Proof. Note that for sufficiently large IV,

[e.9]

E anz"”
n=N

o
<) a2 < e
n=N
O

Theorem 5. Given a power series Y a,z", 30 < R < oo, such that the following properties hold:
(i) If |z| < R, then ) a,z" converges absolutely;
(i1) If |z| > R, then > anz™ diverges.
Furthermore, L = + = limsup |a,|"/"

Proof. Let L = 4, suppose |z| < R, then Je > 0, such that r := (L +¢)-|2| < LR < 1, and IN

such that L + ¢ > |a,|'/", Vn > N. Hence

. R 1is called the radius of convergence.

]an|1/” el < (L+e€) |z <1 = |ay| - |2]" <™.

Hence Y |an|-|z|" converges by comparing test with > 7™ r < 1. On the other hand, if |z| > R,

then there are infinitely many n for which |a,|"/" > + — €, 50
lan|Y 2| > 1 = an| - |2|* > ",
and Y |a,| - |z]" diverges by comparing test. O



Example 1. Consider the radius of convergence for the following series:

(i) D nlz", R=0.
(i) Y- %, R = oo.
(i) 322", R=1.

Theorem 6. A power series f(z) = > a,z™ admits a derivative on its disc of convergence, and
f'(2) = > na,z""' with the same radius of convergence.

Proof. Let f(z) =Y 07 a,z", g(z) = > oo yna,z""*, and write

N o
f(z) = Z anz" + Z anz" .
n=0

n=N+1

Sn(z) En(z)

Fix zp € DR(O),

f(z0) + 1) — f(20) Sn(z0 + h) — Sn(20) En(20 + h) — En(20)

A - 9(20)| = A — Sy (20) + Sy (20) — 9(20) + A
< |A|+[B] +C],
where
S h)—S
4 = (BN g (o),
En(z0+ h) — En(z
11 = Si(z0) — a(z0)l, [0] = | ¥R Evlao))
Note that Ve > 0, 3Ny, such that
1Sy (20) — g(20)| = Z na,z"| < €,VYN > Ny, (2.6)
n=N
and moreover
En (20 + h})l — En(20) < i ] - (20 + h}zn il
n=N-+1
_ i 0] - h(zo+h)" " +20(z0+h)" 2+ +27)
n=N+1 h
< Z lan| - n- R
n=N-+1
Hence dN,, such that
EN(ZO + h]z - EN<Z()) < G,VN > N2




Note that 3§, such that V|h| < ¢, |A| < € by the definition of derivative. Hence take N >
max{ Ny, Ny}, one have
f(z0+ h) — f(20)
h

—g(z0)| < 3e.

Corollary 1. f(2) =Y a,z" € C>*(Dg(0)).
More generally, we write _ a,(z — 2z9)™ converges for z € Dg(zp).

Definition 14. A function f : Q2 — C, where € is a region, is analytic, if it admits a power series
on Dg(zy) for all zy € Q.

We shall see that, f is holomorphic <= f is analytic.

3 Complex integrals

3.1 Integration along curves

Definition 15. A parametrized curve is a function 7 : [0,1] — C, where v is differentiable with
continuous non-zero derivative.

Definition 16. 2 parametrization v1,7vs : [0,1] — C are equivalent if Is : [0,1] — [0,1] smooth,
s(0) = 0,s(1) =1, such that yo = 7, 0 s.

Definition 17. If v is a parametrized curve, then

[ = | Fa(1) A (D)t

The complex line integral has the following properties:

(D Linearity: If f,g: C — C and v is a curve, a,b € C constant, then

lqﬂ+@:alf+blg

@) If v: [0,1] = C, define y~!(¢) = (1 —t), then

Aﬂ@@:-lﬁ@w.

(3 Invariance about parametrization: Suppose 7,7 : [0,1] — C are two smooth curves such

that v(0) = +/(0);7(1) = +/(1), then
/f(z)dz = //f(z)dz.

10



Proof. Suppose () : [0,1] — C and 7(s) : [0,1] — C are two parameterizations with same end
points, and we assume that 7(s) = vy(¢(s)). We have that

[ sterts= [ 1656 F 0
- / ) T (s

@

Proof. We have that

1

0

— sup |z I/Iv (1))t

3.2 Cauchy’s theorem

Definition 18. A function f : C — C has a primitive,, if there exists a holomorphic function F,
such that f(z) = F'(2).

Theorem 7 (Fundamental theorem of calculus). If f(z) has a primitive, let v be a curve such

that v(1) = Q,~v(0) = P, then
[ 1)z = @ - FP),

11



Proof.

' d
= —F(~(t))dt
Fo
= F(y(1)) = F(7(0))
O
Definition 19. A curve v is closed, if v(0) = ~v(1).
Corollary 2. If f(z) has a primitive and vy is closed, then
/f(z)dz = 0.
gl
Proof. This proof is trivial. O

Theorem 8 (Cauchy’s theorem). If v is a closed curve contained in Q) C C, where Int(vy) C 2 as
well. Suppose f(z) is holomprphic on ), then

éf&ﬂz:O

In Cauchy’s theorem, we do not assume any primitive on f! We need to establish some key
ideas and definitions first. We first define piecewise smooth curves.

Definition 20. A curve v is piecewise smooth, if Ity < t; < --- < t, such that v is smooth on
each (tj,tj41). In this case,

[ == [ /) FO0) -7 (W),

Lemma 1 (Goursat’s lemma). Let T' C C be the boundary of a closed triangle, T be the region
bounded by T. Suppose f(z) is holomorphic on Q 2O T, then

/T F(2)dz = 0.

Proof. We may decompose T into four parts by connecting the midpoints on each side (as in shown
in the figure).



We denote Ti,T5, T3, Ty as the boundaries of the new triangles and Ty, Ts, T3, T4 be the corre-
sponding interiors. It is easy to see that

| sz = (/T+/T+/T+/T) F(2)dz

f(z)dz

IN

+ f(z)dz| + f(z)dz| + f(2)dz
Ty T3 Ty

<4. f(2)dz

T(1)

’

where T(1) denotes the largest triangle among Ty, T, T3, Ty. We may repeat this process (the right
figure) and get a nested triangles T 2 T D T?) D ... and limy 0 (A, T™ := {2} C C, and

/Tf(z)dz

Since f(z) is holomorphic at z; € €2, then

f(2) = f(20) + f'(20) - (2 — 20) + €(2) (2 — 20),

where €(z) — 0 as z — zo. Then

[ s

<4n. ‘ f(2)dz
T(n)

= | [, G0+ FG0) - (2 = 20+ e(2) (= = z0)d

= /T(n) €(2)(z — z0)dz

< [ el -1z - zlds
T(n)

<suple(2)| - [ o= aaldz
z T(n)

, since f'(z) has a primitive

< € / diam(7™)dz
T(n)

1 1
<€ 2—nlength(T) - —diam(T).

2n
/ f(2)dz
T7n)

/Tf(z)dz

for all n > 1. O

Hence

< 47" . ¢, - diam(T) - length(T),

and it implies that

< €, - diam(T") - length(7),
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Corollary 3. If P is a closed polygon and f is holomorphic on Q O P, then

/P f(z)dz = 0.

Proof. The proof is trivial, subdivide the polygon into triangles. ]

Theorem 9. If f(z2) is holomorphic on a disc Dg(z), then there exists a function F(z) defined
on Dr(z) such that F'(z) = f(2).

Proof. Let (2o, z) be the straight line from 2 to z, consider

then
F(2) = lim L& = /()

h—0 h

= lim f7(2072+h) f(w)dw — ‘['Y(ZO,Z) f(w)dw
h—0 h

B }lzin(l) fW( 7 +h)h ( ) , by Goursat’s lemma.
—

Now

[ fwdo= [ p@ ) - w) +ew) - w)de
~v(z,z2+h) ¥(z,2+h)
= / f(z) + g(w) - (2 — w)dw, where g is bounded as z — w.
v(2,24h)
—nef@+ [ glw) (- wide
v(z,2+h)

éh-f(2)+/ 9(w)] - |2 — wldw

v(z,2+h)

< h- f(z) + ClA|*.

Hence F b — F(2)
. z+h)—F(z
i h =)
O
Theorem 10. If f is holomorphic in a disc ) and 7y is a closed path in €2, then
/ f(z)dz = 0.
.
Proof. By the previous theorem, it is trivial. O]

14



3.3 An application to Cauchy’s theorem: The Fourier transform

Counsider the Gaussian function
flx)=eT",
. . oo
it is easy to see that [ f(z)dz = 1.

Definition 21. The Fourier transform of a function f(x) is given by
O = [ 1) e

Theorem 11. If f(z) = ™, then f/(t\) — e,

Proof. Consider f(z) as a function of a complex variable f(z) = e ™, let vz be the following
contour:

O | 1t

Let vgp = v1 + 72 + 3 + 4. By Cauchy’s theorem,
</ +/ +/ +/)e—”2dz=o.
71 72 73 Y4

R
/ f(z)dz = / e ™ dr — 1, as R — .
71 -R

Note that

Let 72 : [0,t] = C, z — R + iw, we then have

t
/f(z)dz = /e"r(RHw)Qidw
V2 0

t
_ 2 2 I, .
— le TR / e e 2”1szdw
0

t

_rR2 2
<e TR / e dw,
0

lim [ f(z)dz=0,
R—00
72

hence

15



and same idea applies for ~v,. Finally

2 R 12
/ e ™y = / e—ﬂ(w-i-zt) dw
3 R

hence

—

Jim / S(ez = = )

16
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