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First-Order Linear PDEs

In this section, we will dive into some basic and elementary structures of partial differential equations.
Throughout the section, consider u(xy,---,x,) as a multivariate function, uy,,--- ,uy, as its first order
partial derivatives, and uy,; - -+ as second order partial derivatives and so on.

1.1 Constant Coefficient Linear PDEs

In this part, let u(x,y) : U C R2 5 R, a,b € R not both zero, and we are interested in the PDE of the form

‘aux+buy:O

A very intuitive example is u(x,y) = bx — ay, where u, = b,u, = —a and au, + bu, = ab — ab = 0. But
in general how can we solve it? We will give two methods.
1.1.1 Geometric Method Via Directional Derivative

When we have a multivariate function (in our example it suffices to illustrate with 2 variables) z = u(x,y),
the two partial derivatives are defined by

Definition

Definition 1. Let z = u(x,y) be a multivariate function, then the partial derivatives uy, uy at (xo,Yo)
are defined as
u(xo + Ax, yo) — u(xo,y0)

= i
M= oo Ax
Avy) —
5= i u(xo, yo +Ay) — u(x0,0)
Ay—0 Ay

Just like normal derivative with one variable, the partial derivatives u,,u, are the rate of change along
the x,y axis respectively. We may further extend this idea to any direction, say the “partial derivative”
or the “rate of change” along the line y = x, y = 2x — 3 (a linear combination of x,y coordinates) etc.
That’s where we introduce directional derivatives. So we may then define the directional derivative along
a vector v= (a,b):

Definition

Definition 2. The directional derivative of u(x,y) at (xo,yo) along =(a,b) is given by

h hb) —
Dvu<xo,y0) = %E}Tg) M(XO + a, Yo +h ) M()CO,yO)

and we can easily see that u,u, is just the special case when v = (1,0), (0, 1) respectively. Below is a
figure to illustrate directional derivative geometrically:



T P(xy, Yo, Z0)
\ /

Figure 1: The directional derivative at (xo,o,z0) of the function z = u(x,y). It can be viewed as the slope
of tangent line of the curve obtained by slicing the function with a vertical plane that passes through the
direction of the directional derivative. (Credit: James-Stewart Calculus, early transcendentals, Eighth
Edition, Page 946)

Theorem

Theorem 1. The directional derivative of u(x,y) along v = (a,b) can be computed by
Dvu(x7y) = ux(x7y) “a+ ”y(xa)’) b

The proof of this theorem can be done by using Chain rule and hence the readers are encouraged to try it
themselves.

After knowing some directional derivatives, we go back to the equation a - uy +b - uy, = 0, we realized this
means the directional derivative of u(x,y) along v = (a,b) is equal to zero, meaning u(x,y) is constant
along v. The line equation of v can be expressed by bx — ay = 0, and the set of lines parallel to v has the
general form of bx —ay = C, where C € R. They are called the characteristic lines, and on each of those
lines Dyu(x,y) is a constant and the entire plane R? is generated by the set of all characteristic lines. So
we see that in this case u(x,y) only depends on bx — ay, i.e which characteristic line it belongs to, and
hence the general solution to au, + buy = 0 is

u(x,y) = f(bx—ay)

where f is a function of one variable, and the exact f may be obtained once extra conditions are given.
To verify the correctness of (1.6), we two partial derivatives:

uy = bf'(bx— ay),uy = —af’ (bx — ay)
and hence auy + buy, = abf’(bx —ay) —abf'(bx — ay) = 0.




Example

Example 1. Solve the PDE 4u, — 3u, = 0 with auxiliary condition u(0,y) = y*.

Solution 1. It is first easy to see that u(x,y) = f(—3x — 4y) is the general solution, where —3x —4y =
C is the characteristic line. Then plugging in the auxiliary condition, y*> = u(0,y) = f(—4y) we get
f(—4y) =y? and by a change of variable we see that f(t) = —t3 /64. So we have u(x,y) = f(—3x—4y) =
(—3x—4y)3/64.

Example

Example 2. Solve the PDE xu, + yu, = 0.

Solution 2. We notice that the directional derivatives along (x,y) is constant zero, and we have

dy 'y

dx  x

which brings us to a separable differential equation and we have

1 1
/—dy:/—dx—l—C
y X

and we have In|y| — In|x| = C, which is the characteristic curve of the PDE, and given any function g
defined through g(In|y| — In|x|) will be a solution.

1.1.2 Change of Variable Method

Now we present a different method using change of variables. Imagine using the direction of v = (a,b)
as our new coordinates x’ and v as y’. Then we can verify that

X =ax+by y =bx—ay

and hence we have the relation that

_axX' +by b —ay
= YT awr
and by Chain rule, we get
du dx Jdu dy
ux:ﬁ$+a_)/$ :aux/+buy/
du dx du 9y
l/ty:ﬁa—y—f—a—y/a—y :bux/—auy/

so we have
auy +buy = a(auy + buy) + b(buy — auy) = (a* + b*)uy

and we obtain a new equation (a” 4 b*)u, = 0, which indicates the solution u(x,y) is independent of x’
and hence we have u(x',y") = f(y') = f(bx — ay). Note that this is the exact same answer we get using
the directional derivative method.



Then, we are interested in a more general form

auyx +buy, = f(x,y)

for a given function f(x,y). If f reduces to zero then it is the case in section 1.1.1.

Theorem

Theorem 2. The solution to (1.13) is given by
(53) = s [ S5 +g(bx—a)
ux,y) = — s X —a
Yy i 8 Y
where L is the characteristic line segment from y axis to (x,y).

Proof. We will again use the change of variable method, using the change of variables discussed in (1.8),
and the relations stated in (1.9);(1.10);(1.11), we have

ax’ +by bx' —ay
alauy + buty) + b(buy — auy) :f( a2 +b*’ a®+b? )

which simplifies to

Uy

1 ax' +by bx' —ay
a2 +b? a’?+b?’ a2+ b?
hence integrate 1.16 with respect to x’ gives

1 ar+by br—ay
/ / — . d /
u(x',y') LLa”+W J‘<612_+192,612_1L[92 r+g(y)

and we now use the original coordinates and we have

u(x,y) :/ax ! <“r+b(bx_a)’) br —a(bx — ay)

) dr+ g(bx—ay)

Ly @D N
by a simple change of variable s = ;, we have
a’+b?
(x.y) 1 b*x+a(Va? +b%s — by) a*y+b(vVa*+b%s — ax) ds+g(b )
u = — s X —a
VT e 21 | e s
a“+b
(1.1)
and denoted by
1
ux,y) = —— ds+g(bx—a
(x,y) ¢$¢ﬁzf 8(bx —ay)
and as we can see L is the line segment from y axis to the point (x,y).
|

Example

Example 3. Solve the PDE u, +u, = 1.



Solution 3. We follow the result of theorem 2, we have f(x,y) = 1,a = b = 1, then we plug these values
into (1.20), we have

1

u(x,y)z—/ ds+g(x—y)
V2 )2y
x+y

= ge)
and we get
1 1
we=5+gx—y)  y=5-gkx-y)

where g(x —y) is an arbitrary single variable function that depends through x —y, and notice that u, +
uy = 1 which means the solution is valid.

Example

Example 4. Solve the PDE u, + u, = xy.

Solution 4. In this example, we have f(x,y) = xy,a=Db =1 and (1.20) gives us

() () e

M()C,y) -
V2 /) 2
1 252 — (x—y)?
= —= —ds-l—g(x,y)
V2 )y 4
253 —3s(x—y)?
= x=y) +8(x—y)
12 x+y
=
x+y) (x> +y* —4xy
G223 e L I

hence we get the general solution to the original PDE:

X X2 2— X
u(x’y):_( +y)( lﬂ;y 4y)+g<x_y)

where g(x — ) is an arbitrary single valued function which depends through x —y. To verify, note that
we have

1
ux:—E<x2—|—y2—4xy+(x+Y)(2x_4Y)> +g/(x_y)
1 2 2 /
— Z(—x +y +2xy> +g(x—y) (12)
and similarly
1
Uy = —E<x2+y2—4xy+(x+Y)(2y_4x)> _g/('x_y>

1
:Z(xz—yz—i—ny) —g(x—y) (1.3)



where

1
Uy +uty = Z(—x2+y2+2xy+x2—y2+2xy> +&(x—y) — ¢ (x—y)

~ . (1.4)

1.2 Nonhomogeneous Problem and Method of Characteristics

We now generalize the idea of transport equation into R”. Suppose x,b € R", ¢ € (0,00) and Du is the
gradient of u with respect to x;, then consider the problem

u+b-Du=f inR"x(0,00)
u=g on R" x {t =0}

To solve this, we inspired by the homogeneous problem, suppose we set z(s) := u(x+sb,t+s) for s € R,
then differentiating z will yield

2(s) =b-Du(x+sb,t +5) +u(x+sb,t +5) = f(x+sb,t+5)

then we notice that u(x,7) = u(x+0b,t +0) = z(0) and u(x —tb,t —s) = u(x —tb,0) = g(x —tb) = z(—1),
so we have

0
u@¢>—gu-¢m::doy—a—gzz/;agds
0

= | f(x+sb,t+s)ds
—t

= /0 f(x+(s—1t)b,s)ds

hence, we have the general solution given by
t
MLﬂ:g@—w}ﬁ/f@+@—ﬂh@ﬂ
0

Example

Example 5. Solve the PDE u; +u, = 1 with u(x,0) = x°.

Solution 5. In this case observe that f = 1, g = x%, Du = u,,b = 1, so by the formula we proposed, we
have .
u(x,t) = (x—t)2+/ lds = x> — 2xt +1> +1.
0
It is easy to see that the function above solves the PDE.

We now study a more general form: F(Du,u,x) =0 in U subject to the boundary condition u = g on I'
where I’ C JU, g:T"— R, also F,g € C*. So what is the method of characteristics? Well we pick x € U,
and then another xo € I'. Since we already know on I', u = g so we are able to compute the value at xj.
Then we try to connect xg,x by some nice curve u that solves the PDE.



Suppose such a curve which is described parametrically by x(s) = (x!(s),---,x"(s)) where s € R is
our parameter. We assume u € C? solves the PDE F(Du,u,x) = 0 and let z(s) = u(x(s)), as well as
p(s) := Du(x(s)) where p'(s) = uy,(x(s)). In our set up, z gives the values along the curve, p gives the
values of the gradient Du. Note that

PS) = L) = Y g (x(5)))

also we differentiate F (Du, u,x) = 0 with respect to x':

Z apj (Duty, x )ty jx; + %—Z(Du,u,x)uxi + g—i:(Du,u,x) =0
set 3
#(5) = 5 (0(6),2(0),x(5)
then we evaluate (1.40) at x = x(s), we have
3, 5y )05t (561 + 5 015) 260 X6 6) + 5L 00505 x(9) =0

so now use the expression above and (1.41), substitute back into (1,39) will give us

(5) = =5 (06),205):x(6)) — 5 (p(5)26) X))

Definition

Definition 3. We define the following systems of ODEs as the characteristic equations of the PDE
F(Du,u,x) = 0:

P(s) = —DxF(p(s),2(s),X(s)) = DF(p(s),2(s),X(s))p(s)
Us) = DpF(p(s),2(s),x(s)) -p(s)
X(s) = DpF(p(s),z(s),x(s))

Expression above looks a little bit cursed, but let us consider a simple example:
a(x,y)ux +b(x,y)uy = c(x,y)u+d(x,y)

for function u(x,y). Then the characteristic curve will be

x(s) = a(x(s),y(s))
Y(s) = b(x(s),5(s))
2(s) = c(x(s),¥(s))z+d(x(s),y(s))



Example

Example 6. Solve the PDE —yu, + xu, = u with boundary condition u(x,0) = g(x).

Solution 6. It is easy to see that X(s) = —y,y(s) = x,z(s) = z. We first solve the system of ODEs with x,y:

{x =y _ {x = cpcos(s) — ¢y sin(s)

y=x y = cjcos(s) + cp sin(s)

Let x(0) = x0,y(0) = 0, then x(s) = xpcos(s),y(s) = xosin(s). Furthermore solve for z we have z(s) =
c3e®. With initial condition, z(0) = g(xo) so we have z(s) = g(xo)e’. Now given (x,y) we need to solve for

xo and s such that they passes through the characteristics, we solve x = xycos(s),y = xosin(s) and hence

x3 = x* +y%,5 = arctan(y/x) and hence we obtain

u(x,y) = g(xO)eS — g( /2 _}_y2>earctan(y/x).
Example

Example 7. Solve the PDE uy +uy, +u = &2 with boundary condition u(x,0) = 0.

Solution 7. We first note that x(s) = 1,y(s) = 1 and 7(s) = —1 4 &2, first solve the system of ODEs
with x,y, we obtain

x(s)=1 x(s)=s+c

o) =1 _ [x)=sta

¥(s)=1 y(s) =s+c
for some constant cy,cy € R. We now plug in the initial condition, we know that x(0) = xo,y(0) =0 (we
make it this way so the point lie on the “boundary” where we know u = g), hence we have

x(s) =s+x0 y(s)=s

with this information, we substitute x,y by s into z and have #(s) = —z(s) + €310, which is an ODE that
can be solved by using integrating factors. Note that

uw =exo( [1as) 29 = ([ uermasc)

1 C
Z(S) = ZexO+3S + ;,C eR

and we hence have

with initial condition z(0) = 0, we have

_1 xo+3s 1 X0—S
z(s) = 2 2

we then use (1.51) to obtain x, s in terms of x,y, where s = y,xy) = x —y, hence we have

1
u(xy) = 7 (e =),

10



The above two examples motivate us to further investigate (1.45) and derive a more specific formula for
different type of PDEs:

Linear PDEs: The first case we consider is when F(Du, u,x) is linear and homogeneous, which means
it takes the form
b(x(s)) - Du+c(x)u =0

and it suggests that we have F(p,z,x) = b(x(s)) - p(s) + c(x(s))z(s), where we have D,F = b(x) and then
by (1.45)

%(s) = DpF =b(x(s))  (s) = DyF - pls) = bl(x(s)) - p(s)
also note that we have F(p,x,z) = b(x) - p(s) + ¢(x)z(s) = 0 hence we further have the expression
2(s) = —c(x(s))z(s)
so in summary we have
{x<s> = b(x(s))
2(s) = —c(x(s))z(s)
as our parametrization and from this point we can easily see the parametrization we get in example 4 and

5.

Quasi-linear PDEs: We now consider the PDE of the form

0

F(Du,u,x) = b(x,u(x)) - Du+ c(x,u(x))

and we now have the parametrization F(p,x,z) = b(x,z) - p+¢(x,z) = 0, and from here we have D,F =
b(x(s),z(s)) so x(s) = b(x(s),z(s)), and z(s) = b(x(s),z(s)) - p(s). We finally use the fact that b(x,z) - p+
c(x,z) = 0 to conclude z(s) = —c(x(s),z(s)) so im summary we have

{x(s) = b(x(s),z(s))
= —c(x(s),z(s))

Example

Example 8. Solve the PDE u, + uy = u* with boundary condition u(x,0) = g.

Solution 8. We first see that x = 1,y = 1 so we have the solution
x(s) =s4+c
y(s)=s+c

with the boundary condition, we let xy be the point on g such that our parametrization yields x(0) =
x0,y(0) = 0 and hence we have

{x(s) =s5+x0
y(s)=s

Now for z we have z = 7%, which now turns into a separable ODE and we have

1 1
—dz= [ lds+C — —— =s+C
22 Z

11



take s = 0, and let g(xo) = zo, then we have —% = C hence then we solve for z and we get

20 g(xo)
2(s) = 1—sz0 1—sg(x0)

Note that in (1.63) our parametrization will yield s = y;xo = x —y so we substitute into (1.65) and we get

glx—y)

uxy) = 1—y-gx—y)

as the solution to the PDE, where g is any function depend through x —y. But notice that the solution
only makes sense only if 1 —yg(x—y) # 0.

12



Wave Equations

2.1 Interpretations and Derivations

Suppose U C R" is open, and we define a function u(x,z) : U x [0,0) — R where x € U and ¢ is the time
variable.

Definition
Definition 4. The wave equation is defined by
Usr — Au=20

where A is the Laplacian operator.

We first provide some physical interpretations to the wave equation. Suppose we have a smooth subregion
V C U, and we consider the acceleration within V. The interpretation is easier for n = 1,2 or 3. Let u(x,?)
be the displacement in some direction of the point x at time ¢ > 0, and the acceleration within V' is then

d2
— [ udx= / Usrdx
dr? /V v

while the net force defined on dV is given by

—/ F-vdS
oV

where F is the force acting on V through dV, v is the outward normal unit vector, then by Newton’s

second law,
/uttdx:—/ F-vdS
1% ov

where we take the mass of the object to be unit mass, and further this identity obtains for all subregion
V so we further have u,, = —divF. Further for elastic bodies F is a function of the displacement gradient
Du, hence we have the system

uyy = divF(Du) =0

and for small vibrations we use the approximation formula F(Du) = —aDu so we have u;; —aAu = 0 and
wave equation is the case when a = 1.

2.2 d’Alembert’s Formula

We first focus on the initial value problem for u(x,#) defined on R x (0,c0). Consider the system

Mtt—uxx:O in R x (0,00)
u=gu=h onRx{t=0}

13



Theorem

Theorem 3. The general solution to the wave equation u;; = c2uy, takes the form
u(x,t) = f(x+ct)+gx—ct)

through some functions f,g.

Proof. By direct computation, we have
ue=f(x+ct)+g(x—ct),u=f'(x+ct)+ g (x—ct)

and

wy=f'(x4ct)-c+gx—ct)-(—=c),uy = A f"(x+ct) +c*g" (x—ct)

and the results follows trivially. |

Theorem

Theorem 4 (d’ Alembert’s Formula for Wave Equation). The d’Alembert’s formula for wave equa-
tON Uy = Uyy IS given by

1 1 Xalal]
u(x,t) = 5[g(x+ H)+glx—1)]+ 3 / h(y)dy forxeR;t>0.

xX—t

with initial condition u(x,0) = g, u,(x,0) = h

Proof. (Evan’s) Observe that we can rewrite the PDE as
B 0 n d 0 d _0
e =9 Tox ) \ar ax )T

v(x,1) = (% - %) u(x,1)

then we have v;(x,1) + vi(x,7) = 0. This is a transport equation, where we see the directional derivative
along (1,1) is zero and the function is constant along this constraint. So we have a general solution
defined by v(x,t) = a(x —t) for any function a that defined through x — ¢ and a(x) = v(x,0). Hence we
finally have

we define v as

ur(x,1) — uy(x,1) = a(x—1t) in R x (0,00)

which appears to be another transport equation, the general solution takes the form

t
u(x,t):/ a(x+(t—s)—s)ds+b(x+1) (2.1)
10 X+t
:5/ a(y)dy + b(x+1) 22)

with b(x) := b(x,0). With initial conditions b(x) = g(x) when ¢t = 0, also
a(x) = v(x,0) = u; (x,0) — ux(x,0) = h(x) — g'(x)

14



we finally have .
u(x,t) = / (g(y)—g’(y)>dy+g(x+t)-

after simplification we have

l 1 X+t
u(x,t) = E[g(x-i-t) +gx—1)]+ 5/ h(y)dy,x € R;t > 0.
X—t

And d’ Alembert’s formula will give us the solution of the PDE equipped with the boundary value prob-
lem. If in general we have u;; — cu,, = 0 for some ¢ € R, then d’ Alembert’s formula will yield

x+ct
) = 3lstrran) +ete—en]+ 5o [ k)

2.3 Energy Conservation

We go back to the 1D wave equation about a vibrating string:

u[l‘ - czuxx - O

We first try to derive this formula physically (not via real math). Consider we have an infinity long string
with two boundaries fixed, and now we apply a vibration to the string so it will move vertically.

x=1

Figure 2: A vibrating string (Source: Strauss PDE)

At some moment, the string will look like figure 2. Let x to be a point on the string indicating its position,
we denote u(x,t) as the displacement from equilibrium position at time 7. If we pick two points xp < x|
close enough, and we zoom in into the string and then that part of the string will look like figure 3:

T(xl, t)

1+u§
| 1
X0 X1

Figure 3: A zoomed vibrating string (Source: Strauss PDE)

We assume the string is flexible, elastic and homogeneous with density p, so at each point its tension
vector is tangential to the string, and we further assume T does not depend on time 7. We use T(x;), T(xg)
to denote the magnitude of the tension vector for the points xp,x; at time z. At point a point x, u, can

15



be viewed as the tangent line of the string at this point, and the small triangle in figure 2 illustrates this.
Since T(x) is parallel to the tangent line, we can then decompose the tension vector T into two directions
T, and T,. Since we assumed the string only moves vertical, so T, = 0. Then we have

Uy
V1 +u2

In segment x( to x1, the net tension is simply the tension on its boundary since inside tension will cancel

T, =T(x)sin6 =T(x)-

. . X7 1 . . . . . . . .
out, given by T(x) sin 6 , and at each point its mass times acceleration is just puy,, then by integrating
X=X1

T (x)

X=X
X
— = puydx
V14 u? /xo !

over the region, and apply Newton’s law, we have
when the vibration is small, we immerse the philosophy from the holy engineers and write /1 +u2 =1,
so we have

X=X(

X1
T (x1)uy, — T(x0)uy, = / pudx
X0
if we also assume T does not depend on x, differentiating the term above with respect to x will give us

(Tux)x = PUyy

where we let ¢ = \/g and hence we have

2
U = C Uxx

as the wave equation in one dimension.

We now talk about energy conservation in wave equation. Again for simplicity we first consider one-
dimensional case.

Definition

Definition 5. Let u; = c’uy, be the wave equation of a vibrating string, we define the kinetic
energy KE and potential energy PE of the string by the following:

1 1
KE = Ep/u,zdx PE = ET/uidx

Theorem

Theorem S. In wave equation the total energy E,,,,; = KE + PE is conserved.

Proof. We first differentiate the kinetic energy:

d d1 1 d
EKE: Eip/utzdx: Ep/autzdx:p/u,u,,dx

16



then we substitute u;; with c?u,, and perform an integration by part:

d x=00
EKE = pcz/u,uxxdx: T(u,ux) —T/uxu,xdx

where after simplifications we have

d
—KE = —T/uxutxdx

dt
finally observe that
d d1 ’
EPE = EET uydx =T [ ucuydx

it means we have

d
—(KE+PE)=0
5 (KE+PE)

and hence the total energy is conserved.

Example

Example 9 (Damped String). In a vibrating string, if there are significantly amount of air resis-
tance, then we have the PDE
Usp — czuxx+rut =0 r>0.

Show that the total energy decreases over time.

Solution 9. By definition, let c = \/T/p, KE be the kinetic energy and PE be the potential energy, then

dKE_iB
dr  dt?2

:p/uzundx

=p /u,(czuxx —ruy)dx

:T/u,uxxdx—rp/utzdx
:—T/utxuxdx_rp/utzdx

d [T
7 Eu)%dx—rp/utzdx.

dEl‘Ol‘al o dKE dPE . / 2
T + 7 rp | u;dx <O,

which means the energy is decreasing over time.

u,zdx

Hence we have

17



Dirac Delta Function and Distributions

3.1 Basic Definitions and Properties

Definition

Definition 6. A distribution F is an operator F : ¢ € CZ(R) — R that is linear and continuous.

For linearity, it means for all ¢;,¢> € CZ(R) and ¢ € R, F(¢; +c¢2) = F(¢1) + cF(¢); For continuous
is means for all sequence {¢,} C C°(R) and ¢ € CZ°(R), if ¢, — ¢ in CZ(R) then F(¢,) — F(¢). Note

that convergence in CZ(R) means ¢,§") — q)(k) uniformly for all derivatives k = 0,1,---, and uniformly
convergence means V€ > 0, AN € N such that sup | \q>,$") (x) —¢® (x)|| < & for all x and n > N.

For notation, we write ( F, ¢ ) for distributions for the action of the distribution F on ¢ € CZ(RR), and then
we can write the linearity as

(F,01+cn) = (F,¢1)+c(F,¢2)

Definition

Definition 7. Let f(x) be a locally integrable function on R, we define Fy : CZ(R) — R by
(Fr.0) = [ f=)0()ds
forall ¢(x) € CZ(R).

We claim that (3.2) indeed defines a distribution, we can verify its linearity and continuity easily.

Definition

Definition 8. Define &y as the distribution (8y,¢ ) = ¢(0) for any ¢ € CZ(R).

1 >0
Consider the Heaviside step function A(x) = r= , then
0 x<0

(Fd) = [ o= [ o(was

is a distribution. We now consider the derivative of a distribution, for a function f(x) and its derivative
f'(x), we can define the following distributions:

(Fp.0) = /R FOO@dx  (Fpd) = /R £(0)9 (x)dx

18



using integration by parts, we have

/R F(0)9@)dx = £(x)0 (x)

- [ e war=- [ f)edx G
X=—00 R R

because ¢ is compactly supported so ¢ (o) = ¢(—c0) = 0. Note that the last term in (4.5) is simply
— (Fr,¢'), so we have the following relation:

<Ff/7¢> = _<Ff7¢/>
which also motivates the definition of the derivative of a distribution:

Definition

Definition 9. Let F be a distribution, then F' is another distribution defined by

<F/a¢> ::_<F7¢/>
forall ¢ € CZ(R).

Followed by this definition, we can compute the derivative of Dirac delta function:
(8.9) =~ (8.0') =~ | &0 ()t i=—0(0)
Example

x x>0

Example 10. Consider the function p(x) = {0 i
X

This function has another name called ReLU(x).

Solution 10. Its distribution is given by

(F0) = [ pe)ods= [ s

then consider Fy, the derivative of such distribution, we have

(Fp,0)=—(Fp,¢) = —/Rerq)'(x)dx.

Then recall the distribution of the Heaviside step function:

_/]qu)'(x)dx: _/qu)’(x)dx

using integration by parts and the fact that ¢ (eo) = 0. Then compare (3.10) and (3.9) we see that

(Fp: )= (Fn @)

—00

(Fn,¢) = | 9(x)dx:=x¢(x)
Rt

x=0

19



Further, what will happen if we consider the derivative of the Heaviside distribution, F,? Let’s see:

(Fid) = (Fy0) =~ (Fn,0') = = | 1:0/()dx=0(0)
R+
since again @ (oo) = 0. Then by definition, we have

(Fn, @) = (0,9)-

That is, the derivative of the Heaviside function in the sense of distributions is the Dirac delta function.

Example

Example 11. Let f(x) = |x|, which is, non-differentiable at x = 0.

Solution 11. We will try differentiations in the sense of distributions:

(Fj9) =~ (Fr.0) =~ [ blo'c —(/ ' wart [ xo' )
/ 0 (x)dx —x9(x /cp

(FLo) = /R (V)9 (x)dx = (F.9)

which is,

(Ff,¢) =x¢(x )

X=—o0

and after simplifications we have

-1 x<0
where g(x) = .
g(x) {1 £>0
Example
x? x>0
Example 12. Ler f(x) = ~ , then what is f in the sense of distributions?
2x+3 x<0

Solution 12. Let us compute directly from the definition:

20
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(Ff,0)=—(Fr.¢")
0 o
:—/ (2x—|—3)¢'(x)dx—/0 XZ‘P/(X)dx

—o00

0

X=o00

0 o0
= — | (2x+3)¢(x) —/ 2¢ (x)dx + x> (x) —/ 2x¢ (x)dx
X=—o0 - x=0 0
0 0o
= (3(;)(0) —2/ q)(x)dx—/o 2x¢(x)dx)
— [ eodr-30(0
= (8 ¢)—3¢(0)
2 x<0 D . T . T
where g(x) = 9y x>0 We say that the derivative of f in the sense of distributions is the distribution

g — 300, or Fg —30¢. The 30y is a result of the jump discontinuity in f at x = 0.

Let us consider a more general case of discontinuity. Define

{h(x) x<0

fx) = glx) x>0

where g(0) — A(0) := ¢ has a jump hence f(x) is discontinuous at 0. We now consider the derivative of f
in sense of distributions. By direct computation, we have

(Ff,0)=—(Fr,¢")
-(/ 9 W+ [ ete'oa)

where further simplification shows that
0

(Ff.0) = (5(0) - h(0)0(0) +

[ Hotdes [ g motx
= <C50,¢>—|—<F},¢>

Wix) x<0

gx) x>0
alized by the following lemma:

where f/(x) = , and ¢dy just represents that “jump discontinuity”. This idea can be gener-
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Lemma 1. Suppose a function f(x) is continuously differentiable except at a jump discontinuity xo, we

have a =lim,_, - f(x)and b= lim, _, f(x), then

f'(x) =8'(x)+ (b—a)dy,
in the sense of distributions, where g'(x) is the derivative of f except at x.

Example

Example 13. Let

0 x<0

e 0<x<1
flx) = x l<x<2

0 x>2

Find f'(x) in the sense of distributions.

Solution 13. Use the lemma above, we can just express it as f'(x) along with the jump discontinuities.
Note that we have a jump up of 1 from 0~ to 0" a jump down of e — 1 from 1~ to 1" ; and a jump down
of 2 from 2~ to 27, so we have

(Fpy9) = (00— (e—1)01 —28+g(x),0(x)),

where
& 0<x<1

gx)=<1 1<x<2.

0 otherwise

3.2 Convergence of Functions in Distributions
Definition
Definition 10. A sequence F, of distributions converges to a distribution F if

lim (F,,¢)=(F,¢) forall § € CZ(R).

n—soo

We may consider a sequence of locally integrable functions { f,, }, and we can define its convergence in
the sense of distribution:

Definition

Definition 11. A sequence of locally integrable functions {f,} converges to f in the sense of
distributions if

lim (F;,,9) = (Fy,¢) forall ¢ € CZ(R),

which is,

n—oo

lim [ f,(x)¢(x)dx = / f(x)¢(x)dx forall ¢ € CZ(R).
R R
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Proposition

Proposition 1. Let {F,},F be distributions, if F, — F, then Fn(a) — F9 for all higher order
derivatives.

The proof is easy since ¢ (x) € CZ(R).
Proposition

Proposition 2. Let {f,(x)} C L! be a sequence of locally integrable functions and f, — f point-

loc

wise where [ € Llloc. Further suppose 3g € Lllo . such that |f,(x)| < g(x) for all n and x € R, then
fn — f in the sense of distributions.

The proof follows from monotone convergence theorem and dominated convergence theorem. An appli-
cation to the proposition above is to consider the sequence

1 2
_ x°/4n
fn(x) = _ne

and it can be shown that f,(x) — 0 pointwise, so f,(x) — 0 in the sense of distributions.
Definition

Definition 12. A sequence {f,} C Llloc converges in the sense of distributions to & (the Dirac
delta function), if
n—yo0

/R £ (X)dx "= 6(0) forall ¢ € C2(R).

Proposition

Proposition 3. If a sequence {f,} C L} . converges to & in distribution, then f,(x) satisfies the
following properties:

(1) Nonnegativity: f,(x) >0 forallx € RoneN;

(2) Unit mass: We have /an(x)dx = 1forallneN.

(3) Concentration at 0: For any € > 0, f,(x) — 0 uniformly on |x| > €.

Theorem

Theorem 6. Let f(x) be any non-negative integrable function on R and / f(x)dx = 1. Define

R
fn:=nf(nx), then f, — & in distribution.

Proof. We need to show ( f,,,¢) — (8,9 ) := &, i.e / fn® — ¢(0) in distribution. distribution. Using
R
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€ — 0 definition, Ve > 0, since f, is non-negative, we have

/an(x)¢(x)dx — ¢(o)‘ =

/R £a) - (9(x) — (0))dx

< [ o) Jot) -0 (0)]as

= [ 10):Jo (%) - o(0)] s
R

By continuity of ¢, Ve > 0, one can choose 6, such that for N € N sufficiently large,
n > N would imply |¢ (2) — ¢(0)| < &, hence

%—0‘ < & for all

L 10):]o (%) —o0ar<e [ rorar=e.

for all n > N, and hence

[0t -0(0)] <
for all n > N which means f,(x) — 0y in distribution. |

Theorem

Theorem 7. sin(nx) — 0 in distribution.

Proof. Note that ¢ € CZ(R), so 3M € R™ such that ¢ (x) = 0 for all |x| > M, hence

/R sin(nx) @ (x)dx = / sin(nx) ¢ (x)dx.

[7M7M]

Then we have

/[MM sin(nx) (¥)dx — 0| = /[M,M] (-%-@) 0 (x)dx

cos(nx x=M cos(nx
=g T s [ S g
n x=—M [*M,M] n
1
< —/ ‘cos(nx)-(])'(x)’dx
n [_MvM}
1
<o [ @l
n [7M3M}
_2M]j¢' ()]~
p )
Simply let € := w, choose N such that N > w so for all n > N, we have the original
equation < €. [

24



Example

1 n

= — . ———— converges to &
T n?x24+1 ¢

Example 14. Show that the sequence of function defined by f,(x)

in distribution.

Solution 14. By definition we wish to show that V€ > 0, AN € N such that

/ fn(X)fP(X)dx—q)(O)‘ <e

for all n > N. By a similar argument in the proof of theorem 6 we obtain

[ wowiax—00) < [ 1ot -o0fax

Since ¢ € CZ(R), so for the € given, 30 such that |x| < & implies |¢(x) — ¢ (0)| < &. We then rewrite the
right hand side of (3.42) as

[ 0 [0() = 9(0)|ax = /[_wfm-\¢<x>—¢<o>\df+ Lol —00)as

1 J

where we will investigate 1,J separately. For I term, use the fact that x € [—8,0], we have

1< 8/ fa(x)dx<e (3.3)
[~8.9]

since we have / fn(x)dx = 1. For J, we have
R

s [ 5 (10l o) ax G4
<[ h)-2ew)ds (3
R/[-6,0]
Aol ~_n 56
= w (g — arctan (n5)) (3.7

by choosing N sufficiently large, we have 7 — arctan(nd) < € for all n > N. So all combined, we have

/ fn(X)¢(X)—¢(0)‘ <2

for any € > 0 and sufficiently large n > N. Hence f,(x) — & in distribution.
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Heat Equations

4.1 Simple Diffusion Equations
In general, let u(x,) be the function of our interest, heat equation is the PDE that takes the form
u—kAu=0. (k>0)

We will first study the simple diffusion equation defined by

ur(x,1) = kuye(x,t)  inR
u(x,t) = g(x,r) on dR

where we restrict the region R to be the rectangle defined by R := [0,L] x [0,T). It is intuitive to first
present where equation (3.2) is coming from. Let us imagine inside a straight tube contains motionless
liquid, and a dye is diffusing through the liquid (see the figure below).

Figure 4: Illustration of our example, where the straight tube is filled with motionless liquid, where a dye
is diffusing from xq to x;. (Source: Strauss PDE)

By Fick’s law the dye will move from the higher concentration region to lower concentration region, and
the rate of such a motion is proportional to the concentration gradient. Suppose u(x,7) is the concentration
(mass per unit length) of the dye at position x at time #, then in the tube illustrated above, the total mass
of the dye is given by

X1
M:/ u(x,t)dx
X

0
then applying Fick’s law, the rate of change of the concentration (dM) is “flow in from xo — flow out
from x;” since we assume the liquid is motionless, hence we have the equation

dM

= k(ux(xo,1) — ux(x1,1))

where k > 0, and hence

X1
[ e = k(s .1) = s1,0)
Xo

we differentiate with respect to x1, and wlog it will yield

u (x,1) = kg,

where k 1S some constant.
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We first study some properties of the heat equation, and will intriduce the general solution to the heat
equation in the next few sections.

Theorem

Theorem 8 (Maximum Principle). If u(x,t) solves (3.2), then

max u(x,f) = max u(x,ft
(u1)ER (1) (u.1)€R (x,1)

The idea of the proof is that, at an interior maximum the first derivative is equal to zero and the second
derivative is non-positive. If we knew u,, # 0 at the maximum then u,, < 0 as well as u, = 0, which will
contradicts the equation u; = ku,.

Proof. Let M := max, ;cort(x,t). Our goal is to show u(x,t) < M for all (x,¢) € R. Let € >0, let
v(x,t) = u(x,t) + &x?, then it is clear that v(x,z) < u(x,t) + €L? (recall x € [0,L]) for all (x,t) € RUJR.
Further we have

Vi —kvee =ty — k(u+ €x%) oy = Uy — kit — 26k = —2ek < 0

We now suppose v(x,#) attains its maximum at an interior point (xo, ), then we know v, = 0,v,, <0 at
(x0,0) and it contradicts the equation above.

We then consider if v(x,7) attains its maximum at {fo = 7,0 < x < L}, then v, (xg,%p) = 0 and v, (xp,7)) <
0. Also since v(xo, ) > v(xp,to — &) for & > 0, then

v(xo,to) — V(X(),to — 5)

ve(x0,70) = lim >0
t( 05 0) 550 6 -
(Note the maximum is only “one-sided” in the variable ), hence that’s a contradiction. |

Note that we proved the weak maximum principle, which is the maximum on the boundary is equal to
the maximum inside the exterior, but there is a strong version of maximum principle which states the
maximum cannot be assumed anywhere inside R but only dR. This is much harder to prove.

Theorem

=k in R
Theorem 9. (Uniqueness of solution) Suppose u,v both solves the PDE {u, toe 11 IR’ then
u=g on

u=v forall (x,t) €R.

Proof. Let w = u—v, where w, = kwy, in R and w = g — g on dR. Then by maximum / minimum
principle, we know that

max w(x,t) = max w(x,7)=0 min w(x,7)= min w(x,7)=0
(x,t)ER (x,t)€EIR (x,t)ER (x,r)€IR
which implies w = 0 for all (x,7) € R, hence u = v. |
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Theorem
Theorem 10 (Dirichlet Problem for the Diffusion Equation). There is at most one solution of
U — ki = f(x,t) forO<x<lIl,t>0

u(x,0) = ¢(x) 4.1)
u(0,1) = g(1) u(l,t) = h(t)

Proof. Let uj(x,t),us(x,t) that both solves (@.1)), Iwt w = uj; —u,, then w; — kwy, =0, w(x,0) = w(0,1) =
w(l,t) = 0. Let T > 0 then by maximum principle w(x,7) has its maximum for the rectangle on its
boundary (bottom ot sides), so we have w(x,7) < 0. The same argument using minimum principle will
yield w(x,1) > 0, therefore w(x,7) = 0 and hence u; = uj. [

Theorem

Theorem 11 (Stability). Suppose u,v satisfies

u = kuye IinR vi=kvy InR
and
u=g on dR V=2 on dR

then define w := u — v, we have
W]l < |81 — 821le0-

Proof. By maximum principle, we know max , ,)cg W(x,7) = maxy )cor(81 — 82), and the result follows.
|

Proposition

Proposition 4 (Energy Method). In u; = kuy, defined on R :=[0,L] x [0,T), assuming zero bound-
ary condition (u = 0 at x = 0,L) and no flux boundary condition (uy =0 at x = 0,L), the energy
defined by

is non-increasing.

Proof. We differentiate the energy with respect to time ¢ and we get

"E(x)—l/”’ 21, 1)d —/L (1)
yr _20dtu X, x—Oux, ug (x,1)dx
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by substituting we get

d L
—E(t):/ u(x, 1)k (x,)dx
dt 0
x=L I
= ku(x,t)ux(x,t) —k/ u?(x,1)dx
x=0 0
L
= —k/ u?(x,1)dx
0

<0

i.e E'(t) <0 so the energy is non-increasing.

4.2 Fundamental Solutions

In this section we will solve the heat equation on the real line R, that is, x € R,z € [0,0):

l/tt - kuxx - 0
u(x,0) = ¢ (x)
To solve (@.6), we will first introduce some invariant properties:

(i) (4.6) satisfies linearity. if u, v both solves (4.6)), then so is cu + dv for any scalar ¢,d € R;

(4.2)

(4.3)

4.4)
4.5)

(4.6)

(ii) (4.6) is invariant under translation. If u(x,7) is a solution, then for a fixed y, u(x —y,?) is also a solution;

(iii) If u(x,1) solves (#.6), then any of its derivatives (i, iy, uyy, etc.) also solves (4.06));

(iv) Suppose u(x,t) solves (@.6), then so is u(Ax,At) for any A € R.

(v) An integral solution is again a solution. If S(x,7) is a solution then so is S(x — y,#) and so is

)= [ Ste-nng0)dy
for any function g(y).

Theorem

Theorem 12 (Fundamental Solution). The function

1 2
D(x,t) = \/%e_m

is the fundamental solution to heat equation u; = kuy, when (x,t) € R x R, the solution given by

the boundary condition u; = ki, u(x,0) = @ (x) is then

® 1 « x—)?
) = [ @a—300)y =z [ E 90y
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Example

Example 15. Find the solution u(x,t) to the heat equation u; = kuy, with boundary conditions
¢(x) =1,V|x| <l and ¢(x) = 0 otherwise.

Solution 15. We plug in the formula and we have

u(x,t) =

4kl dy

sk The

VATkt
let u = F then du = —Tdy hence

=

+1

ﬁ
=~
ES

4kr dy = 1 /
varkt VAarkt ) x-t

4

— (Vakt)e ™ du

=~
=y

Hence we have

x+l

Vaki 2 __1 x—1 1 x+1
/ du=—3¢ f(m)*z”(m)

erf(x) " dp.
)¢

where we define

Example

Example 16. Find the solution u(x,t) to the heat equation u; = kuy, with boundary condition
o(x)=1,x>0, ¢(x) =3,x<0.

Solution 16. We have that

u(x,t) = - 4kz d - 4kt d
( VAamkt / - VAamkt Y
where we do a similar change of variable and let u = \/ZW so we have
d ! d
l/t —_ ——_—,—,_—,_—_—
V 4kt Y
and hence we have
I 3 [V
u(x,t) = 7z e du— T/m e du 4.7)
T \/ZW T Joo
| 2 [
==/ e du+ il e du (4.8)
2 [T _ 2 A
=1+ —/ e " du—— e "du (4.9)
VT Jo VT Jo
X
=2—erf| ——|. 4.10
(V) 1



where we defined
ft) == [ (e v
erfx)=—=1[ e p.
VT Jo

Proposition

Proposition 5. Any piecewise constant initial conditions on intervals can be written as a linear
combinations of step functions, for example:

1y =H(x—a)—H(x—b),

with this as the initial condition, the solution to the hear equation is given by

o) =3 ert (8) ot (V)

We next study some properties of the solution formula

(x—y)?

1 oo
u(x,t) = m/_me_ ¢ (y)dy

Proposition

Proposition 6. The fundamental solution ®(x,t) satisfies

/ P(x,t)dx = 1.

Proof. The result is obvious using change of variables.
Proposition

Proposition 7 (Maximum Principle). For the heat equation with boundary condition u; = ki
and u(x,0) = @ (x), if there exists a constant B such that |¢ (x)| < B for all x € R, then |u(x,t)| <B
forall (x,t) e Rx RT.

Proof. We have

o

|u<x,r>|s/i¢<x—y7r>-|¢<y>|dys3/ O(x—y.1)dy=B.

—o0

Proposition
[ee]

Proposition 8 (Decay). Suppose C := / |9 (y)|dy < oo, then lim;_,e |u(x,1)| = 0.

—00

31



Proof. Note that for all # > 0 and x,y, we have

1 ®© (x—y)?
(1)) < / B0 (y)|dy

Theorem

Theorem 13. Let ¢ be a bounded, continuous and integrable function on R, define

1 © (x—y)?
) = / B (y)dy

then u(x,t) € C*, and lim;_ou(x,t) = ¢(x). Furthermore, u(x,t) solves the heat equation u, =
kuyy.

Proof. We will only proof the convergence here. Note that

< / Z¢<x—y,z> 18(y) — g(x)ldy

/ )90y — 9L

Since ¢ is continuous and bounded, so 3B such that |¢(x)| < B, also Ve > 0, Je such that [y — x| <
implies |¢(y) — ¢ (x)| < €. Hence we have

| et-nirlo0)—owlas= [ @(—x)-lo0) o)y

[y—x|<d

s @ty 60) - o0lay
[y—x|>6
Se/ly_x<6<1>(x—y,t)dy+/ D(x—y,1)-[0(y) — ¢ (x)|dy

ly—x|>6
1

varkt

<e+

/ 10 (y) — o) Idy
[y—x|>6

Note that since



we then have

‘/Z¢(X—y,l)¢(y>dy—¢(@ <e.
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Laplace Equations

5.1 Properties of Harmonic Functions

Definition

Definition 13. Let u : Q CR" — R, u is said to be harmonic if Au = 0, where

n
Au = Z Uy,x;
n=1
In this section, we study the PDE
Au—=—0 1inQ
u=g ondQ

and we will mainly focus on u : Q C R?® — R.

Proposition

Proposition 9 (Mean Value Property). Let u be a C*> harmonic function on Q C R3, let xy € Q,

B(xo,r) C Q, then
1 //
= u(x)dS(x
)= a2y, 1S

00) = gz [, (4S9

Proof. We define a function

since u € C?, by averaging lemma

1

and we now show ¢(r) is constant in Q by taking the derivative. Let y = =, then dS(y) = dS(x)

hence we have
=1 x)dS(x )dS
o(r) rg%‘”fr //83)60r 4”//&301 (o -ry)dS()

1
=1z //3301 —u(xo+ry)dS(y) = in //8301 Vu(xo+ ry)ydS() 5.1)

XX()

now we have

(revert back to original coordinates) =

dS(x) (5.2)

dB(xo,r) r
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and note that = is the outer unit normal to dB(xo, r) hence by divergence theorem, we have

1 X —Xp 1
- v : - A
P //BB(XW) u(x) . dS(x) P ///B(xo’r) u(x)dx

since u is harmonic. Hence ¢ (r) is a constant and is equal to ¢ (0) = u(xp).

|
o

We may also averaging around a ball B(xp,r) C Q, and we have

=1/}
u(x)dx
3703 I Bixo.r) )

u(xo) =

Corollary

Corollary 1 (Mean Value Property in R?). Let u be a C' harmonic function on Q C R?, let xo € Q,
B(xo,r) C Q, then
1

(o) = 2mr /83(xo,r) S

Proof. Similarly define

1
o(r —/ u(x)dx ¢(0 X0
)= 57 e 1 9(0) =u)
and by change of variable
SR 0= [ utwen)d
y= ) r)=5- XoTry)yay
r 27 JoB(0,1)
now by taking derivative
1 d
¢'(r)=>-— u(xo -+ ry)dy
) 2mdr Jap0,) ( )
1
=— yVu(xo+ry)dy
27 JaB(o,1) ( )
1 _
a xOVu( )dx
27rr dB(xo,r)

=0.
27tr// B(xo,r)

Proposition
Proposition 10 (Maximum Principle). Let u be a C? harmonic function on a bounded domain

QCRYanduecC (Q). if u attains its maximum at a point in Q, then u must be identically
constant inside Q
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Proof. Suppose dxy € Q such that u(xp) = max g u(x), then by maximum principle, pick B(xg,7) C €,
we have

1
R L
377 JB(xo.r)
which implies # must be identically constant in €. |

Maximal principle can also be extended to minimum principle.

Corollary

Corollary 2 (Uniqueness). Let Q C R? be bounded, then there exists at most one u € C>(Q) N

C(Q) that solves te Dirichlet problem

Au=0 inQ
u=g onadQ

Proof. Supposeu;,u, both solves the equation above, let v = u; — up, then we know Av = 0 in Q and

v=_g—g=0ondQ. Then using maximum and minimum principle, v = 0 in Q hence u; = u,. |
Corollary
Corollary 3 (Stability). Let Q C R3 bounded, g1,g> € C(dQ), uy,uy € C>(Q)UC(Q) and they
solves
Au1:O inQ Au2:0 in Q
uy =g ondQ uy =g, onadQd
then
ma = < ma = .
max u (x) — ()| < max [ga (x) — g2()
Proof. The proof follows immediately from maximum and minimum principle. |
Proposition

Proposition 11 (Dirichlet’s Principle). Let Q C R3, define a class of functions

A= {w e C3(Q)NC(D): w:honag},

E(w) = %//9 \Vw|%dx.

Letu € Ay. E(u) < E(w) for all w € Ay, if and only if u solves the PDE

for some function h, then define

Au=0 inQ
u=h ondQ’
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Proof. (=): First suppose u is a minimizer over all w € A;,. Let v € C>(Q) NC(Q) such that v =0 on
dQ, then u+ v € Ay, for all € > 0. Define

fle)=E(u+ev) // IV (u+ ev)|*dx.

Since f is differentiable, we would have

/// ([Vul> +26Vu- Vv + €2|Vo[?)dx (53)
_1 /// (2Vu- Vo 26| Vo|2)dx (5.4)
2 )l

(5.5)

because u is a minimizer so f'(0) = 0 which implies

- ///Q Vu-Vvdx = — ///Q (Au)vdx

(<=): Suppose u € Ay, solves the Dirichlet’s problem, let w € Aj, define v = u — w, then

E(w):E(u—v):%//Q|V(u—v)|2dx:E(u)—///QVu-Vvd)H—E(v)

use the fact that v =0 on dQ, then

//an %dS ///Qvu.VvdH///QvAudx::ﬂ/ﬁvu.wx

which implies E(w) = E(u) + E(v), and E(v) > 0. |

and hence Au = 0 for all x € Q.

Corollary

Corollary 4 (Dirichlet’s principle for Poisson’s equation). Define

= ///Q%\Vw]2+wfdx

then the last theorem still holds for the Poisson’s equation

Au=f inQ
u=~nh on Q.

Proof. (==). First suppose u is the minimizer over A;. Let v € C?(Q)NC(Q) and v = 0 on dQ. Then
for all € > 0, u+¢ev € Ay,. Define f(€) = E(u+ €v), then we have

dg///—|Vu+8v )2+ (utev)f
:///QS(VV) +VuVv+vf.
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By definition, u is the minimizer, so f attains a minimum when € = 0, hence f’(0) = 0, which implies

/// VuVv+vf =0.
Q
Finally by Green’s identities, we have

///Vqu+vf //(mv——/// VAu—vf
_///V(Au—f) (since v=0o0ndQ),

(<=) Now suppose u € A;,, Au= f in Q. For all w € Ay, consider v = u —w, then v € C>(Q) N C(Q),

and v =0 on dQ. Now
:///1\V(u—v)|2+(u—v)f (5.6)
02

+ /// —Vqu+l(Vv)2—vf (5.7)
//ag ///vAu+ (V)2 —vf (5.8)
+ ///Q 5(vv) . (5.9)

Hence E(w) > E(u). |

hence Au = f.

Definition

Definition 14. The fundamental solution for Laplace equation Au = 0 in R" is given by the form

57 log |x| n=2
1 _
P(x) = ~ a3z n=3
1 n>3
n(n—2) o, |x|"2

Theorem

Theorem 14. Let n = 3, then A (| |> = —4néy in distribution. That is,

~am00) = [[f o0

for all ¢ € CZ(R?).

Proof. Let B(0,€) be a small e-ball centered at the origin, then

—4me (0 /// B(0.¢) \xl )dx+///R3\B(o,s) ﬁAMx)dx
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Since ¢ € CZ, so we may restrict the region to a compactly support set Q, such that A¢(x) = 0 for all
x ¢ Q (including dQ), i.e

—47m9(0 /// o, Mmp xX)dx+ ///g o 0 (x)dx

J/

equatlon 1 equatlon 2

Now for equation 1, assume |A¢(x)| < K| for all x € B(0, €), we have

Lo patoes Jlf o moax
<K1///08 s

_Kl/—47rrd
o r

= 2K, 71782.

1
lim
£—0 / /B(OJ;‘) A¢(x)

Now for equation 2, we apply Green’s identity on the two boundaries dB(0, €) and dQ and we have

1
/ /Q o (ﬁA(])(x) ’x’) dx = //a ] (li’ 3?1 J |:1| ) ds

J

hence
dx =0.

equatlon 3

0L
+ // 19070 4
aB(0,e) \ X/ dn " Jn

J/

-~

equation 4

by our choice of Q, ¢ (x) = 0 for all x € IQ as well as all its derivatives, so equation 3 is identically zero,

hence o1
1 1 1 d¢ ]
— AP (x) — 9(x)A— | dx = S
///Q\Bm,g)(m CREAE //(-)B<o,g><|x| on " on >
Note that
0
20 =v@-n| < V9]

assume |V¢| < K; for all x € dB(0, €), now we have

// ! 9_¢<// 1|9¢
9B(0,€) |x| on ~ 9B(0,€) x| | In
<K2“// —dS

9B(0,¢) ‘x‘
:Kz// Las

dB(0,e) €

=4K>e
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hence

lim// ! a¢alS 0.
e—0 9B(0,¢) ]x| on

//aBOs 8n|x| //&308 (PE;CZS
= ],

= —4r // O (x)dS | .
<4ﬂ82 9B(0.¢) @) )
Eventually we put all terms together:

///R3 me x)dx = ;lg(l) —4r <ﬁ //c93(0,s)¢(X)dS> = —47m¢(0).

Note that the convergence result also applies in R:

Finally we study

Proposition

Proposition 12. Let u(x) = ﬁlog x| be the solution to Laplace equation in R?, then A(log |x|) =

2710y in distribution. That is,
|| olxia0 () = 2m9(0),
R2
for all ¢(x) € CZ(R).

Proof. First, note that ¢ (x) € C2(R), so we can choose Supp(¢(x)) = Q C R, and then

[ rosidota dx—//mlogrxw d”//moel"g'x'm”

-~ -~

Equation 1 Equation 2

For equation 1, 3K} € R such that |A¢ (x)| < K for all x € B(0, €), so

// log |x|A¢ (x)dx < K // log |x|dx
B(0,e) B(0,¢)

s
:Kl/ 2nrlogrdr (dS = 2mrdr)
0

1
=K (82 loge — 582) .

lim // log [x|Ad (x)dx =
e—0 B(0,¢)

40
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and equation 1 will yield O by taking the limit. As for equation 2, we apply Green’s identity to both
boundaries and we get

// lOg]x|A¢(x)dx—¢)(x)A(10g|x|)dx:// log|x‘a¢(x)— (x)algg|x|
Q\B(0,¢) Joa n ]
Equ;gon3
(94)( ) dlog |x|
—|—// lo _
9B(0,¢) gl (x) on

(. J/

Equation 4

Note that by our choice of Q, ¢ (x) =0 on dQ so equation 3 wll yield zero, hence we only have equation
4 left. For the first term in equation 4, note that

‘amx)
on

< |V¢(x) 'nl < Ky,

using the fact that ¢ (x) € CZ(R). Hence

// log || 99 ) dx < K, // log |x|dx = K»2meloge,
IB(0.¢) Jn IB(0,¢)

by taking the limit € — 0, this term will also yield zero. The final term can be computed by

P #0700 [ 20 e
‘//9308 ¢<r>ldr

B (27:8//3308 )

=2m¢(0) by averaging lemma.

Thus putting all term together and take the limit € — 0, we conclude that

//R log|x|A¢ (x)dx = 27 (0).

5.2 Green’s Identities

Some remarks on calculus:

Theorem

Theorem 15 (Divergence Theorem). Let F be a smooth vector field on a bounded domain Q with

outer normal n, then
/// V-FdV:// F-ndS
Q Q
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Pointwise Divergence Theorem: Given a smooth function f(x) on a bounded domain Q C R3, then

where n; is the i-th component of the outer unit normal n.

Theorem

Theorem 16 (Integration by Parts).

//Qu.Vvdx:—///(V-u)vdx+/[99(vu).nd5

Theorem

Theorem 17 (Green’s Identities).

///vAu—//an——///Vu vy
/// (vAu— uAv) = /aQ v u o

In R?, we can derive the representation formula from Green’s identity. The idea is that any harmonic
function can be written as an intergal over the boundary.

Theorem

Theorem 18 (Representation Formula). Let u be harmonic in D C R3, then for all xy € D,
// 1 1 JduldS
u(xo) — | —.
oD 8n\x Xo| \X—XOWn 4w

Proof. Letv(x) = 4177: x> then we know v(x) is the fundamental solution of the harmonic equation in

R3 hence Av = 0, combine with Au = 0 we use Green’s second identity to get

// 1 L 1 duldS

oD an IX—xo| [x—Xo|dn|d4r

For simplicity, let Xy = 0 be the origin, again we consider a g-ball centered around xo, and let r = |x|,
v(x) = —1/(4mr), then have

// 4 i 1 dul S — // d1 Jdul ds.

opl onr onr IB(x0.€) “orr  orr

since d/dn = — d/dr on the boundary of the e-ball. Then it can be computed using the same idea as the
previous theorems. |
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Proposition

Proposition 13 (Representation Formula in 2D). Suppose u is harmonic in D C R?, then for all
Xg €D,

1 0 u
u(xo)zﬂ/(9 [()anlog]x Xo| — %log\x—x(ﬂ ds

5.3 Green’s Functions

Definition

Definition 15. The Green’s function G(x) for the Laplacian and xo € D is a function defined for
x € D such that:

(i) G(x) possesses continuous second derivatives and AG = 0 in D except at x = Xx.

(ii) G(x) = 0 for x € dD.

(iii) The function G(x) + ﬁ ‘X_IXO‘ is finite at xy and has continuous second derivatives everywhere
and is harmonic at x.

We will use the usual notation for Green’s function as G(x,xp).

Theorem

Theorem 19. If G(x,xg) is the Green’s function, then the solution of the Dirichlet problem is given

by the formula
G
u(xp) = // u(x)MdS
oD 3n
Proof. Let v(x) = 41n x> Y the construction of G(x,Xp), the function H(x) = —v(x) + G(x,Xp) is

harmonic. Using Green’s second identity, we have

_ ///D () AH () — H (%) Au(x) = //a Du<x)agl(:‘) —H(x)¥ds, (5.10)

which is because AH = Au = 0. Using representation formula, we also have

8v du(x)
u(xo) //aD o )a ds. (5.11)

Then combine with (5.10), (5.11)) and the fact that G(x) = v(x) + H(x), we have

u(xo) // 8G (x XO) G(X,xo)ag(x> ds.
oD n

By definition, G(x,X¢) = 0 on dD so we arrive at

u(xp) = /LDU(X)WCM




Theorem

Theorem 20. For any region D, the Green’s function is always symmetric, i.e.,

G(x,x0) = G(x0,%), X F Xp.

Proof. ]
Theorem

Theorem 21 (Solution of Poisson’s Equation). The solution to the Poisson’s equation Au = f in
D and u = h on dD is given by

i) = //a Dh@)%du // [ 6t

Proof. [

5.4 Green’s Function for Halfspace and Sphere

Finding Green’s function is not easy. In this section we will derive the Green’s function for two easy
cases and hence solve the harmonic functions with those boundary conditions.

5.4.1 Halfspace

A halfspace in R? can be viewed as the region
D = {(x,y,2) : 2> 0}.

So for each x = (x,y,z) € D, we can find its reflected point x* = (x,y, —z) ¢ D. Recall that the fundamental

solution
1 1

_Elx—xol

u(x) =

is harmoinc in D, and it already satisfies (i), (iii) from the definition of a Green’s function. We now
propose a new function based on that to make it satisfy (ii) as well.

Proposition
Proposition 14. Define

1 1 1

G(x,%0) = —— 1 ,
(x:x0) 4r [x —xo| 4w |x—x{|

Then G is the Green’s function on D := {(x,y,z) : z > 0}.

Proof. We will verify all three conditions of a Green’s function.
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(i) Clearly G is finite and differentiable except at Xg, and AG = 0 since it is a sum of fundamental solu-
tions.

(i) Let x € dD, i.e., z = 0, then it is clear that |x —X¢| = |x — x{j|, hence G(x,X¢) = 0.

(iii) Since x;j ¢ D, so the function ﬁ‘x_]—xm has no singularity in D, and hence G has proper singularity at

XQ- |
Equipped with G, we now solve the Dirichlet problem for halfspace:
Au=0,z2>0 u(x,y,0)=h(x,y)

On the boundary z = 0, we have dG/dn = — dG/dz|,—¢ (we need outward pointing normal and D is the
positive part of the halfplane), and we have

G 1 ( z+20 7—20 ) 1 2z

- x—x3[3 [x—x3[? T 27 |x—xof

- =0.
0z 4w onz

Hence the solution is given by

utoy0.20) = 5 [ 0= 30+ =30+ B hx)dndy

which is given by

Theorem

Theorem 22. The formula that solves the Dirichlet problem for the half-space is given by

5.4.2 Sphere
We define the region D as a sphere:
D:={xeR’: x| <a}.

For any non-zero point Xo € D, we may define its reflection point in a similiar way:

02X0

Xy = —>.
07 Ixo

Definition
Definition 16. The Green’s function for the sphere D is given by

1 1 n a 1
4m [x —Xo|  47|xo| [x — X ’

G(x,xg) =
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In the case xg = 0, we may simplify the formula as

1 1
Gx,0)=———+—.
(x,0) 47|x| T 4
And now we solve the Dirichlet poblem
Au=0,x|<a u=h,|x|=a

Theorem

Theorem 23. The formula that solves the Dirichlet problem for the sphere is given by

a* — %o h(x)
u(Xo) = A7a //aD |X_X0‘3ds.

We can use spherical coordinate to represent the formula above as

a(a® —13) /2” / h(6,9) :
0 _ 0d0d¢.
M(r07 O;‘PO) 47 0 0 (a2+r(2)—2arocos¢)3/2 sin ¢

In 2D, we may also derive the Green’s function for a Disc: D := {(x,y),x* +y? < a’}. Consider xg € D
and we define its reflected point by x; := ﬁxo ¢ D. Let

1 1 «
G(x,Xg) = Elog|x—xo| - ﬁlog (7|X—XO ) , (5.12)

where we already can verify condition (i), (iii) from Green’s function. We suffices to show G(x,xp) =0
on dD. Choose x € dD, x| = a, then we may use a congruent triangle statement to show that

(5.13)

X%
X X
f/‘y 7

%
ose;
ol

&S

KRS
o,
%

K>
X
NN

&

Figure 5: The congruent triangles formed by vertices 0,x,xo and 0, ﬁxo, @x. (Credit: Strauss PDE,
Chapter 7.4, Page 194.)

Hence in (5.13)), we have
2
a

@
Ixo[2

0| *
= X —Xp|. 5.14
a | 0| ( )

X0
a

|x —xg| =
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So use the relation in (5.14) and plug into G(x,X() defined in (5.12), we see that G(x,xg) = 0.

Note that the idea is exatly the same when we derive the Green’s function for a ball where

1 a

1 *
G(X7XO>:_E|X_XO|+E X — X (5.15)

X0

The difference in the second term is because the difference in fundamental solution. Now let us prove
theorem 23 as well as derive the fundamental solution in a 2D case.

First consider the Dirichlet problem in a ball
Au=0,x|<a u=hx|=a.

Let p? = [x — x¢|%, then 2(x —x¢) = 2pVp, similarly we have Vp* = (x —x})/p* where p* = [x — x}|.
So differentiate (5.15) yields

1 x—xp 1 a x—x;

VG = -
(xx0) = 27 p>  4m(xo| p*
= 1 X—X)— @ 2X+X
4np3 0 a °
Hence on dD we have 3 ’ | 2
G x a” — |Xo|
— =—-.VG = —
n a (x,%o0) 4map’ ’

which yields

a® — |xo|? h(x)
— ds.
u(xo) 4ma //aD x —xo|? >

So we may apply the same idea for the Dirichlet problem in a disc:
Au=0,x| <a u=h,|x|=a,

where the Green’s function for a disc is given by

1 1 .
G(x,Xg) = Elog|x—xo| - ﬁlog 7|X—XO .

We differentiate the equation above, and use p = [x —Xg|,p* = |[x — x|, we have

1 I1x—x 1 1x-Xx;
2rp p 2mp* p*

2
= ! X —X()— @ X +Xg
27p? a ’

Hence on dD where |x| = 1, we have the out-pointing unit normal vector given by

VG(x,xp) =

G X a2 — |X0’2
Y _ 2 vo _ ¢ —1Rob
on a (% %0) 2map?
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then it follows that

P [y
u(x) = /a ds.

21a D |X —Xol?
Theorem

Theorem 24 (Poisson’s Problem). The solution of the Poisson’s problem

Au=f,xeD u=hxedD

o= ] 1975555 1 fotes

Proof. First let G be the corresponding Green’s function, we have

is given by

AG(x,x9) = 8(x—Xp),x€ D, G(x,X9) =0,x€ dD.

Then using Green’s second identity we have that

///GAu—uAG // G@—ua—GdS
oD 811

use boundary conditions and properties of G we have that

///DG(x,xo)f(x)dx—///Du(x) X —Xo)d //()D )dS:O,
u(xop) //aD dS // F(x)G(x,x0)d

hence
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Boundary Problems

6.1 Separation of Variables and the Dirichlet Condition

We first consider the homogeneous Dirichlet conditions for the wave equation:
Uy = e (0<x<1), u(0,6)=0=u(l,r)

with initial conditions u(x,0) = ¢ (x),u,(x,0) = w(x). The method we shall use consists of building up
the general solution as a linear combination of special ones that are easy to find. We say a separated
solution is a solution of the wave equation defined above taking the form

u(x,t) =X(x)T ()

by assuming a solution of the form (6.2), we have

) T// X//

XO)T'"H)=cX"(0T(t) = —S==-—"=21

DT (1) = X" (T(W) = =~

where A is a constant since %)L = % = 0, we will later show that 4 > 0, so define A = 82,8 > 0, so we

have a pair of separable ODE:s:
X"+B2X=0 T'+B*T=0
which leads to the solution
X(x) =CcosBx+DsinBx T(t)=AcosPct+ Bsinfct

we now want to impose boundary condition that u(0,7) = u(l,¢) =0, i.e X(0) = X(I) =0, so X(0) =
C,X(I) = DsinBl, and Bl = nm, so for each n we have a separate solution for X, denote by X, (x), and so

up(x,1) = X (x) T, (1)
nw\ 2 . NTX
ln = (T) ,Xn()C) = SIHT
and

nw 7rt>, nwx
S
[

up(x,t) = (A c0s —— +Bn 1nT

so we can write the general solution as a sum of u,:

7rct> . NTX
S
[

u(x,t)zZ(A cosnl +Bys T

n

This formula will solve the wave equation with boundary condition

t = it u(0,1) = u(l,1) = 0,u(x,0) = 9 (x), 1 (x,0) = (x)
if

. nmx nwe . X
X) = ;An sin—— y(x) = ; TB" sin——
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Later, we will see Fourier series, and then (6.10) will become more clear.

We may also consider the diffusion equation
DE:u; = kuy (0 <x < 1,0 <t <oo), BC:u(0,¢) =u(l,t) =0, IC:u(x,0)=¢(x)
we may separate variables as before, let u(x,7) = X (x)7T(¢) and get the following

T/ X//
_——= — = —A
kT X

So we have 7' = —AkT and the solution is given by T'(r) = Ae *¥, also —X” = AX is the exact same
equation we get as in the wave equation, so in general we have

A=V A~ (/1) g PTX
u(x,1) ; ne sin—

and this solves (6.11) if
nmx

o (x) = ;An sin—

The numbers A, = (n7/1)? are called the eigenvalues, the functions X, (x) = sin(nzx/l) are called the
eogenfunctions. The reason is that they satisfy

d2
— X =X, X(0)=X()=0

Example

Example 17. Consider a metal rod of length 1, insulated along its sides except the ends. The rod
has tempreture T = 1 and suddenly both ends are plunged into a bath of T = 0. In this seneario
write down the differential equations and write out the general solution.

Solution 17. The rod satisfies heat equation, where we have
up = kg, u(0,1) = u(l,t) = 0,u(x,0) = 1.
By separation of variables, we seek a solution of the form u(x,t) = X (x)T (¢), so

U = X ()T () = kitex = kX" (X)T (1) = _kTT((tt)) _ _?)f(((;))

which means the ratio must be a constant since X, T are independent. So we will have two separate
ODEs:
T'(t)= —kAT(t) X"(x)=-AX(x) A€ER.

Here A is called the eigenvalue. Later we will see that, under a symmetric boundary condition and
theorem 19,20, all eigenvalues must be non-negative. Which means A > 0. If A = 0 then we will only
have the trivial solution. So assume A > 0, and the above two ODEs can be easily solved as follows:

T'(t) = —kAT(t) = T(t) =Ce ™, CeR;

50



X"(x)+AX(x) =0 = X(x) = Asin(VAx) + Bcos(VAx).

We now equate the boundary conditions:
u(0,t)=0 = X(0)=0 = B=0.

w(l,t) =0 = X(1)=0 = Asin(VAx) =0 — VA = ?,neN.

u(x,O) =1 — T(O) _ lplug in v@forl,c T(l‘) _ e—(mr/l)zkt.
We hence have the following set of eigenvalues and eigenfunctions:

n*m? nmx

An = 2 X,,:sinT7 neN.

The general solution can then be viewed as

o) o)

u(x,t) = Y Xa(x)To(t) = Y Ape™ (/7%

. nnx
m-—-

Since u(x,t) = X (x)T(t), so now our goal is to find A, where

nmwx

ZAnSin_ _(P( )

Those Ays are exactly the coefficients of Fourier sine series of ¢(x) = 1, and it is easy to see that

Z (zn_l : (2n—ll)nx).

So we have

0 ifniseven
Ap=19, .. . .
= ifnisodd

nm

Example

Example 18. Suppose we have a partical on (0,1) satisfying the Schridinger’s equation u; = ity
(i = —1) with Dirichlet boundary condition (that is, u(0,t) = u(l,t) = 0). Find a series solution
to this problem.

Solution 18. Again, we perform separation of variables:
u(x,t) =X(x)T (1),
and
T'(r) _ X"(x) _
iTt)  X(x)
as in the previous example. With symmetric boundary condition and by theorem 19,20 (see later), the

eigenvalues are non-negative, and here we may assume eigenvalues are positive otherwise we have only
the trivial solution. Note that the solution for X is the same as the previous example, so we have

u = X(X)T'(t) = iug = iX"(X)T(t) = —

n*m? nmx

A = : Xn(x):sinT, neN.
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As for T, we simply have _
T'(1)+idT(t) =0 = T(t) = Ce ™™

equip with boundary condition, plug in A, we have
T([) _ ef(nn:/l)zit.

So the general solution takes the form

u(x,t) = Y X (0 T(t) = Y, Ape” "/ sin @
n=1

Example

Example 19. Consider waves in a resistant medium satisfying the following equation on (0,1):
Ui = Pt — ritg, u(0,) = u(l,1) = 0,u(x,0) = ¢(x),u;(x,0) = w(x). (reR)

Find a series solution to the problem for:

(i) 0 < r<2mc/l;

(ii) 2mce/l < r < 4mc/l.

Solution 19. Using separation of variables, u(x,t) = X (x)T (t) hence uy = c*uy, — ru, can be written as

') T X'(%)

T e X hER

X(x)T"(1) = AX" ()T (1) —rX(x)T' (1) =

The solution for X (x) is simply given by
X(x) = AsinVAr +Bcos VA,

we claim that all eigenvalues are non-negative (theorem 20), and in this case it suffices to consider
positive eigenvalues hence equip with boundary condition we get B = 0 and the following eigenvalues
and eigenfunctions:

As for T, we have the ODE
T"(1) 4 rT' () + Ac*T (1) = 0

whose auxiliary equation is given by
KA+ Al =0 = A=r>—4A¢°

e Under (i), we have

2 22
A < 4¢? (——l) <0, sinced,=——,n>1.
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So the solutions are given by

ro VA4l —r?.
x= _Eifl'

So the solution to T is simply

. (VERE P : NZY e
1) = CeHsin (Tt) ©De-Heos (Tt) |

Now, for each A,, we have

NAn2n2cl — ¥2]2 NAn2m2e? — ¥2]2
C,,sin( e t | +Djycos e t]l.

— o3l
Tn(t) =e 21 21

Hence the general solution takes the form

u(x,t) =Y Xu(x) T (1) (6.1)
n=1
> , An2mlc? —y2]2 Anl2m2c? — p2]2
= Z e 2" |Cy,sin e e, + D, cos PRI | sin P (6.2)
- 21 21 [

* The case in (ii) can be done in a similar way.
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Fourier Series

7.1 The Coefficients for Sine and Cosine Series

Definition

Definition 17. On the interval (0,1), we define the Fourier sine series as

- T
X) = ZAnsinnl—x

Later we will show that for any function defined ¢(x) defined on (0,/) then the Fourier since series

converges to ¢ (x). Our task is try to find the coefficients A, first.

Lemma 2. If m # n, then

l

. nmx . mux

sin — sin——dx =0
0 [ /

Proof. We use the trig-identity that

1 1
sin(x+y) = zcos(x—y) - Ecos(x—I—y).

Now fix m, we have

I
T T T
/q)( sinwdx—/ ZA sinn—xsinudx
0 0 pn

[

by interchaning sum and integral (we may do that), and use the fact that when m # n the integral is indeed

zero, we have

/(I) sm—dx—Am/ sin gdx

and by direct computation we have

Hence we have the coefficients of Fourier sine series given by

/ ¢ (x)sin m—de
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Recall the wave equation with Dirichlet conditions:
Ui = e, (0 <x <), u(0,0)=u(l,t) =0, u(x,0)=0(x),y(x,0) = w(x),
if nmwx nme nmwx
X) = ;An sin - y(x) = ; TB" sin -
then the solution takes the form

et et T
u(x,r) =Y (Ancosn lc + By sin %) sin ?
n

where now we can use the formula derived to find the coefficients of A,,, B,:

7 [l
/q) sinm—md ancBm:T/ Ill(x)sianmdx.
0

Definition
Definition 18. We now define the Fourier cosine series on the interval (0,1) by

nmx

O(x ):%Ao—l— ZA n€0S ——

Similarly, if m # n we also have the property that

I
/ cosﬂcosm—mdx— 0
0 / [

1
1A, 0
/d) cos—dx—A /coszmnx X = % mz

Hence the coefficients for the cosine series are given by

/q) cosm—ﬂxdx

and we can see that

Definition

Definition 19. Now, the full Fourier series of ¢ (x) on the interval —I < x <l is defined as

1 = nrw nmx
O(x) = EAO + ,; (An CcOS — 7 —|— B, sin T)
where
1 /! nwx
Ap=-[ ¢(x)cos—dx
lJ_ [
1 [! . nmx
B, = 7 ¢ (x)sin de
I
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Example

Example 20. Ler ¢ (x) = 1 in the interval (0,1), we now find its Fourier series:

Solution 20. First the Fourier sine series of ¢ (x) = 1 is given by

> nwx
1 = A, sin —
LA

where using the formula for the coefficients, we have

2 (! 2
An:—/ l«sinn—mdx:——cos@ 4 } .
I Jo l nw [ -= nisodd

x=I .
{O nis even

x=0

Thus we ca express ¢(x) =1 on (0,1) as

| 4 sinﬂx—l—lsin?mx—l—ls'nsnx—i—
— — P — _ —S1n —— . .
A l 3 / 5 /

we may also compute the coefficients for the Fourier cosine series:

Example

Example 21. Let ¢ (x) = x in the interval (0,1). We now find its Fourier series:

Solution 21. First the Fourier sine series is given by

> . Tnx
xX= A, sin —
L AnsinT

where the coefficients are given by

note that using integration by parts we have

l
l l
[ [
/ xsin ?dx = —n—xcos 71?l£c + n cos nlﬁcdx (7.4)
0 n 0 7tn
=l
2 2 nx *
_ n+1 .
— (—1) E + 7'[2”2 SlnT , (75)
xX=
12
= (=1 —. (7.6)
n
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Hence we have

21
A = (—1 n+l1 <%
n=(=1) nn

and we may express ¢ (x) = x as its Fourier sine series:

21 in X lsin 27rx+ 1 Gin 3mx
—— m—— — J— — R .
T I R B S

we now express §(x) = x as a Fourier cosine series:

1 > TTnx
X = §A0+’;1AHCOST
and the formula gives us
2 [
Ag = —/ xdx =1 (7.7)
L Jo
and when n > 1 we have
2 l
A, == / xcos 2 gy (7.8)
I Jo l
2| SR
2 Dein ™ ) in ™ (7.9)
[ | 7n [ 0 7tin [
L x=0
B x=l
2 I? Tnx
=7 | 72208 (7.10)
L x=0
:{—ﬁ nz:sodd (7.11)
0 nis even

so we have the Fourier cosine series of ¢(x) = x given by

[ 4l /1 nx 1 3nx 1 Smx
XZE—F ZCOST+§COST+gCOST+"’ .

Finally we find the full Fourier series of ¢(x) = x on the interval [—1,1]. Recall that

1 > nmwx . NTX
o(x) = §A0+n;1 (AncosT-l—anmT) )

where
1 1
Ag=-— / xdx =20
L)

1 /! nmx
A, = —/ XCos de =0, since it is odd function.
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1 /!
B, = - / xsin o dx (7.12)
1] l
1 l mﬂ?x mmx
= _ —x—cos— —cos—dx (7.13)
l mm
21
— (_1)n+1_ (7.14)

where we see that it is exactly the same as the Fourier sine series on (0,1). This is because sine and its
Fourier sine series are odd.

Example

Example 22. We will now use Fourier series to solve the wave equation (0 < x < ) with boundary

conditions :
Ui = iy, u(0,8) =u(l,1) =0, u(x,0) = x,u;(x,0) = 0.

Solution 22. We already know in the previous section (boundary problems), that the solution u(x,t) takes
the form

> et b
Z(Acos +Bsinnc>'nx

VAN

hence we have

> NIC nw nwct\ . NTx
= Z—( —A, sin—— +B —) sin —.
= / / / /

we equate the above with boundary conditions, let t = 0 we have

u(x,0) = Z nTn'caninnTnx =0

n=1
so B, =0. Also

> nmwx
0)= A, sin —
) ; z

and we already know the coefficients of A, given from the previous examples. So

sin COS

i )”“Ll . nmx _ nfct
Z I I

We now derive the complex form of Fourier series. Recall that by DeMoivre formula:

eiG o e—i@ eiG +e—i9
sin@ =——— cosf@=——
2i 2

50 one may use e/ =i/l a5 an alternative pair of sine and cosine.
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Definition

Definition 20. The full Fourier series of ¢ (x) defined on (—1,1) is given by

(P(x): i Cneinﬂ:x/l

N—=—o0

and the coefficients can be computed by
1 /! —_
Cn = z—l/lq)(x)e_mm/ dx

Example

Example 23. A rod has length | =1 and k = 1 as a constant. Its temperature satisfies the heat
equation u; = uyy. Its left end is held at temperature O and right end at 1. Initially the temperature

is given by
5 2
35X O<x< %
¢(x) = {2 ;

3-2x F<x<l

Then what is the solution u(x,t)?

Solution 23. We first find a equilibrium solution, which is the time-independent solution U (x) with the
same boundary condition. So in this case u; = 0,uy, = 0, and we easily get that U(x) = Ax+ B, with
boundary condition U(0) = 0,U (1) = 1 we have U(x) = x as our equilibrium solution.

Now consider a function v with v; = vy, v(0,¢) = v(1,1) = 0 and v(x,0) = ¢ (x) — U(x), then we claim
that u(x,t) = v(x,t) + U (x). This is because since v,U both solves the diffusion equation, so does the sum
u=v—+U. The boundary condition is that u(0,t) = v(0,) +U(0) = 0,u(1,t) =v(1,t)+U(1) = 1, and
att =0 we have u(x,0) =v(x,0)+U(x) = (¢(x) —U(x)) + U(x) = ¢(x) as desired.

Now it suffices to find v(x,t). Recall in the last section we derived that on the interval (0,1), with k =1,
we have

(o)

v(x,t) =) e T A, sinnx

n=1
where
5X O<x< %
Ap=2 x) —x)sin(nmx)dx, X)—x=1<¢2 3
| (0 =n)sinumnia, ot {3_3x 0
Hence

2/3 1 1
Ap= 3/ xsin(mrx)dx+6/ sin(nn’x)dx—6/ xsin(nmx)dx.
0 2

/3 2/3
After some simple algebra, we have that
9 . 2nm
An= g 3
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Recall, the sine Fourier series for ¢ (x) = x on (0,1) is given by

x= Y (-1 sin(n)

=1 n
hence

> 2.2 > 2
ulx,t) =Yy e " A, sin(nmwx) + — 1" Zsin(nmx (7.15)
€n=% psin(om) + Y (1) i)

> 9 2 2

= [ﬂsin (ﬂ) +(—1)”+1—} sin(n7) - e "7, (7.16)
= l7n 3 n

7.2 Orthogonality and General Fourier Series

Definition

Definition 21. Let f,g € C([a,D]) be two real-valued functions, their inner product is defined as

b
(f,8) = / Al

and we say f(x),g(x) are orthogonal if { f,g) = 0.

Definition

Definition 22. With the inner product defined in the previous definition, we define the L* norm of
a function f(x) as

b
IF@IP = (), f(x)) = / P)dx.

We wish to study the linear operator

with some boundary conditions. Some common boundary conditions are as follows:
* Dirichlet Boundary Condition: A function X (x) on [a,b] such that X (a) = X (b) = 0;
» Neumann Boundary Condition: A function X (x) on [a,b] such that X'(a) = X'(b) = 0;
* Periodic Boundary Condition: A function X (x) on [a, ] such that X (a) = X (b); X'(a) = X'(b).

To generalize the idea of eigenvalues and eigenvectors, we wish to find a constant A € R and a non-zero
function X satisfying the boundary conditions and such that

AX = AX.

We say such a function X is an eigenfunction and A is the associated eigenvalue. Also, the eigenfunc-
tions corresponding to different eigenvalues are orthogonal. To see this, let X;,X, be two different
eigenfunctions satisfying the same boundary condition, then

X =MX] X=X
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and we assume A; # A,, then we need to show

b
/ Xledx =0
a

which is equivalent as showing

b b
(M — 1) / X1 Xodx = / (=X{'X> + X3/ X1)dx =0
a a

the right hand side of the equation above can be simplified using Green’s second identity, and equipped
with boundary conditions, it will simplify to zero in all three cases.

In general, we consider the following boundary conditions:
o X (a)+BoX (b) +nX'(a) + 8 X'(b) =0
X (a) + BoX (b) + X' (a) + &X'(b) =0
Definition

Definition 23. Such a set of boundary conditions defined as above is called symmetric if

where f(x),g(x) satisfy the boundary condition defined above.

Example

Example 24. On the interval (0,1), is the boundary condition u(0,t) = 0,u,(l,t) = 0 symmetric?

Solution 24. Take f,g be arbitrary test functions such that f(0) =0, f'(1) = 0;¢(0) = 0,8'(l) =0, then

b

f(x)g(x) = f(x)g' (x)| = £ (Dgl) = f(1)g'(1) — f'(0)g(0) + £(0)g'(0)

Hence the boundary condition is symmetric.

Theorem

Theorem 25. With symmetric boundary condtions, any two eigenfunctions that correspond to
different eigenvalues are orthogonal.

Now let A4, be the eigenvalue of the eigenfunction X, (x), we write

¢(x) = ZAan (x)
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then
(0(x). Xm(x)) =Y A (X, Xin) = A ( Xin, Xin)

by orthogonality.
Definition

Definition 24. Suppose we have symmetric boundary conditions, and for a function ¢(x) satisfy
the form ¢ (x) =Y., ApXy(x), then

(9(X), X)) [ 0 (x)Xn(x)dx

Ay = =
"GP [PX2dx

is called the general Fourier series of the function ¢(x).

Theorem

Theorem 26. All eigenvalues of the eigenvalue problem —X" = AX = 0 over functions X (x),x €
[a, D] satisfying symmetric boundary conditions are real.

Proof. Assume A € C is an eigenvalue of X (x), then by complex conjugate, A is also an eigenvalue of X.
Hence _
(X,AX) = (AX,X)

which means we have

b
/ (A —2)XXdx=0
hence A = A. [ |

Theorem

b
Theorem 27. Assume for a symmetric boundary condition for x € [a,b]. If f(x)f'(x)| <O forall

a
functions f(x) satisfying the boundary conditions, then all eigenvalues are positive.

Proof. Let X (x) be the function satisfying the symmetric boundary conditions as well as the property
above, and —X”(x) = AX (x). Then use Green’s first identity, we have

b b b
/ X" ()X (x)dx = X' ()X (x)| — / (X' (x))2dx

which means .

_ / (X () < 0

a

b
—),/ X2(x)dx = X'(x)X (x)

hence A > 0. [ |
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This also explains why earlier we state A > 0 for the Dirichlet boundary condition for wave equation
using separation of variables.

Example

Example 25. Consider the wave equation u;; = iy on 0 < x < [, with initial boundary conidi-
tion u(0,t) = ux(l,¢t) = 0 and u(x,0) = x, u;(x,0) = 0. Find the solution explicity in series form.

Solution 25. Note that in this wave equation the boundary condition is a bit different! But we may still
use separation of variables to find the solutions of X, T given by u(x,t) = X (x)T(t), and hence
T// (t) X// (x)

Ut = X(X)T”(t) = Czuxx = CZXN()OT(I) - 2T (1) B X (x) =

we claim that we indeed have a symmetric boundary condition, since

and by theorem 19,20, all eigenvalues are non-negative. It sufficies to consider positive eigenvalues
because otherwise we simply have a trivial solution. We can then solve X, T :

T"(t) + AT (1) =0 = T(t) = AsincVAr + BcoscV/At.

X"(x) + AX(x) =0 = X(x) = CsinVAx+ Dcos VAx.

Now we equate with boundary conditions:
u(0,/)=0 = X(0)=0 = D=0.

(% +nm)?

(L)) =0 = X'(x)] =VACcosVAI=0 = A = 7

x=I

So for each n, the eigenvalues and eigenfunctions are

(2 +nm)? . S+nm
)L":zl—z’ X, = sin 2 .
As for T, we now have
T T
. 5+nm 5 +nmw
To(t) = Aysinc2 t+B,cosc t

so the solution is

= > Z+nrm Z+nm L +nrm
u(x,t) = ZXn(x)Tn(t) = Z <A,,sinc2 7 t + By cosc2 ; t> -sin 2 .
n=1

n=1

We now use boundary conditions to find A, B,, where

o3}

T +nm
u(x,0) = Zanin 2 A=

n=1
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and the coefficients of B,, can be easily computed by
S+nm

(x,sin 25—x) 2 (b T +nm . 21
By = . S4nm . Z4nm - 7/ xS l xdx = (_1) ' (n_|_ 1)271-2'
(sin 25—x,sin 25—x) 0 2
For another boundary condition u;(x,0) = 0, we have
> l X tnm l X iarm CZ4nm
u(x,0) = Z ﬂ—Ancosc2 ><0—7T—anmc2 x 0 ) - sin 2 X
= \c(F+nm) l c(5 +nm) l l
= i ! A, sin % —me
= (% +nm) [

hence A, = 0. So the general solution is given by
> 21 Z4nm Z+nm
u(x,t) = (—1)”-+cosc(2 t) -sin(2 x).
n=1 (n+5)*m? ! !

Theorem 28 (Gram-Schmidt Orthogonalization). Let {X,} be a sequence of mutually linearly
independent vectors in an inner product space (V,(-,-)), then we may get a sequence {Z,} of
mutually orthonormal vectors by the following procedure:

Theorem

» Step 1: Define

X
1= —;
[1X1]
e Step 2: For all X;,i > 1, define
i—1
Yl Xl XhZ
j=1
where
Z;= L
Rk

and we normalize ;.

This theorem is especially useful in linear algebra for constructing ortonormal basis for an inner product
space.

Proof. First, it is easy to see that ||Z;|| = 1. By induction, when n = 1 the result is trivial. For n > 1, any
k < n, we have

k—1
(Zn,Yy) = <Zn7Xk_ Z <kazj>zj>

j=1
= (Zp, Xy ) — Z X, Z;) (Zn,Z;)

=(Zn, X ) — (Xn,Zy) (since {Zy,---,Z,_1} are orthonormal)
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Theorem

Theorem 29 (Cauchy-Schwarz Inequality). Let (V,(-,-)) be an inner product space, u,v €V,
then
[ (w,v) | < [[u]]- ||¥]].

Proof. Consider a function g(¢) = |[u+1v||*> where g(¢) > 0, then
g(t) = [IVIPP* +2 (w,v) 1+ [ul .
Note that g(7) is a quadraic equation so the minimizer is obtained at

b 2{(u,v)

fmin = —=— = ————
min za 2| |V| |2 Y
and by definition g(fm;,) > 0 so we have

||V||2' |<ll,V> |2 . 2| <U,V>|

2
2
M T e =0

which is Cauchy-Schwarz inequality:

[Jul[2- V][ > [ {u,v) .

7.3 Fourier Series Corresponding to Different Boundary Conditions

7.3.1 Dirichlet Boundary Condition:

Let us first consider the eigenvalue problem with Dirichlet boundary condition on [0, /] given by
X"+2X =0, X(0)=X(1)=0

since we know that any symmetric boundary condition has real eigenvalues, hence we consider three
conditions:

* If A < 0: In this case we have a general solution to the ODE given by
X(x) =AeV 2 4 Be V2 A BeR.
By imposing the boundary condition, X (0) = X (/) = 0 we have
A+B=0 AV MyBeVH_y,

which means

B=-A, A (eﬂl —e—ﬂl> —0,

hence A = B = 0, which means there are no non-trivial solutions.
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o If A =0, in this case the general solution takes the form X (x) = Ax+ B,A, B € R and the boundary
condition will yield A = B = 0, which is again we do not have non-trivial solution.

» If A <0, then the general solution is

X(x) = AcosVAx+BsinVAx, A,BER.

with boundary condition imposed, we have A = 0. Also B =0 or sin VAl = 0. We take the latter
non-trivial solution, and it holds for A = n?7 /I, and the corresponding eigenvalues are sinn7mx/I.
So we have the following:

Hence the Fourier series for Dirichlet boundary condition is given by

_{0.X,) 2 ! . /NTTX
Ap = DA —7/0 ¢(x)sm(7>dx.

The corresponding Fourier series is

i . NTx
Z A, sin —.
= [
n—=

7.3.2 Neumann Boundary Condition:

The Neumann Boundary Condition on [0, ] takes the form
X'(0)=Xx'(l)=0.
It can be computed that the eigenvalues and eigenfunctions are

2.2
nmx n-7m
Xn(X) = COST A«n = 1_2

Hence the coefficients of the Fourier series are given by

(0,X,) 2/l nix
A, = = - Xx)cos —dx
R TATR A

with the Fourier series given by

Ay niwx
— A —
) +nZ::1 n COS ]

7.3.3 Periodic Boundary Condition:
The periodic boundary condition on [—,/] is given by
X(Hh=x1), X'()=Xx"(-1).

With this condition, we have two eigenfunctions:



n*m?

corresponding to eigenvalues A, = - Hence the Fourier series is
1 — nmwx nmwx
—Ao+ (A cos— +B sin—)
2 0 ,; n / n / s
where

1/ 1/
Ay = 7/ ¢ (x)cos nTma’x, B, = 7/ ¢ (x)sin nTnxdx‘
1 I

7.4 Convergence of Fourier Series

We first introduce different modes of convergence:
Definition
Definition 25. Consider a sequence of functions { f,}:y_, defined on [a,b).
* fu converges to f pointwise, if and only if for every x € [a,b], f,(x) — f(x) asn — .
* fu converges to f uniformly, if and only if

sup |fu(x) = f(x)| =0 asn— oo.
x€la,b]

e f, converges to f in L? if and only if
b e
[ 100 = rPax"0,
a

In the sence of Fourier series S, = ZAan, the pointwise convergence will always hold. How can we

justify the other types of convergence? The following theorem tells.
Theorem
Theorem 30. Let f(x) be defined on |a,b], and S, = ZAan be the Fourier series of f(x), then:

* S, converges to f(x) uniformly, provided that f(x),f'(x),f"(x) exist, are continuous on
[a,b] and f(x) satisfies the symmetric boundary conditions.

s S, converges to f(x) in L?, provided that
b
[ 1P <
a

Next, we present convergence for full Fourier series. We say a function f(x) is piecewise continuous on
an interval [a,b] if it is continuous at all but a finite number of points and has jump dicontinuities at all
those points.
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Theorem

Theorem 31. The classical full Fourier series convergences to f(x) pointwise on |a,b] provided
that f(x) is continuous on |a,b] and f'(x) is piecewise continuous on [a,b]. More generally if
f(x) is onlypiecewise continuous on [a,b] and f'(x) is also piecewise continuous on [a,b], then
the classical Fourier series converges at every point x where

Y Analx) = A +£00)]

We may view this theorem as follows: At a jump discontinuity the series converges to the average of the
limits from the right and from the left.

Theorem

Theorem 32 (Bessel’s Inequality). Let ¢(x) € L*((a,b)) and suppose {X,(x)} is an orthogonal
family of functions on (a,b). Define

(9(x), Xn(x))

Api= ,
! [1Xa ()12

then

oo b b
A2 [ 1X,(x)[Pdx < 2dx.
)y /a| (x) P /a"”(")' x

Proof. Let {c,} be a sequence of real numbers, define
b

EN = / Z Cn
b

/ | (x 2dx Zch/ O (%)X, (x)dx+ Z Zcmcn/ m (%)X (x)dx

m=1n=

2

= l¢(x)|* - 2ZCn +ZczHXH2 by orthogonality of {X,}

n=1

View above as a function of each c¢,, we see that it is then a quadratic function: f(c,) = ancﬁ + by, +dy,
and each ¢, 1S minimized at
by (9(x),Xu(x))

2ay N ||X,,(x)||2

Cp — —

With ¢,, minimized as above, we have
2 2 2
Ey=1¢(x)|]"— ZA || X ()]

By definition, Ey > 0, so

N
eI = Y AZl1X (x)]

n=1
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which is,
S 2 ’ 2
Y43 [ aPax< [ loPax
n=1 a a
and the Bessel’s inequaity is proven by taking N — oo, |

Theorem

Theorem 33 (Parseval’s Equality). Let ¢ (x) € L?((a,b)), and X, (x),A,(x) be the eigenfunctions
and Fourier coefficients of any general Fourier series for ¢ (x) respectively. Then

oo b b
AZ X, (x 2dx = x)|%dx.
)y /a| @) /a|<z>< )

We will not prove this theorem.

Let ¢(x) =1 € L?((0, 7)), using classical Fourier sine series defined on (0,7), we have
X, (x) = sin ”lﬂ = sin(nx)

and

(0 (x),Xn(x)) _ foﬂsin(nx)dx _ 4
|1 (x)] |2 Iy sin?(nx)dx ~ nm

hence using Parseval’s equality, we have

4 2 T T
Z (—) / sinz(nx)dx:/ 12dx
oddn \117 0 0

A, = for odd n.

which is
E () 5=
odd n nmw 2
i.e,
Z 1 x?
- ==
odd n n 8
Theorem

Theorem 34 (Riemann-Lebesgue Lemma). If ¢ (x) € L*((a, b)), then the classical Fourier coeffi-
cients of ¢(x) goes to 0 as n — oo.

By Riemann-Lebesgue lemma, recall the Dirichlet boundary conditions on [0, ], we have that every ¢ (x)
defined on (0,7) with ||¢ (x)||? < o satisfies

l
/ o (x) sinnlﬂdx% 0, asn—»oo.
0

Since C~ functions are surely square integrabe, so the above equation also means

. nmx T
sin—— — 0 in distribution.
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Theorem

Theorem 35. Suppose ¢ € L>((a,b)), then its general Fourier series associated with any symmet-
ric boundary conditions converges to ¢ in L* on (a,b). We say the eigenfunctions assciated with
a symmetric boundary condition are complete in L*((a,b)).

We shall omit the proof for this theorem.

Definition

Definition 26. A sequence of functions { f,} defined on |a,b] converges to f pointwise, if and only
if for every x € |a,b], fn(x) — f(x) asn — eo.
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