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First-Order Linear PDEs

In this section, we will dive into some basic and elementary structures of partial differential equations.
Throughout the section, consider u(x1, · · · ,xn) as a multivariate function, ux1, · · · ,uxn as its first order
partial derivatives, and uxix j · · · as second order partial derivatives and so on.

1.1 Constant Coefficient Linear PDEs

In this part, let u(x,y) : U ⊆R2 →R, a,b ∈R not both zero, and we are interested in the PDE of the form

aux +buy = 0

A very intuitive example is u(x,y) = bx−ay, where ux = b,uy = −a and aux +buy = ab−ab = 0. But
in general how can we solve it? We will give two methods.

1.1.1 Geometric Method Via Directional Derivative

When we have a multivariate function (in our example it suffices to illustrate with 2 variables) z = u(x,y),
the two partial derivatives are defined by

Definition

Definition 1. Let z= u(x,y) be a multivariate function, then the partial derivatives ux,uy at (x0,y0)
are defined as

ux := lim
∆x→0

u(x0 +∆x,y0)−u(x0,y0)

∆x

uy := lim
∆y→0

u(x0,y0 +∆y)−u(x0,y0)

∆y
.

Just like normal derivative with one variable, the partial derivatives ux,uy are the rate of change along
the x,y axis respectively. We may further extend this idea to any direction, say the “partial derivative”
or the “rate of change” along the line y = x, y = 2x− 3 (a linear combination of x,y coordinates) etc.
That’s where we introduce directional derivatives. So we may then define the directional derivative along
a vector v = (a,b):

Definition

Definition 2. The directional derivative of u(x,y) at (x0,y0) along =(a,b) is given by

Dvu(x0,y0) = lim
h→0

u(x0 +ha,y0 +hb)−u(x0,y0)

h

and we can easily see that ux,uy is just the special case when v = (1,0),(0,1) respectively. Below is a
figure to illustrate directional derivative geometrically:
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Figure 1: The directional derivative at (x0,y0,z0) of the function z = u(x,y). It can be viewed as the slope
of tangent line of the curve obtained by slicing the function with a vertical plane that passes through the
direction of the directional derivative. (Credit: James-Stewart Calculus, early transcendentals, Eighth
Edition, Page 946)

Theorem

Theorem 1. The directional derivative of u(x,y) along v = (a,b) can be computed by

Dvu(x,y) = ux(x,y) ·a+uy(x,y) ·b

The proof of this theorem can be done by using Chain rule and hence the readers are encouraged to try it
themselves.

After knowing some directional derivatives, we go back to the equation a ·ux+b ·uy = 0, we realized this
means the directional derivative of u(x,y) along v = (a,b) is equal to zero, meaning u(x,y) is constant
along v. The line equation of v can be expressed by bx−ay = 0, and the set of lines parallel to v has the
general form of bx−ay =C, where C ∈ R. They are called the characteristic lines, and on each of those
lines Dvu(x,y) is a constant and the entire plane R2 is generated by the set of all characteristic lines. So
we see that in this case u(x,y) only depends on bx− ay, i.e which characteristic line it belongs to, and
hence the general solution to aux +buy = 0 is

u(x,y) = f (bx−ay)

where f is a function of one variable, and the exact f may be obtained once extra conditions are given.
To verify the correctness of (1.6), we two partial derivatives:

ux = b f ′(bx−ay),uy =−a f ′(bx−ay)

and hence aux +buy = ab f ′(bx−ay)−ab f ′(bx−ay) = 0.
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Example

Example 1. Solve the PDE 4ux −3uy = 0 with auxiliary condition u(0,y) = y3.

Solution 1. It is first easy to see that u(x,y) = f (−3x− 4y) is the general solution, where −3x− 4y =
C is the characteristic line. Then plugging in the auxiliary condition, y3 = u(0,y) = f (−4y) we get
f (−4y) = y3 and by a change of variable we see that f (t) =−t3/64. So we have u(x,y) = f (−3x−4y) =
(−3x−4y)3/64.

Example

Example 2. Solve the PDE xux + yuy = 0.

Solution 2. We notice that the directional derivatives along (x,y) is constant zero, and we have

dy
dx

=
y
x

which brings us to a separable differential equation and we have
ˆ

1
y

dy =
ˆ

1
x

dx+C

and we have ln |y| − ln |x| = C, which is the characteristic curve of the PDE, and given any function g
defined through g(ln |y|− ln |x|) will be a solution.

1.1.2 Change of Variable Method

Now we present a different method using change of variables. Imagine using the direction of v = (a,b)
as our new coordinates x′ and v⊥ as y′. Then we can verify that

x′ = ax+by y′ = bx−ay

and hence we have the relation that

x =
ax′+by′

a2 +b2 y =
bx′−ay′

a2 +b2

and by Chain rule, we get

ux =
∂u
∂x′

· ∂x′

∂x
+

∂u
∂y′

· ∂y′

∂x
= aux′ +buy′

uy =
∂u
∂x′

· ∂x′

∂y
+

∂u
∂y′

· ∂y′

∂y
= bux′ −auy′

so we have
aux +buy = a(aux′ +buy′)+b(bux′ −auy′) = (a2 +b2)ux′

and we obtain a new equation (a2 +b2)ux′ = 0, which indicates the solution u(x,y) is independent of x′

and hence we have u(x′,y′) = f (y′) = f (bx− ay). Note that this is the exact same answer we get using
the directional derivative method.
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Then, we are interested in a more general form

aux +buy = f (x,y)

for a given function f (x,y). If f reduces to zero then it is the case in section 1.1.1.

Theorem

Theorem 2. The solution to (1.13) is given by

u(x,y) =
1√

a2 +b2

ˆ
L

f ds+g(bx−ay)

where L is the characteristic line segment from y axis to (x,y).

Proof. We will again use the change of variable method, using the change of variables discussed in (1.8),
and the relations stated in (1.9);(1.10);(1.11), we have

a(aux′ +buy′)+b(bux′ −auy′) = f
(

ax′+by′

a2 +b2 ,
bx′−ay′

a2 +b2

)
which simplifies to

ux′ =
1

a2 +b2 · f
(

ax′+by′

a2 +b2 ,
bx′−ay′

a2 +b2

)
hence integrate 1.16 with respect to x′ gives

u(x′,y′) =
ˆ

x′

1
a2 +b2 · f

(
ar+by′

a2 +b2 ,
br−ay′

a2 +b2

)
dr+g(y′)

and we now use the original coordinates and we have

u(x,y) =
ˆ

ax+by

1
a2 +b2 · f

(
ar+b(bx−ay)

a2 +b2 ,
br−a(bx−ay)

a2 +b2

)
dr+g(bx−ay)

by a simple change of variable s =
r√

a2 +b2
, we have

u(x,y) =
1√

a2 +b2

ˆ
ax+by√
a2+b2

f

(
b2x+a(

√
a2 +b2s−by)

a2 +b2 ,
a2y+b(

√
a2 +b2s−ax)

a2 +b2

)
ds+g(bx−ay)

(1.1)

and denoted by

u(x,y) =
1√

a2 +b2

ˆ
L

f ds+g(bx−ay)

and as we can see L is the line segment from y axis to the point (x,y).
■

Example

Example 3. Solve the PDE ux +uy = 1.
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Solution 3. We follow the result of theorem 2, we have f (x,y) = 1,a = b = 1, then we plug these values
into (1.20), we have

u(x,y) =
1√
2

ˆ
x+y√

2

ds+g(x− y)

=
x+ y

2
+g(x− y)

and we get

ux =
1
2
+g′(x− y) uy =

1
2
−g′(x− y)

where g(x− y) is an arbitrary single variable function that depends through x− y, and notice that ux +
uy = 1 which means the solution is valid.

Example

Example 4. Solve the PDE ux +uy = xy.

Solution 4. In this example, we have f (x,y) = xy,a = b = 1 and (1.20) gives us

u(x,y) =
1√
2

ˆ
x+y√

2

(
x+

√
2s− y
2

)
·

(
y+

√
2s− x
2

)
ds+g(x− y)

=
1√
2

ˆ
x+y√

2

2s2 − (x− y)2

4
ds+g(x,y)

=

[
2s3 −3s(x− y)2

12

]∣∣∣∣∣
s= x+y√

2

+g(x− y)

=−(x+ y)(x2 + y2 −4xy)
12

+g(x− y)

hence we get the general solution to the original PDE:

u(x,y) =−(x+ y)(x2 + y2 −4xy)
12

+g(x− y)

where g(x− y) is an arbitrary single valued function which depends through x− y. To verify, note that
we have

ux =− 1
12

(
x2 + y2 −4xy+(x+ y)(2x−4y)

)
+g′(x− y)

=
1
4

(
− x2 + y2 +2xy

)
+g′(x− y) (1.2)

and similarly

uy =− 1
12

(
x2 + y2 −4xy+(x+ y)(2y−4x)

)
−g′(x− y)

=
1
4

(
x2 − y2 +2xy

)
−g′(x− y) (1.3)
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where

ux +uy =
1
4

(
− x2 + y2 +2xy+ x2 − y2 +2xy

)
+g′(x− y)−g′(x− y)

= xy. (1.4)

1.2 Nonhomogeneous Problem and Method of Characteristics
We now generalize the idea of transport equation into Rn. Suppose x,b ∈ Rn, t ∈ (0,∞) and Du is the
gradient of u with respect to xi, then consider the problem{

ut +b ·Du = f in Rn × (0,∞)

u = g on Rn ×{t = 0}

To solve this, we inspired by the homogeneous problem, suppose we set z(s) := u(x+ sb, t + s) for s ∈R,
then differentiating z will yield

ż(s) = b ·Du(x+ sb, t + s)+ut(x+ sb, t + s) = f (x+ sb, t + s)

then we notice that u(x, t) = u(x+0b, t+0) = z(0) and u(x− tb, t−s) = u(x− tb,0) = g(x− tb) = z(−t),
so we have

u(x, t)−g(x− tb) = z(0)− z(−t) =
ˆ 0

−t
ż(s)ds

=

ˆ 0

−t
f (x+ sb, t + s)ds

=

ˆ t

0
f (x+(s− t)b,s)ds

hence, we have the general solution given by

u(x, t) = g(x− tb)+
ˆ t

0
f (x+(s− t)b,s)ds

Example

Example 5. Solve the PDE ut +ux = 1 with u(x,0) = x2.

Solution 5. In this case observe that f ≡ 1, g = x2, Du = ux,b = 1, so by the formula we proposed, we
have

u(x, t) = (x− t)2 +

ˆ t

0
1ds = x2 −2xt + t2 + t.

It is easy to see that the function above solves the PDE.

We now study a more general form: F(Du,u,x) = 0 in U subject to the boundary condition u = g on Γ

where Γ ⊆ ∂U , g : Γ →R, also F,g ∈C∞. So what is the method of characteristics? Well we pick x ∈U ,
and then another x0 ∈ Γ. Since we already know on Γ, u = g so we are able to compute the value at x0.
Then we try to connect x0,x by some nice curve u that solves the PDE.
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Suppose such a curve which is described parametrically by x(s) = (x1(s), · · · ,xn(s)) where s ∈ R is
our parameter. We assume u ∈ C2 solves the PDE F(Du,u,x) = 0 and let z(s) = u(x(s)), as well as
p(s) := Du(x(s)) where pi(s) = uxi(x(s)). In our set up, z gives the values along the curve, p gives the
values of the gradient Du. Note that

ṗi(s) :=
d
ds

pi(s) =
d
ds

n

∑
j=1

uxix j(x(s))ẋ j(s)

also we differentiate F(Du,u,x) = 0 with respect to xi:

n

∑
j=1

∂F
∂ p j

(Du,u,x)ux jxi +
∂F
∂ z

(Du,u,x)uxi +
∂F
∂xi

(Du,u,x) = 0

set

ẋ j(s) =
∂F
∂ p j

(p(s),z(s),x(s))

then we evaluate (1.40) at x = x(s), we have

n

∑
j=1

∂F
∂ p j

(p(s),z(s),x(s))uxix j(x(s))+
∂F
∂ z

(p(s),z(s),x(s))pi(s)+
∂F
∂xi

(p(s),z(s),x(s)) = 0

so now use the expression above and (1.41), substitute back into (1,39) will give us

ṗi(s) =−∂F
∂xi

(p(s),z(s),x(s))− ∂F
∂ z

(p(s),z(s),x(s))pi(s)

and finally differentiating z = u(x(s)) will yield

ż(s) =
n

∑
j=1

∂u
∂x j

(x(s))ẋ j(s) =
n

∑
j=1

p j(s)
∂F
∂ p j

(p(s),z(s),x(s)).

Definition

Definition 3. We define the following systems of ODEs as the characteristic equations of the PDE
F(Du,u,x) = 0: 

ṗ(s) =−DxF(p(s),z(s),x(s))−DzF(p(s),z(s),x(s))p(s)
ż(s) = DpF(p(s),z(s),x(s)) ·p(s)
ẋ(s) = DpF(p(s),z(s),x(s))

Expression above looks a little bit cursed, but let us consider a simple example:

a(x,y)ux +b(x,y)uy = c(x,y)u+d(x,y)

for function u(x,y). Then the characteristic curve will be
ẋ(s) = a(x(s),y(s))
ẏ(s) = b(x(s),y(s))
ż(s) = c(x(s),y(s))z+d(x(s),y(s))
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Example

Example 6. Solve the PDE −yux + xuy = u with boundary condition u(x,0) = g(x).

Solution 6. It is easy to see that ẋ(s) =−y, ẏ(s) = x, ż(s) = z. We first solve the system of ODEs with x,y:{
ẋ =−y
ẏ = x

=⇒

{
x = c2 cos(s)− c1 sin(s)
y = c1 cos(s)+ c2 sin(s)

Let x(0) = x0,y(0) = 0, then x(s) = x0 cos(s),y(s) = x0 sin(s). Furthermore solve for z we have z(s) =
c3es. With initial condition, z(0) = g(x0) so we have z(s) = g(x0)es. Now given (x,y) we need to solve for
x0 and s such that they passes through the characteristics, we solve x = x0 cos(s),y = x0 sin(s) and hence
x2

0 = x2 + y2,s = arctan(y/x) and hence we obtain

u(x,y) = g(x0)es = g(
√

x2 + y2)earctan(y/x).

Example

Example 7. Solve the PDE ux +uy +u = ex+2y with boundary condition u(x,0) = 0.

Solution 7. We first note that ẋ(s) = 1, ẏ(s) = 1 and ż(s) = −1+ ex+2y, first solve the system of ODEs
with x,y, we obtain {

ẋ(s) = 1
ẏ(s) = 1

=⇒

{
x(s) = s+ c1

y(s) = s+ c2

for some constant c1,c2 ∈ R. We now plug in the initial condition, we know that x(0) = x0,y(0) = 0 (we
make it this way so the point lie on the “boundary” where we know u = g), hence we have

x(s) = s+ x0 y(s) = s

with this information, we substitute x,y by s into z and have ż(s) =−z(s)+ e3s+x0 , which is an ODE that
can be solved by using integrating factors. Note that

µ(s) = exp
(ˆ

1ds
)

z(s) =
1

µ(s)

(ˆ
µ(s)e3s+x0ds+C

)
and we hence have

z(s) =
1
4

ex0+3s +
C
es ,C ∈ R

with initial condition z(0) = 0, we have

z(s) =
1
4

ex0+3s − 1
4

ex0−s

we then use (1.51) to obtain x0,s in terms of x,y, where s = y,x0 = x− y, hence we have

u(x,y) =
1
4
(ex+2y − ex−2y).
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The above two examples motivate us to further investigate (1.45) and derive a more specific formula for
different type of PDEs:

Linear PDEs: The first case we consider is when F(Du,u,x) is linear and homogeneous, which means
it takes the form

b(x(s)) ·Du+ c(x)u = 0

and it suggests that we have F(p,z,x) = b(x(s)) · p(s)+c(x(s))z(s), where we have DpF = b(x) and then
by (1.45)

ẋ(s) = DpF = b(x(s)) ż(s) = DpF · p(s) = b(x(s)) · p(s)

also note that we have F(p,x,z) = b(x) · p(s)+ c(x)z(s) = 0 hence we further have the expression

ż(s) =−c(x(s))z(s)

so in summary we have {
ẋ(s) = b(x(s))
ż(s) =−c(x(s))z(s)

as our parametrization and from this point we can easily see the parametrization we get in example 4 and
5.

Quasi-linear PDEs: We now consider the PDE of the form

F(Du,u,x) = b(x,u(x)) ·Du+ c(x,u(x)) = 0

and we now have the parametrization F(p,x,z) = b(x,z) · p+ c(x,z) = 0, and from here we have DpF =
b(x(s),z(s)) so ẋ(s) = b(x(s),z(s)), and ż(s) = b(x(s),z(s)) · p(s). We finally use the fact that b(x,z) · p+
c(x,z) = 0 to conclude ż(s) =−c(x(s),z(s)) so im summary we have{

ẋ(s) = b(x(s),z(s))
ż(s) =−c(x(s),z(s))

.

Example

Example 8. Solve the PDE ux +uy = u2 with boundary condition u(x,0) = g.

Solution 8. We first see that ẋ = 1, ẏ = 1 so we have the solution{
x(s) = s+ c1

y(s) = s+ c2

with the boundary condition, we let x0 be the point on g such that our parametrization yields x(0) =
x0,y(0) = 0 and hence we have {

x(s) = s+ x0

y(s) = s
.

Now for z we have ż = z2, which now turns into a separable ODE and we haveˆ
1
z2 dz =

ˆ
1ds+C =⇒ −1

z
= s+C
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take s = 0, and let g(x0) = z0, then we have − 1
z0
=C hence then we solve for z and we get

z(s) =
z0

1− sz0
:=

g(x0)

1− sg(x0)

Note that in (1.63) our parametrization will yield s = y;x0 = x−y so we substitute into (1.65) and we get

u(x,y) =
g(x− y)

1− y ·g(x− y)

as the solution to the PDE, where g is any function depend through x− y. But notice that the solution
only makes sense only if 1− yg(x− y) ̸= 0.
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Wave Equations

2.1 Interpretations and Derivations

Suppose U ⊆ Rn is open, and we define a function u(x, t) : Ū × [0,∞)→ R where x ∈U and t is the time
variable.

Definition

Definition 4. The wave equation is defined by

utt −∆u = 0

where ∆ is the Laplacian operator.

We first provide some physical interpretations to the wave equation. Suppose we have a smooth subregion
V ⊆U , and we consider the acceleration within V . The interpretation is easier for n = 1,2 or 3. Let u(x, t)
be the displacement in some direction of the point x at time t ≥ 0, and the acceleration within V is then

d2

dt2

ˆ
V

udx =
ˆ

V
uttdx

while the net force defined on ∂V is given by

−
ˆ

∂V
F ·νdS

where F is the force acting on V through ∂V , ν is the outward normal unit vector, then by Newton’s
second law, ˆ

V
uttdx =−

ˆ
∂V

F ·νdS

where we take the mass of the object to be unit mass, and further this identity obtains for all subregion
V so we further have utt =−divF. Further for elastic bodies F is a function of the displacement gradient
Du, hence we have the system

utt = divF(Du) = 0

and for small vibrations we use the approximation formula F(Du) =−aDu so we have utt −a∆u = 0 and
wave equation is the case when a = 1.

2.2 d’Alembert’s Formula
We first focus on the initial value problem for u(x, t) defined on R× (0,∞). Consider the system{

utt −uxx = 0 in R× (0,∞)

u = g,ut = h on R×{t = 0}
.
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Theorem

Theorem 3. The general solution to the wave equation utt = c2uxx takes the form

u(x, t) = f (x+ ct)+g(x− ct)

through some functions f ,g.

Proof. By direct computation, we have

ux = f ′(x+ ct)+g′(x− ct),uxx = f ′′(x+ ct)+g′′(x− ct)

and
ut = f ′(x+ ct) · c+g′(x− ct) · (−c),utt = c2 f ′′(x+ ct)+ c2g′′(x− ct)

and the results follows trivially. ■

Theorem

Theorem 4 (d’Alembert’s Formula for Wave Equation). The d’Alembert’s formula for wave equa-
tion utt = uxx is given by

u(x, t) =
1
2
[g(x+ t)+g(x− t)]+

1
2

ˆ x+t

x−t
h(y)dy for x ∈ R, t ≥ 0.

with initial condition u(x,0) = g,ux(x,0) = h

Proof. (Evan’s) Observe that we can rewrite the PDE as

utt −uxx =

(
∂

∂ t
+

∂

∂x

)(
∂

∂ t
− ∂

∂x

)
u = 0

we define v as

v(x, t) :=
(

∂

∂ t
− ∂

∂x

)
u(x, t)

then we have vt(x, t)+ vx(x, t) = 0. This is a transport equation, where we see the directional derivative
along (1,1) is zero and the function is constant along this constraint. So we have a general solution
defined by v(x, t) = a(x− t) for any function a that defined through x− t and a(x) = v(x,0). Hence we
finally have

ut(x, t)−ux(x, t) = a(x− t) in R× (0,∞)

which appears to be another transport equation, the general solution takes the form

u(x, t) =
ˆ t

0
a(x+(t − s)− s)ds+b(x+ t) (2.1)

=
1
2

ˆ x+t

x−t
a(y)dy+b(x+ t) (2.2)

with b(x) := b(x,0). With initial conditions b(x) = g(x) when t = 0, also

a(x) = v(x,0) = ut(x,0)−ux(x,0) = h(x)−g′(x)

14



we finally have

u(x, t) =
1
2

ˆ x+t

x−t

(
g(y)−g′(y)

)
dy+g(x+ t).

after simplification we have

u(x, t) =
1
2
[g(x+ t)+g(x− t)]+

1
2

ˆ x+t

x−t
h(y)dy,x ∈ R, t ≥ 0.

■

And d’Alembert’s formula will give us the solution of the PDE equipped with the boundary value prob-
lem. If in general we have utt − c2uxx = 0 for some c ∈ R, then d’Alembert’s formula will yield

u(x, t) =
1
2
[g(x+ ct)+g(x− ct)]+

1
2c

ˆ x+ct

x−ct
h(y)dy.

2.3 Energy Conservation
We go back to the 1D wave equation about a vibrating string:

utt − c2uxx = 0

We first try to derive this formula physically (not via real math). Consider we have an infinity long string
with two boundaries fixed, and now we apply a vibration to the string so it will move vertically.

Figure 2: A vibrating string (Source: Strauss PDE)

At some moment, the string will look like figure 2. Let x to be a point on the string indicating its position,
we denote u(x, t) as the displacement from equilibrium position at time t. If we pick two points x0 < x1
close enough, and we zoom in into the string and then that part of the string will look like figure 3:

Figure 3: A zoomed vibrating string (Source: Strauss PDE)

We assume the string is flexible, elastic and homogeneous with density ρ , so at each point its tension
vector is tangential to the string, and we further assume T does not depend on time t. We use T(x1),T(x0)
to denote the magnitude of the tension vector for the points x0,x1 at time t. At point a point x, ux can

15



be viewed as the tangent line of the string at this point, and the small triangle in figure 2 illustrates this.
Since T(x) is parallel to the tangent line, we can then decompose the tension vector Tx into two directions
Tx and Ty. Since we assumed the string only moves vertical, so Tx = 0. Then we have

Ty = T(x)sinθ = T(x) · ux√
1+u2

x

In segment x0 to x1, the net tension is simply the tension on its boundary since inside tension will cancel
out, given by T(x)sinθ

∣∣∣x=x1

x=x0
, and at each point its mass times acceleration is just ρutt , then by integrating

over the region, and apply Newton’s law, we have

T(x)ux√
1+u2

x

∣∣∣∣∣
x=x1

x=x0

=

ˆ x1

x0

ρuttdx

when the vibration is small, we immerse the philosophy from the holy engineers and write
√

1+u2
x = 1,

so we have
T(x1)ux1 −T(x0)ux0 =

ˆ x1

x0

ρuttdx

if we also assume T does not depend on x, differentiating the term above with respect to x will give us

(Tux)x = ρutt

where we let c =
√

T
ρ

and hence we have

utt = c2uxx

as the wave equation in one dimension.

We now talk about energy conservation in wave equation. Again for simplicity we first consider one-
dimensional case.

Definition

Definition 5. Let utt = c2uxx be the wave equation of a vibrating string, we define the kinetic
energy KE and potential energy PE of the string by the following:

KE =
1
2

ρ

ˆ
u2

t dx PE =
1
2

T
ˆ

u2
xdx

Theorem

Theorem 5. In wave equation the total energy Etotal = KE +PE is conserved.

Proof. We first differentiate the kinetic energy:

d
dt

KE =
d
dt

1
2

ρ

ˆ
u2

t dx =
1
2

ρ

ˆ
d
dt

u2
t dx = ρ

ˆ
ututtdx

16



then we substitute utt with c2uxx and perform an integration by part:

d
dt

KE = ρc2
ˆ

utuxxdx = T
(

utux

)x=∞

x=−∞

−T
ˆ

uxutxdx

where after simplifications we have

d
dt

KE =−T
ˆ

uxutxdx

finally observe that
d
dt

PE =
d
dt

1
2

T
ˆ

u2
xdx = T

ˆ
uxuxtdx

it means we have
d
dt
(KE +PE) = 0

and hence the total energy is conserved.
■

Example

Example 9 (Damped String). In a vibrating string, if there are significantly amount of air resis-
tance, then we have the PDE

utt − c2uxx + rut = 0 r > 0.

Show that the total energy decreases over time.

Solution 9. By definition, let c =
√

T/ρ , KE be the kinetic energy and PE be the potential energy, then

dKE
dt

=
d
dt

ρ

2

ˆ
u2

t dx

= ρ

ˆ
ututtdx

= ρ

ˆ
ut(c2uxx − rur)dx

= T
ˆ

utuxxdx− rρ

ˆ
u2

t dx

=−T
ˆ

utxuxdx− rρ

ˆ
u2

t dx

=− d
dt

ˆ
T
2

u2
xdx− rρ

ˆ
u2

t dx.

Hence we have
dEtotal

dt
=

dKE
dt

+
dPE
dt

=−rρ

ˆ
u2

t dx < 0,

which means the energy is decreasing over time.
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Dirac Delta Function and Distributions

3.1 Basic Definitions and Properties

Definition

Definition 6. A distribution F is an operator F : φ ∈C∞
C (R)→ R that is linear and continuous.

For linearity, it means for all φ1,φ2 ∈C∞
C (R) and c ∈ R, F(φ1 + cφ2) = F(φ1)+ cF(φ2); For continuous

is means for all sequence {φn} ⊆C∞
c (R) and φ ∈C∞

c (R), if φn → φ in C∞
C (R) then F(φn)→ F(φ). Note

that convergence in C∞
C (R) means φ

(k)
n → φ (k) uniformly for all derivatives k = 0,1, · · · , and uniformly

convergence means ∀ε > 0, ∃N ∈ N such that sup ||φ (k)
n (x)−φ (k)(x)||< ε for all x and n ≥ N.

For notation, we write ⟨F,φ ⟩ for distributions for the action of the distribution F on φ ∈C∞
C (R), and then

we can write the linearity as
⟨F,φ1 + cφ2 ⟩= ⟨F,φ1 ⟩+c⟨F,φ2 ⟩

Definition

Definition 7. Let f (x) be a locally integrable function on R, we define Ff : C∞
C (R)→ R by

⟨Ff ,φ ⟩ :=
ˆ
R

f (x)φ(x)dx

for all φ(x) ∈C∞
C (R).

We claim that (3.2) indeed defines a distribution, we can verify its linearity and continuity easily.

Definition

Definition 8. Define δ0 as the distribution ⟨δ0,φ ⟩= φ(0) for any φ ∈C∞
C (R).

Consider the Heaviside step function h(x) =

{
1 x ≥ 0
0 x < 0

, then

⟨Fh,φ ⟩=
ˆ
R

h(x)φ(x)dx =
ˆ
R+

φ(x)dx

is a distribution. We now consider the derivative of a distribution, for a function f (x) and its derivative
f ′(x), we can define the following distributions:

⟨Ff ,φ ⟩=
ˆ
R

f (x)φ(x)dx ⟨Ff ′,φ ⟩=
ˆ
R

f ′(x)φ(x)dx

18



using integration by parts, we have

ˆ
R

f ′(x)φ(x)dx = f (x)φ(x)

∣∣∣∣∣
x=∞

x=−∞

−
ˆ
R

f (x)φ ′(x)dx =−
ˆ
R

f (x)φ ′(x)dx (3.1)

because φ is compactly supported so φ(∞) = φ(−∞) = 0. Note that the last term in (4.5) is simply
−⟨Ff ,φ

′ ⟩, so we have the following relation:

⟨Ff ′,φ ⟩=−⟨Ff ,φ
′ ⟩

which also motivates the definition of the derivative of a distribution:

Definition

Definition 9. Let F be a distribution, then F ′ is another distribution defined by

⟨F ′,φ ⟩ :=−⟨F,φ ′ ⟩

for all φ ∈C∞
C (R).

Followed by this definition, we can compute the derivative of Dirac delta function:

⟨δ
′
0,φ ⟩=−⟨δ0,φ

′ ⟩=−
ˆ
R

δ0φ(x)dx :=−φ(0).

Example

Example 10. Consider the function p(x) =

{
x x ≥ 0
0 x < 0

.

This function has another name called ReLU(x).

Solution 10. Its distribution is given by

⟨Fp,φ ⟩=
ˆ
R

p(x)φ(x)dx =
ˆ
R+

xφ(x)dx

then consider Fp′ , the derivative of such distribution, we have

⟨Fp′,φ ⟩=−⟨Fp,φ ⟩=−
ˆ
R+

xφ
′(x)dx.

Then recall the distribution of the Heaviside step function:

⟨Fh,φ ⟩=
ˆ
R+

φ(x)dx := xφ(x)

∣∣∣∣∣
x=∞

x=0

−
ˆ
R+

xφ
′(x)dx =−

ˆ
R+

xφ
′(x)dx

using integration by parts and the fact that φ(∞) = 0. Then compare (3.10) and (3.9) we see that

⟨Fp′,φ ⟩= ⟨Fh,φ ⟩ .
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Further, what will happen if we consider the derivative of the Heaviside distribution, F ′
h? Let’s see:

⟨Fh,φ ⟩= ⟨F ′
H ,φ ⟩=−⟨FH ,φ

′ ⟩=−
ˆ
R+

1 ·φ ′(x)dx = φ(0)

since again φ(∞) = 0. Then by definition, we have

⟨Fh,φ ⟩= ⟨δ0,φ ⟩ .

That is, the derivative of the Heaviside function in the sense of distributions is the Dirac delta function.

Example

Example 11. Let f (x) = |x|, which is, non-differentiable at x = 0.

Solution 11. We will try differentiations in the sense of distributions:

⟨F
′
f ,φ ⟩=−⟨Ff ,φ ⟩=−

ˆ
R
|x|φ ′(x)dx =−

(ˆ 0

−∞

−xφ
′(x)dx+

ˆ
∞

0
xφ

′(x)dx
)

(3.2)

which is,

⟨F ′
f ,φ ⟩= xφ(x)

∣∣∣∣∣
0

x=−∞

−
ˆ 0

−∞

φ(x)dx− xφ(x)

∣∣∣∣∣
x=∞

x=0

+

ˆ
∞

0
φ(x)dx

and after simplifications we have

⟨F ′
f ,φ ⟩=

ˆ
R

g(x)φ(x)dx = ⟨Fg,φ ⟩

where g(x) =

{
−1 x < 0
1 x ≥ 0

.

Example

Example 12. Let f (x) =

{
x2 x ≥ 0
2x+3 x < 0

, then what is f ′ in the sense of distributions?

Solution 12. Let us compute directly from the definition:
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⟨F ′
f ,φ ⟩=−⟨Ff ,φ

′ ⟩

=−
ˆ 0

−∞

(2x+3)φ ′(x)dx−
ˆ

∞

0
x2

φ
′(x)dx

=−

(2x+3)φ(x)

∣∣∣∣∣
0

x=−∞

−
ˆ 0

−∞

2φ(x)dx+ x2
φ(x)

∣∣∣∣∣
x=∞

x=0

−
ˆ

∞

0
2xφ(x)dx


=−

(
3φ(0)−2

ˆ 0

−∞

φ(x)dx−
ˆ

∞

0
2xφ(x)dx

)
=

ˆ
∞

−∞

g(x)φ(x)dx−3φ(0)

:= ⟨g,φ ⟩−3φ(0)
= ⟨g−3δ0,φ ⟩ .

where g(x) =

{
2 x < 0
2x x ≥ 0

. We say that the derivative of f in the sense of distributions is the distribution

g−3δ0, or Fg −3δ0. The 3δ0 is a result of the jump discontinuity in f at x = 0.

Let us consider a more general case of discontinuity. Define

f (x) =

{
h(x) x < 0
g(x) x > 0

where g(0)−h(0) := c has a jump hence f (x) is discontinuous at 0. We now consider the derivative of f
in sense of distributions. By direct computation, we have

⟨F ′
f ,φ ⟩=−⟨Ff ,φ

′ ⟩

=−
(ˆ 0

−∞

h(x)φ ′(x)dx+
ˆ

∞

0
g(x)φ ′(x)dx

)
=−

(
h(x)φ(x)

∣∣∣0
−∞

−
ˆ 0

−∞

h′(x)φ(x)dx−g(x)φ(x)
∣∣∣∞
0
−
ˆ

∞

0
g′(x)φ(x)dx

)
where further simplification shows that

⟨F ′
f ,φ ⟩= (g(0)−h(0))φ(0)+

ˆ 0

−∞

h′(x)φ(x)dx+
ˆ

∞

0
g′(x)φ(x)dx

:= ⟨cδ0,φ ⟩+⟨F ′
f ,φ ⟩

where f ′(x) =

{
h′(x) x < 0
g′(x) x > 0

, and cδ0 just represents that “jump discontinuity”. This idea can be gener-

alized by the following lemma:
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Lemma 1. Suppose a function f (x) is continuously differentiable except at a jump discontinuity x0, we
have a = limx→x−0

f (x) and b = limx→x+0
f (x), then

f ′(x) = g′(x)+(b−a)δx0

in the sense of distributions, where g′(x) is the derivative of f except at x0.

Example

Example 13. Let

f (x) =


0 x ≤ 0
ex 0 < x ≤ 1
x 1 < x ≤ 2
0 x > 2

.

Find f ′(x) in the sense of distributions.

Solution 13. Use the lemma above, we can just express it as f ′(x) along with the jump discontinuities.
Note that we have a jump up of 1 from 0− to 0+; a jump down of e−1 from 1− to 1+; and a jump down
of 2 from 2− to 2+, so we have

⟨Ff ′,φ ⟩= ⟨δ0 − (e−1)δ1 −2δ2 +g(x),φ(x)⟩,

where

g(x) =


ex 0 < x ≤ 1
1 1 < x ≤ 2
0 otherwise

.

3.2 Convergence of Functions in Distributions

Definition

Definition 10. A sequence Fn of distributions converges to a distribution F if

lim
n→∞

⟨Fn,φ ⟩= ⟨F,φ ⟩ for all φ ∈C∞
C (R).

We may consider a sequence of locally integrable functions { fn}, and we can define its convergence in
the sense of distribution:

Definition

Definition 11. A sequence of locally integrable functions { fn} converges to f in the sense of
distributions if

lim
n→∞

⟨Ffn,φ ⟩= ⟨Ff ,φ ⟩ for all φ ∈C∞
C (R),

which is,

lim
n→∞

ˆ
R

fn(x)φ(x)dx =
ˆ
R

f (x)φ(x)dx for all φ ∈C∞
C (R).
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Proposition

Proposition 1. Let {Fn},F be distributions, if Fn → F, then F(α)
n → F(α) for all higher order

derivatives.

The proof is easy since φ(x) ∈C∞
C (R).

Proposition

Proposition 2. Let { fn(x)} ⊆ L1
loc be a sequence of locally integrable functions and fn → f point-

wise where f ∈ L1
loc. Further suppose ∃g ∈ L1

loc such that | fn(x)| ≤ g(x) for all n and x ∈ R, then
fn → f in the sense of distributions.

The proof follows from monotone convergence theorem and dominated convergence theorem. An appli-
cation to the proposition above is to consider the sequence

fn(x) =
1
n

e−x2/4n

and it can be shown that fn(x)→ 0 pointwise, so fn(x)→ 0 in the sense of distributions.

Definition

Definition 12. A sequence { fn} ⊆ L1
loc converges in the sense of distributions to δ0 (the Dirac

delta function), if ˆ
R

fn(x)φ(x)dx n→∞→ φ(0) for all φ ∈C∞
C (R).

Proposition

Proposition 3. If a sequence { fn} ⊆ L1
loc converges to δ0 in distribution, then fn(x) satisfies the

following properties:

(1) Nonnegativity: fn(x)≥ 0 for all x ∈ R,n ∈ N;

(2) Unit mass: We have
ˆ
R

fn(x)dx = 1 for all n ∈ N.

(3) Concentration at 0: For any ε > 0, fn(x)→ 0 uniformly on |x| ≥ ε .

Theorem

Theorem 6. Let f (x) be any non-negative integrable function on R and
ˆ
R

f (x)dx = 1. Define

fn := n f (nx), then fn → δ0 in distribution.

Proof. We need to show ⟨ fn,φ ⟩ → ⟨δ0,φ ⟩ := δ0, i.e
ˆ
R

fnφ → φ(0) in distribution. distribution. Using
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ε −δ definition, ∀ε > 0, since fn is non-negative, we have∣∣∣∣ˆ
R

fn(x)φ(x)dx−φ(0)
∣∣∣∣= ∣∣∣∣ˆ

R
fn(x) · (φ(x)−φ(0))dx

∣∣∣∣
≤
ˆ
R

fn(x) ·
∣∣∣φ(x)−φ(0)

∣∣∣dx

=

ˆ
R

f (y) ·
∣∣∣φ (y

n

)
−φ(0)

∣∣∣dy

By continuity of φ , ∀ε > 0, one can choose δ , such that for N ∈ N sufficiently large,
∣∣ y

n −0
∣∣< δ for all

n ≥ N would imply
∣∣φ ( y

n

)
−φ(0)

∣∣< ε , hence
ˆ
R

f (y) ·
∣∣∣φ (y

n

)
−φ(0)

∣∣∣dy ≤ ε

ˆ
R

f (y)dy ≡ ε.

for all n ≥ N, and hence ∣∣∣∣ˆ
R

fn(x)φ(x)−φ(0)
∣∣∣∣< ε

for all n ≥ N which means fn(x)→ δ0 in distribution. ■

Theorem

Theorem 7. sin(nx)→ 0 in distribution.

Proof. Note that φ ∈C∞
C (R), so ∃M ∈ R+ such that φ(x) = 0 for all |x| ≥ M, hence

ˆ
R

sin(nx)φ(x)dx =
ˆ
[−M,M]

sin(nx)φ(x)dx.

Then we have∣∣∣∣∣
ˆ
[−M,M]

sin(nx)φ(x)dx−0

∣∣∣∣∣=
∣∣∣∣∣
ˆ
[−M,M]

(
− d

dx
· cos(nx)

n

)
φ(x)dx

∣∣∣∣∣
=

∣∣∣∣∣−cos(nx)
n

·φ(x)
∣∣∣x=M

x=−M
+

ˆ
[−M,M]

cos(nx)
n

·φ ′(x)dx

∣∣∣∣∣
≤ 1

n

ˆ
[−M,M]

∣∣∣cos(nx) ·φ ′(x)
∣∣∣dx

≤ 1
n

ˆ
[−M,M]

||φ ′(x)||L∞dx

=
2M||φ ′(x)||L∞

n
.

Simply let ε := 2M||φ ′(x)||L∞

n , choose N such that N > 2M||φ ′(x)||L∞

ε
so for all n ≥ N, we have the original

equation < ε . ■
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Example

Example 14. Show that the sequence of function defined by fn(x) =
1
π
· n

n2x2 +1
converges to δ0

in distribution.

Solution 14. By definition we wish to show that ∀ε > 0, ∃N ∈ N such that∣∣∣∣ˆ
R

fn(x)φ(x)dx−φ(0)
∣∣∣∣< ε

for all n ≥ N. By a similar argument in the proof of theorem 6 we obtain∣∣∣∣ˆ
R

fn(x)φ(x)dx−φ(0)
∣∣∣∣≤ ˆ

R
fn(x) ·

∣∣∣φ(x)−φ(0)
∣∣∣dx.

Since φ ∈C∞
C (R), so for the ε given, ∃δ such that |x|< δ implies |φ(x)−φ(0)|< ε . We then rewrite the

right hand side of (3.42) as
ˆ
R

fn(x) ·
∣∣∣φ(x)−φ(0)

∣∣∣dx =
ˆ
[−δ ,δ ]

fn(x) ·
∣∣∣φ(x)−φ(0)

∣∣∣dx︸ ︷︷ ︸
I

+

ˆ
R/[−δ ,δ ]

fn(x) ·
∣∣∣φ(x)−φ(0)

∣∣∣dx︸ ︷︷ ︸
J

where we will investigate I,J separately. For I term, use the fact that x ∈ [−δ ,δ ], we have

I < ε

ˆ
[−δ ,δ ]

fn(x)dx ≤ ε (3.3)

since we have
ˆ
R

fn(x)dx = 1. For J, we have

J ≤
ˆ
R/[−δ ,δ ]

fn(x) ·
(
|φ(x)|+ |φ(0)|

)
dx (3.4)

≤
ˆ
R/[−δ ,δ ]

fn(x) ·2||φ(x)||L∞dx (3.5)

:=
4||φ(x)||L∞

π

ˆ
∞

δ

n
n2x2 +1

dx (3.6)

=
4||φ(x)||L∞

π
·
(

π

2
− arctan(nδ )

)
(3.7)

by choosing N sufficiently large, we have π

2 − arctan(nδ )< ε for all n ≥ N. So all combined, we have∣∣∣∣ˆ
R

fn(x)φ(x)−φ(0)
∣∣∣∣< 2ε

for any ε > 0 and sufficiently large n > N. Hence fn(x)→ δ0 in distribution.
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Heat Equations

4.1 Simple Diffusion Equations
In general, let u(x, t) be the function of our interest, heat equation is the PDE that takes the form

ut − k∆u = 0. (k > 0)

We will first study the simple diffusion equation defined by{
ut(x, t) = kuxx(x, t) in R
u(x, t) = g(x, t) on ∂R

where we restrict the region R to be the rectangle defined by R := [0,L]× [0,T ). It is intuitive to first
present where equation (3.2) is coming from. Let us imagine inside a straight tube contains motionless
liquid, and a dye is diffusing through the liquid (see the figure below).

Figure 4: Illustration of our example, where the straight tube is filled with motionless liquid, where a dye
is diffusing from x0 to x1. (Source: Strauss PDE)

By Fick’s law the dye will move from the higher concentration region to lower concentration region, and
the rate of such a motion is proportional to the concentration gradient. Suppose u(x, t) is the concentration
(mass per unit length) of the dye at position x at time t, then in the tube illustrated above, the total mass
of the dye is given by

M =

ˆ x1

x0

u(x, t)dx

then applying Fick’s law, the rate of change of the concentration (dM) is “flow in from x0 − flow out
from x1” since we assume the liquid is motionless, hence we have the equation

dM
dt

= k(ux(x0, t)−ux(x1, t))

where k > 0, and hence ˆ x1

x0

ut(x, t)dx = k(ux(x0, t)−ux(x1, t))

we differentiate with respect to x1, and wlog it will yield

ut(x, t) = kuxx

where k is some constant.
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We first study some properties of the heat equation, and will intriduce the general solution to the heat
equation in the next few sections.

Theorem

Theorem 8 (Maximum Principle). If u(x, t) solves (3.2), then

max
(u,t)∈R

u(x, t) = max
(u,t)∈∂R

u(x, t)

The idea of the proof is that, at an interior maximum the first derivative is equal to zero and the second
derivative is non-positive. If we knew uxx ̸= 0 at the maximum then uxx < 0 as well as ut = 0, which will
contradicts the equation ut = kuxx.

Proof. Let M := max(u,t)∈∂R u(x, t). Our goal is to show u(x, t) ≤ M for all (x, t) ∈ R. Let ε > 0, let
v(x, t) = u(x, t)+ εx2, then it is clear that v(x, t) ≤ u(x, t)+ εL2 (recall x ∈ [0,L]) for all (x, t) ∈ R∪ ∂R.
Further we have

vt − kvxx = ut − k(u+ εx2)xx = ut − kuxx −2εk =−2εk < 0

We now suppose v(x, t) attains its maximum at an interior point (x0, t0), then we know vt = 0,vxx ≤ 0 at
(x0, t0) and it contradicts the equation above.

We then consider if v(x, t) attains its maximum at {t0 = T,0 < x < L}, then vx(x0, t0) = 0 and vxx(x0, t0)≤
0. Also since v(x0, t0)≥ v(x0, t0 −δ ) for δ > 0, then

vt(x0, t0) = lim
δ→0

v(x0, t0)− v(x0, t0 −δ )

δ
≥ 0

(Note the maximum is only “one-sided” in the variable t), hence that’s a contradiction. ■

Note that we proved the weak maximum principle, which is the maximum on the boundary is equal to
the maximum inside the exterior, but there is a strong version of maximum principle which states the
maximum cannot be assumed anywhere inside R but only ∂R. This is much harder to prove.

Theorem

Theorem 9. (Uniqueness of solution) Suppose u,v both solves the PDE

{
ut = kuxx in R
u = g on ∂R

, then

u = v for all (x, t) ∈ R.

Proof. Let w = u− v, where wt = kwxx in R and w = g− g on ∂R. Then by maximum / minimum
principle, we know that

max
(x,t)∈R

w(x, t) = max
(x,t)∈∂R

w(x, t) = 0 min
(x,t)∈R

w(x, t) = min
(x,t)∈∂R

w(x, t) = 0

which implies w ≡ 0 for all (x, t) ∈ R, hence u ≡ v. ■
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Theorem

Theorem 10 (Dirichlet Problem for the Diffusion Equation). There is at most one solution of
ut − kuxx = f (x, t) for 0 < x < l, t > 0
u(x,0) = φ(x)
u(0, t) = g(t) u(l, t) = h(t)

(4.1)

Proof. Let u1(x, t),u2(x, t) that both solves (4.1), lwt w = u1−u2, then wt −kwxx = 0, w(x,0) = w(0, t) =
w(l, t) = 0. Let T > 0 then by maximum principle w(x, t) has its maximum for the rectangle on its
boundary (bottom ot sides), so we have w(x, t) ≤ 0. The same argument using minimum principle will
yield w(x, t)≥ 0, therefore w(x, t)≡ 0 and hence u1 ≡ u2. ■

Theorem

Theorem 11 (Stability). Suppose u,v satisfies{
ut = kuxx in R
u = g1 on ∂R

and

{
vt = kvxx in R
v = g2 on ∂R

then define w := u− v, we have
||w||∞ ≤ ||g1 −g2||∞.

Proof. By maximum principle, we know max(x,t)∈R w(x, t) =max(x,t)∈∂R(g1−g2), and the result follows.
■

Proposition

Proposition 4 (Energy Method). In ut = kuxx defined on R := [0,L]× [0,T ), assuming zero bound-
ary condition (u = 0 at x = 0,L) and no flux boundary condition (ux = 0 at x = 0,L), the energy
defined by

E(t) =
1
2

ˆ L

0
u2(x, t)dx

is non-increasing.

Proof. We differentiate the energy with respect to time t and we get

d
dt

E(t) =
1
2

ˆ L

0

d
dt

u2(x, t)dx =
ˆ L

0
u(x, t)ut(x, t)dx
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by substituting we get

d
dt

E(t) =
ˆ L

0
u(x, t)kuxx(x, t)dx (4.2)

= ku(x, t)ux(x, t)

∣∣∣∣∣
x=L

x=0

− k
ˆ L

0
u2

x(x, t)dx (4.3)

=−k
ˆ L

0
u2

x(x, t)dx (4.4)

≤ 0 (4.5)

i.e E ′(t)≤ 0 so the energy is non-increasing. ■

4.2 Fundamental Solutions
In this section we will solve the heat equation on the real line R, that is, x ∈ R, t ∈ [0,∞):{

ut − kuxx = 0
u(x,0) = φ(x)

(4.6)

To solve (4.6), we will first introduce some invariant properties:

(i) (4.6) satisfies linearity. if u,v both solves (4.6), then so is cu+dv for any scalar c,d ∈ R;

(ii) (4.6) is invariant under translation. If u(x, t) is a solution, then for a fixed y, u(x−y, t) is also a solution;

(iii) If u(x, t) solves (4.6), then any of its derivatives (ux,ut ,uxx, etc.) also solves (4.6);

(iv) Suppose u(x, t) solves (4.6), then so is u(λx,λ 2t) for any λ ∈ R.

(v) An integral solution is again a solution. If S(x, t) is a solution then so is S(x− y, t) and so is

v(x, t) =
ˆ

∞

−∞

S(x− y, t)g(y)dy

for any function g(y).

Theorem

Theorem 12 (Fundamental Solution). The function

Φ(x, t) =
1√

4πkt
e−

x2
4kt

is the fundamental solution to heat equation ut = kuxx when (x, t) ∈R×R+, the solution given by
the boundary condition ut = kuxx,u(x,0) = φ(x) is then

u(x, t) =
ˆ

∞

−∞

Φ(x− y, t)φ(y)dy =
1√

4πkt

ˆ
∞

−∞

e−
(x−y)2

4kt ·φ(y)dy
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Example

Example 15. Find the solution u(x, t) to the heat equation ut = kuxx with boundary conditions
φ(x) = 1,∀|x|< l and φ(x) = 0 otherwise.

Solution 15. We plug in the formula and we have

u(x, t) =
1√

4πkt

ˆ
∞

−∞

e−
(x−y)2

4kt ·1|y|<ldy =
1√

4πkt

ˆ l

−l
e−

(x−y)2
4kt dy

let u = x−y√
4kt

, then du =− 1√
4kt

dy hence

1√
4πkt

ˆ l

−l
e−

(x−y)2
4kt dy =

1√
4πkt

ˆ x+l√
4kt

− x−l√
4kt

−(
√

4kt)e−u2
du

Hence we have

u(x, t) =− 1√
π

ˆ x+l√
4kt

− x−l√
4kt

e−u2
du =−1

2
er f
(

x− l√
4kt

)
+

1
2

er f
(

x+ l√
4kt

)
.

where we define

er f (x) =
2√
π

ˆ x

0
e−p2

d p.

Example

Example 16. Find the solution u(x, t) to the heat equation ut = kuxx with boundary condition
φ(x) = 1,x > 0, φ(x) = 3,x < 0.

Solution 16. We have that

u(x, t) =
1√

4πkt

ˆ
∞

0
e−

(x−y)2
4kt dy+

3√
4πkt

ˆ 0

−∞

e−
(x−y)2

4kt dy

where we do a similar change of variable and let u = x−y√
4kt

, so we have

du =− 1√
4kt

dy

and hence we have

u(x, t) =− 1√
π

ˆ −∞

x√
4kt

e−u2
du− 3√

π

ˆ x√
4kt

∞

e−u2
du (4.7)

=
1√
π

ˆ
∞

−∞

e−u2
du+

2√
π

ˆ
∞

x√
4kt

e−u2
du (4.8)

= 1+
2√
π

ˆ
∞

0
e−u2

du− 2√
π

ˆ x√
4kt

0
e−u2

du (4.9)

= 2− er f
(

x√
4kt

)
. (4.10)

30



where we defined

er f (x) =
2√
π

ˆ x

0
e−p2

d p.

Proposition

Proposition 5. Any piecewise constant initial conditions on intervals can be written as a linear
combinations of step functions, for example:

1(a,b) = H(x−a)−H(x−b),

with this as the initial condition, the solution to the hear equation is given by

u(x, t) =
1
2

[
er f
(

x−a√
4kt

)
− er f

(
x−b√

4kt

)]

We next study some properties of the solution formula

u(x, t) =
1√

4πkt

ˆ
∞

−∞

e−
(x−y)2

4kt φ(y)dy

Proposition

Proposition 6. The fundamental solution Φ(x, t) satisfies
ˆ

∞

∞

Φ(x, t)dx = 1.

Proof. The result is obvious using change of variables. ■

Proposition

Proposition 7 (Maximum Principle). For the heat equation with boundary condition ut = kuxx
and u(x,0) = φ(x), if there exists a constant B such that |φ(x)| ≤ B for all x ∈R, then |u(x, t)| ≤ B
for all (x, t) ∈ R×R+.

Proof. We have

|u(x, t)| ≤
ˆ

∞

−∞

Φ(x− y, t) · |φ(y)|dy ≤ B
ˆ

∞

−∞

Φ(x− y, t)dy = B.

■

Proposition

Proposition 8 (Decay). Suppose C :=
ˆ

∞

−∞

|φ(y)|dy < ∞, then limt→∞ |u(x, t)|= 0.
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Proof. Note that for all t > 0 and x,y, we have

|u(x, t)| ≤ 1√
4πkt

ˆ
∞

−∞

e−
(x−y)2

4kt |φ(y)|dy

≤ 1√
4πkt

ˆ
∞

−∞

|φ(y)|dy

=
C√
4πkt

.

■

Theorem

Theorem 13. Let φ be a bounded, continuous and integrable function on R, define

u(x, t) =
1√

4πkt

ˆ
∞

−∞

e−
(x−y)2

4kt φ(y)dy

then u(x, t) ∈ C∞, and limt→0 u(x, t) = φ(x). Furthermore, u(x, t) solves the heat equation ut =
kuxx.

Proof. We will only proof the convergence here. Note that∣∣∣∣∣
ˆ

∞

−∞

Φ(x− y, t)φ(y)dy−φ(x)

∣∣∣∣∣≤
ˆ

∞

−∞

Φ(x− y, t) · |g(y)−g(x)|dy

Since φ is continuous and bounded, so ∃B such that |φ(x)| ≤ B, also ∀ε > 0, ∃ε such that |y− x| < δ

implies |φ(y)−φ(x)|< ε . Hence we have
ˆ

∞

−∞

Φ(x− y, t)·|φ(y)−φ(x)|dy =
ˆ
|y−x|<δ

Φ(x− y, t) · |φ(y)−φ(x)|dy

+

ˆ
|y−x|≥δ

Φ(x− y, t) · |φ(y)−φ(x)|dy

≤ ε

ˆ
|y−x|<δ

Φ(x− y, t)dy+
ˆ
|y−x|≥δ

Φ(x− y, t) · |φ(y)−φ(x)|dy

≤ ε +
1√

4πkt

ˆ
|y−x|≥δ

e−
(x−y)2

4kt · |φ(y)−φ(x)|dy

≤ ε +
2B√
4πkt

ˆ
|y−x|≥δ

e−
(x−y)2

4kt dy

= ε − 2√
π

ˆ
|u|≥ δ√

4kt

e−u2
du.

Note that since
lim
t→0

2√
π

ˆ
∞

|u|≥ δ√
4kt

e−u2
du = 0
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we then have ∣∣∣∣∣
ˆ

∞

−∞

Φ(x− y, t)φ(y)dy−φ(x)

∣∣∣∣∣< ε.

■
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Laplace Equations

5.1 Properties of Harmonic Functions

Definition

Definition 13. Let u : Ω ⊆ Rn → R, u is said to be harmonic if ∆u = 0, where

∆u =
n

∑
n=1

uxixi

In this section, we study the PDE {
∆u = 0 in Ω

u = g on ∂Ω

and we will mainly focus on u : Ω ⊆ R3 → R.

Proposition

Proposition 9 (Mean Value Property). Let u be a C2 harmonic function on Ω ⊆ R3, let x0 ∈ Ω,
B(x0,r)⊆ Ω, then

u(x0) =
1

4πr2

¨
∂B(x0,r)

u(x)dS(x)

Proof. We define a function

φ(r) =
1

4πr2

¨
∂B(x0,r)

u(x)dS(x)

since u ∈C2, by averaging lemma

lim
r→0

φ(r) = lim
r→0

1
4πr2

¨
∂B(x0,r)

u(x)dS(x) = u(x0)

and we now show φ(r) is constant in Ω by taking the derivative. Let y = x−x0
r , then dS(y) = 1

r2 dS(x)
hence we have

φ(r) = lim
r→0

1
4πr2

¨
∂B(x0,r)

u(x)dS(x) =
1

4π

¨
∂B(0,1)

u(x0 + ry)dS(y)

now we have

φ
′(r) =

1
4π

¨
∂B(0,1)

d
dr

u(x0 + ry)dS(y) =
1

4π

¨
∂B(0,1)

∇u(x0 + ry)ydS(y) (5.1)

(revert back to original coordinates) =
1

4πr2

¨
∂B(x0,r)

∇u(x) · x− x0

r
dS(x) (5.2)
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and note that x−x0
r is the outer unit normal to ∂B(x0,r) hence by divergence theorem, we have

1
4πr2

¨
∂B(x0,r)

∇u(x) · x− x0

r
dS(x) =

1
4πr2

˚
B(x0,r)

∆u(x)dx ≡ 0

since u is harmonic. Hence φ(r) is a constant and is equal to φ(0) = u(x0). ■

We may also averaging around a ball B(x0,r)⊆ Ω, and we have

u(x0) =
1

4
3πr3

˚
B(x0,r)

u(x)dx.

Corollary

Corollary 1 (Mean Value Property in R2). Let u be a C1 harmonic function on Ω⊆R2, let x0 ∈Ω,
B(x0,r)⊆ Ω, then

u(x0) =
1

2πr

ˆ
∂B(x0,r)

u(x)dx

Proof. Similarly define

φ(r) =
1

2πr

ˆ
∂B(x0,r)

u(x)dx φ(0) = u(x0)

and by change of variable

y =
x− x0

r
, φ(r) =

1
2π

ˆ
∂B(0,1)

u(x0 + ry)dy

now by taking derivative

φ
′(r) =

1
2π

d
dr

ˆ
∂B(0,1)

u(x0 + ry)dy

=
1

2π

ˆ
∂B(0,1)

y∇u(x0 + ry)dy

=
1

2πr

ˆ
∂B(x0,r)

x− x0

r
∇u(x)dx

=
1

2πr

¨
B(x0,r)

∆u(x)dx = 0.

■

Proposition

Proposition 10 (Maximum Principle). Let u be a C2 harmonic function on a bounded domain
Ω ⊆ R3 and u ∈ C(Ω̄). if u attains its maximum at a point in Ω, then u must be identically
constant inside Ω̄
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Proof. Suppose ∃x0 ∈ Ω such that u(x0) = maxx∈Ω̄
u(x), then by maximum principle, pick B(x0,r)⊆ Ω,

we have
u(x0) =

1
4
3πr3

ˆ
B(x0,r)

u(y)dy,

which implies u must be identically constant in Ω. ■

Maximal principle can also be extended to minimum principle.

Corollary

Corollary 2 (Uniqueness). Let Ω ⊆ R3 be bounded, then there exists at most one u ∈ C2(Ω)∩
C(Ω̄) that solves te Dirichlet problem {

∆u = 0 in Ω

u = g on ∂Ω

Proof. Supposeu1,u2 both solves the equation above, let v = u1 − u2, then we know ∆v = 0 in Ω and
v = g−g ≡ 0 on ∂Ω. Then using maximum and minimum principle, v ≡ 0 in Ω hence u1 ≡ u2. ■

Corollary

Corollary 3 (Stability). Let Ω ⊆ R3 bounded, g1,g2 ∈ C(∂Ω), u1,u2 ∈ C2(Ω)∪C(Ω̄) and they
solves {

∆u1 = 0 in Ω

u1 = g1 on ∂Ω

{
∆u2 = 0 in Ω

u2 = g2 on ∂Ω

then
max
x∈Ω

|u1(x)−u2(x)| ≤ max
x∈∂Ω

|g1(x)−g2(x)|.

Proof. The proof follows immediately from maximum and minimum principle. ■

Proposition

Proposition 11 (Dirichlet’s Principle). Let Ω ⊆ R3, define a class of functions

Ah =
{

w ∈C2(Ω)∩C(Ω̄) : w = h on∂Ω

}
,

for some function h, then define

E(w) =
1
2

˚
Ω

|∇w|2dx.

Let u ∈ Ah. E(u)≤ E(w) for all w ∈ Ah if and only if u solves the PDE{
∆u = 0 in Ω

u = h on ∂Ω
.
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Proof. (=⇒): First suppose u is a minimizer over all w ∈ Ah. Let v ∈C2(Ω)∩C(Ω̄) such that v = 0 on
∂Ω, then u+ εv ∈ Ah for all ε > 0. Define

f (ε) = E(u+ εv) =
1
2

˚
Ω

|∇(u+ εv)|2dx.

Since f is differentiable, we would have

f ′(ε) =
1
2

˚
Ω

d
dε

(|∇u|2 +2ε∇u ·∇v+ ε
2|∇v|2)dx (5.3)

=
1
2

˚
Ω

(2∇u ·∇v+2ε|∇v|2)dx (5.4)

(5.5)

because u is a minimizer so f ′(0) = 0 which implies

0 = f ′(0) =
˚

Ω

∇u ·∇vdx =−
˚

Ω

(∆u)vdx

and hence ∆u = 0 for all x ∈ Ω.

(⇐=): Suppose u ∈ Ah solves the Dirichlet’s problem, let w ∈ Ah, define v = u−w, then

E(w) = E(u− v) =
1
2

˚
Ω

|∇(u− v)|2dx = E(u)−
˚

Ω

∇u ·∇vdx+E(v)

use the fact that v = 0 on ∂Ω, then

0 =

¨
∂Ω

v · ∂u
∂n

dS =

˚
Ω

∇u ·∇vdx+
˚

Ω

v∆udx :=
˚

Ω

∇u ·∇vdx

which implies E(w) = E(u)+E(v), and E(v)≥ 0. ■

Corollary

Corollary 4 (Dirichlet’s principle for Poisson’s equation). Define

E(w) :=
˚

Ω

1
2
|∇w|2 +w f dx

then the last theorem still holds for the Poisson’s equation{
∆u = f in Ω

u = h on ∂Ω.

Proof. (=⇒). First suppose u is the minimizer over Ah. Let v ∈C2(Ω)∩C(Ω̄) and v ≡ 0 on ∂Ω. Then
for all ε > 0, u+ εv ∈ Ah. Define f (ε) = E(u+ εv), then we have

f ′(ε) =
d

dε

˚
Ω

1
2
|∇(u+ εv)|2 +(u+ εv) f

=

˚
Ω

ε(∇v)2 +∇u∇v+ v f .
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By definition, u is the minimizer, so f attains a minimum when ε = 0, hence f ′(0) = 0, which implies
˚

Ω

∇u∇v+ v f = 0.

Finally by Green’s identities, we have
˚

Ω

∇u∇v+ v f =
¨

∂Ω

v
∂u
∂n

−
˚

Ω

v∆u− v f

=−
˚

v(∆u− f ) (since v ≡ 0 on ∂Ω),

hence ∆u = f .

(⇐=) Now suppose u ∈ Ah, ∆u = f in Ω. For all w ∈ Ah, consider v = u−w, then v ∈ C2(Ω)∩C(Ω̄),
and v ≡ 0 on ∂Ω. Now

E(w) =
˚

Ω

1
2
|∇(u− v)|2 +(u− v) f (5.6)

= E(u)+
˚

Ω

−∇u∇v+
1
2
(∇v)2 − v f (5.7)

= E(u)−
¨

∂Ω

v
∂u
∂n

+

˚
Ω

v∆u+
1
2
(∇v)2 − v f (5.8)

= E(u)+
˚

Ω

1
2
(∇v)2. (5.9)

Hence E(w)≥ E(u). ■

Definition

Definition 14. The fundamental solution for Laplace equation ∆u = 0 in Rn is given by the form

Φ(x) =


1

2π
log |x| n = 2

− 1
4π|x| n = 3

− 1
n(n−2)ωn|x|n−2 n > 3

Theorem

Theorem 14. Let n = 3, then ∆

(
1
|x|

)
=−4πδ0 in distribution. That is,

−4πφ(0) =
˚

R3

1
|x|

∆φ(x)dx

for all φ ∈C∞
C (R3).

Proof. Let B(0,ε) be a small ε-ball centered at the origin, then

−4πφ(0) =
˚

B(0,ε)

1
|x|

∆φ(x)dx+
˚

R3\B(0,ε)

1
|x|

∆φ(x)dx
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Since φ ∈ C∞
C , so we may restrict the region to a compactly support set Ω, such that ∆φ(x) ≡ 0 for all

x /∈ Ω (including ∂Ω), i.e

−4πφ(0) =
˚

B(0,ε)

1
|x|

∆φ(x)dx︸ ︷︷ ︸
equation 1

+

˚
Ω\B(0,ε)

1
|x|

∆φ(x)dx︸ ︷︷ ︸
equation 2

Now for equation 1, assume |∆φ(x)| ≤ K1 for all x ∈ B(0,ε), we have˚
B(0,ε)

1
|x|

∆φ(x)dx ≤
˚

B(0,ε)

1
|x|

· |∆φ(x)|dx

≤ K1

˚
B(0,ε)

1
|x|

dx

= K1

ˆ
ε

0

1
r
·4πr2dr

= 2K1πε
2.

hence
lim
ε→0

˚
B(0,ε)

1
∆φ(x)

dx = 0.

Now for equation 2, we apply Green’s identity on the two boundaries ∂B(0,ε) and ∂Ω and we have
˚

Ω\B(0,ε)

(
1
|x|

∆φ(x)−φ(x)∆
1
|x|

)
dx =

¨
∂Ω

(
1
|x|

∂φ

∂n
−φ

∂
1
|x|

∂n

)
dS︸ ︷︷ ︸

equation 3

+

¨
∂B(0,ε)

(
1
|x|

∂φ

∂n
−φ

∂
1
|x|

∂n

)
dS︸ ︷︷ ︸

equation 4

by our choice of Ω, φ(x)≡ 0 for all x ∈ ∂Ω as well as all its derivatives, so equation 3 is identically zero,
hence ˚

Ω\B(0,ε)

(
1
|x|

∆φ(x)−φ(x)∆
1
|x|

)
dx =

¨
∂B(0,ε)

(
1
|x|

∂φ

∂n
−φ

∂
1
|x|

∂n

)
dS.

Note that ∣∣∣∣∣∂φ

∂n

∣∣∣∣∣= |∇Φ ·n| ≤ |∇φ |,

assume |∇φ | ≤ K2 for all x ∈ ∂B(0,ε), now we have
¨

∂B(0,ε)

1
|x|

∂φ

∂n
≤
¨

∂B(0,ε)

1
|x|

∣∣∣∣∣∂φ

∂n

∣∣∣∣∣dS

≤ K2

¨
∂B(0,ε)

1
|x|

dS

= K2

¨
∂B(0,ε)

1
ε

dS

= 4K2πε
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hence

lim
ε→0

¨
∂B(0,ε)

1
|x|

∂φ

∂n
dS = 0.

Finally we study
¨

∂B(0,ε)
φ

∂

∂n
1
|x|

dS =

¨
∂B(0,ε)

−φ
∂

∂ r
1
r

dS

=

¨
∂B(0,ε)

−φ(x)
ε2 dS

=−4π

(
1

4πε2

¨
∂B(0,ε)

φ(x)dS

)
.

Eventually we put all terms together:
˚

R3

1
|x|

∆φ(x)dx = lim
ε→0

−4π

(
1

4πε2

¨
∂B(0,ε)

φ(x)dS

)
:=−4πφ(0).

■

Note that the convergence result also applies in R2:

Proposition

Proposition 12. Let u(x) = 1
2π

log |x| be the solution to Laplace equation in R2, then ∆(log |x|) =
2πδ0 in distribution. That is,

¨
R2

log |x|∆φ(x)dx = 2πφ(0),

for all φ(x) ∈C∞
C (R).

Proof. First, note that φ(x) ∈C∞
C (R), so we can choose Supp(φ(x)) = Ω ⊆ R2, and then

¨
R2

log |x|φ(x)dx =
¨

B(0,ε)
log |x|∆φ(x)dx︸ ︷︷ ︸

Equation 1

+

¨
Ω\B(0,ε)

log |x|∆φ(x)dx︸ ︷︷ ︸
Equation 2

.

For equation 1, ∃K1 ∈ R such that |∆φ(x)| ≤ K1 for all x ∈ B(0,ε), so¨
B(0,ε)

log |x|∆φ(x)dx ≤ K1

¨
B(0,ε)

log |x|dx

= K1

ˆ
ε

0
2πr logrdr (dS = 2πrdr)

= K1

(
ε

2 logε − 1
2

ε
2
)
.

Hence
lim
ε→0

¨
B(0,ε)

log |x|∆φ(x)dx = 0,
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and equation 1 will yield 0 by taking the limit. As for equation 2, we apply Green’s identity to both
boundaries and we get

¨
Ω\B(0,ε)

log |x|∆φ(x)dx−φ(x)∆(log |x|)dx =
¨

∂Ω

log |x|∂φ(x)
∂n

−φ(x)
∂ log |x|

∂n︸ ︷︷ ︸
Equation 3

+

¨
∂B(0,ε)

log |x|∂φ(x)
∂n

−φ(x)
∂ log |x|

∂n︸ ︷︷ ︸
Equation 4

.

Note that by our choice of Ω, φ(x)≡ 0 on ∂Ω so equation 3 wll yield zero, hence we only have equation
4 left. For the first term in equation 4, note that∣∣∣∣∣∂φ(x)

∂n

∣∣∣∣∣≤ |∇φ(x) ·n| ≤ K2,

using the fact that φ(x) ∈C∞
C (R). Hence

¨
∂B(0,ε)

log |x|∂φ(x)
∂n

dx ≤ K2

¨
∂B(0,ε)

log |x|dx = K22πε logε,

by taking the limit ε → 0, this term will also yield zero. The final term can be computed by
¨

∂B(0,ε)
−φ(x)

∂ log |x|
∂n

dx =
¨

∂B(0,ε)
φ(r) · ∂

∂ r
logrdr

=

¨
∂B(0,ε)

φ(r)
1
ε

dr

= 2π

(
1

2πε

¨
∂B(0,ε)

φ(r)dr

)
= 2πφ(0) by averaging lemma.

Thus putting all term together and take the limit ε → 0, we conclude that¨
R2

log |x|∆φ(x)dx = 2πφ(0).

■

5.2 Green’s Identities
Some remarks on calculus:

Theorem

Theorem 15 (Divergence Theorem). Let F be a smooth vector field on a bounded domain Ω with
outer normal n, then ˚

Ω

∇ ·FdV =

¨
∂Ω

F ·ndS
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Pointwise Divergence Theorem: Given a smooth function f (x) on a bounded domain Ω ⊆ R3, then
˚

Ω

fxi(x)dx =
¨

∂Ω

fnidS

where ni is the i-th component of the outer unit normal n.

Theorem

Theorem 16 (Integration by Parts).
¨

Ω

u ·∇vdx =−
˚

(∇ ·u)vdx+
¨

∂Ω

(vu) ·ndS

Theorem

Theorem 17 (Green’s Identities).
˚

Ω

v∆u =

¨
∂Ω

v
∂u
∂n

−
˚

Ω

∇u ·∇v

˚
Ω

(v∆u−u∆v) =
¨

∂Ω

v
∂u
∂n

−u
∂v
∂n

In R3, we can derive the representation formula from Green’s identity. The idea is that any harmonic
function can be written as an intergal over the boundary.

Theorem

Theorem 18 (Representation Formula). Let u be harmonic in D ⊆ R3, then for all x0 ∈ D,

u(x0) =

¨
∂D

[
−u(x)

∂

∂n
1

|x−x0|
+

1
|x−x0|

∂u
∂n

]
dS
4π

.

Proof. Let v(x) =− 1
4π

1
|x−x0| , then we know v(x) is the fundamental solution of the harmonic equation in

R3 hence ∆v = 0, combine with ∆u = 0 we use Green’s second identity to get
¨

∂D

[
−u(x)

∂

∂n
1

|x−x0|
+

1
|x−x0|

∂u
∂n

]
dS
4π

= 0.

For simplicity, let x0 = 0 be the origin, again we consider a ε-ball centered around x0, and let r = |x|,
v(x) =−1/(4πr), then have

¨
∂D

[
u

∂

∂n
1
r
− ∂u

∂n
1
r

]
dS =

¨
∂B(x0,ε)

[
u

∂

∂ r
1
r
− ∂u

∂ r
1
r

]
dS,

since ∂/∂n =−∂/∂ r on the boundary of the ε-ball. Then it can be computed using the same idea as the
previous theorems. ■
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Proposition

Proposition 13 (Representation Formula in 2D). Suppose u is harmonic in D ⊆ R2, then for all
x0 ∈ D,

u(x0) =
1

2π

ˆ
∂D

[
u(x)

∂

∂n
log |x−x0|−

∂u
∂n

log |x−x0|
]

dS

5.3 Green’s Functions

Definition

Definition 15. The Green’s function G(x) for the Laplacian and x0 ∈ D is a function defined for
x ∈ D such that:

(i) G(x) possesses continuous second derivatives and ∆G = 0 in D except at x = x0.

(ii) G(x) = 0 for x ∈ ∂D.

(iii) The function G(x)+ 1
4π

1
|x−x0| is finite at x0 and has continuous second derivatives everywhere

and is harmonic at x0.

We will use the usual notation for Green’s function as G(x,x0).

Theorem

Theorem 19. If G(x,x0) is the Green’s function, then the solution of the Dirichlet problem is given
by the formula

u(x0) =

¨
∂D

u(x)
∂G(x,x0)

∂n
dS.

Proof. Let v(x) = − 1
4π

1
|x−x0| , by the construction of G(x,x0), the function H(x) = −v(x)+G(x,x0) is

harmonic. Using Green’s second identity, we have

0 ≡
˚

D
u(x)∆H(x)−H(x)∆u(x) =

¨
∂D

u(x)
∂H(x)

∂n
−H(x)

∂u(x)
∂n

dS, (5.10)

which is because ∆H = ∆u = 0. Using representation formula, we also have

u(x0) =

¨
∂D

u(x)
∂v
∂n

− v(x)
∂u(x)

∂n
dS. (5.11)

Then combine with (5.10), (5.11) and the fact that G(x) = v(x)+H(x), we have

u(x0) =

¨
∂D

u(x)
∂G(x,x0)

∂n
−G(x,x0)

∂u(x)
∂n

dS.

By definition, G(x,x0)≡ 0 on ∂D so we arrive at

u(x0) =

¨
∂D

u(x)
∂G(x,x0)

∂n
dS.
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Theorem

Theorem 20. For any region D, the Green’s function is always symmetric, i.e.,

G(x,x0) = G(x0,x), x ̸= x0.

Proof. ■

Theorem

Theorem 21 (Solution of Poisson’s Equation). The solution to the Poisson’s equation ∆u = f in
D and u = h on ∂D is given by

u(x0) =

¨
∂D

h(x)
∂G(x,x0)

∂n
dS+

˚
D

f (x)G(x,x0)dx.

Proof. ■

5.4 Green’s Function for Halfspace and Sphere
Finding Green’s function is not easy. In this section we will derive the Green’s function for two easy
cases and hence solve the harmonic functions with those boundary conditions.

5.4.1 Halfspace

A halfspace in R3 can be viewed as the region

D = {(x,y,z) : z > 0}.

So for each x=(x,y,z)∈D, we can find its reflected point x∗=(x,y,−z) /∈D. Recall that the fundamental
solution

u(x) =− 1
4π

1
|x−x0|

is harmoinc in D, and it already satisfies (i), (iii) from the definition of a Green’s function. We now
propose a new function based on that to make it satisfy (ii) as well.

Proposition

Proposition 14. Define

G(x,x0) =− 1
4π

1
|x−x0|

+
1

4π

1
|x−x∗0|

.

Then G is the Green’s function on D := {(x,y,z) : z > 0}.

Proof. We will verify all three conditions of a Green’s function.
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(i) Clearly G is finite and differentiable except at x0, and ∆G = 0 since it is a sum of fundamental solu-
tions.

(ii) Let x ∈ ∂D, i.e., z = 0, then it is clear that |x−x0|= |x−x∗0|, hence G(x,x0) = 0.

(iii) Since x∗0 /∈ D, so the function 1
4π

1
|x−x∗0|

has no singularity in D, and hence G has proper singularity at
x0. ■

Equipped with G, we now solve the Dirichlet problem for halfspace:

∆u = 0,z > 0 u(x,y,0) = h(x,y)

On the boundary z = 0, we have ∂G/∂n =−∂G/∂ z|z=0 (we need outward pointing normal and D is the
positive part of the halfplane), and we have

−∂G
∂ z

=
1

4π

(
z+ z0

|x−x∗0|3
− z− z0

|x−x∗0|3

)
=

1
2π

z0

|x−x0|3
on z = 0.

Hence the solution is given by

u(x0,y0,z0) =
z0

2π

¨
[(x− x0)

2 +(y− y0)
2 + z2

0]
−3/2h(x,y)dxdy

which is given by

u(x0) =
z0

2π

¨
∂D

h(x)
|x−x0|3

dS.

Theorem

Theorem 22. The formula that solves the Dirichlet problem for the half-space is given by

u(x0) =
z0

2π

¨
∂D

h(x)
|x−x0|3

dS.

5.4.2 Sphere

We define the region D as a sphere:

D := {x ∈ R3 : |x|< a}.

For any non-zero point x0 ∈ D, we may define its reflection point in a similiar way:

x∗0 =
a2x0

|x0|2
.

Definition

Definition 16. The Green’s function for the sphere D is given by

G(x,x0) =− 1
4π

1
|x−x0|

+
a

4π|x0|
1

|x−x∗0|
.
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In the case x0 = 0, we may simplify the formula as

G(x,0) =− 1
4π|x|

+
1

4πa
.

And now we solve the Dirichlet poblem

∆u = 0, |x|< a u = h, |x|= a

Theorem

Theorem 23. The formula that solves the Dirichlet problem for the sphere is given by

u(x0) =
a2 −|x0|2

4πa

¨
∂D

h(x)
|x−x0|3

dS.

We can use spherical coordinate to represent the formula above as

u(r0,θ0,φ0) =
a(a2 − r2

0)

4π

ˆ 2π

0

ˆ
π

0

h(θ ,φ)
(a2 + r2

0 −2ar0 cosφ)3/2 sinθdθdφ .

In 2D, we may also derive the Green’s function for a Disc: D := {(x,y),x2 + y2 < a2}. Consider x0 ∈ D
and we define its reflected point by x∗0 := a2

|x0|2
x0 /∈ D. Let

G(x,x0) =
1

2π
log |x−x0|−

1
2π

log
(
|x0|
a

|x−x∗0|
)
, (5.12)

where we already can verify condition (i), (iii) from Green’s function. We suffices to show G(x,x0) = 0
on ∂D. Choose x ∈ ∂D, |x|= a, then we may use a congruent triangle statement to show that

|x−x0|=
∣∣∣∣ |x0|

a
x− a

|x0|
x0

∣∣∣∣ (5.13)

Figure 5: The congruent triangles formed by vertices 0,x,x0 and 0, a
|x0|x0,

|x0|
a x. (Credit: Strauss PDE,

Chapter 7.4, Page 194.)

Hence in (5.13), we have

|x−x0|=
|x0|
a

∣∣∣∣x− a2

|x0|2
x0

∣∣∣∣= |x0|
a

|x−x∗0|. (5.14)
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So use the relation in (5.14) and plug into G(x,x0) defined in (5.12), we see that G(x,x0) = 0.

Note that the idea is exatly the same when we derive the Green’s function for a ball where

G(x,x0) =− 1
4π

|x−x0|+
1

4π

a
|x0|

|x−x∗0|. (5.15)

The difference in the second term is because the difference in fundamental solution. Now let us prove
theorem 23 as well as derive the fundamental solution in a 2D case.

First consider the Dirichlet problem in a ball

∆u = 0, |x|< a u = h, |x|= a.

Let ρ2 = |x−x0|2, then 2(x−x0) = 2ρ∇ρ , similarly we have ∇ρ∗ = (x−x∗0)/ρ∗ where ρ∗ = |x−x∗0|.
So differentiate (5.15) yields

∇G(x,x0) =
1

4π

x−x0

ρ3 − 1
4π

a
|x0|

x−x∗0
ρ∗3

=
1

4πρ3

[
x−x0 −

(
|x0|
a

)2

x+x0

]
.

Hence on ∂D we have
∂G
∂n

=
x
a
·∇G(x,x0) =

a2 −|x0|2

4πaρ3 ,

which yields

u(x0) =
a2 −|x0|2

4πa

¨
∂D

h(x)
|x−x0|3

dS.

So we may apply the same idea for the Dirichlet problem in a disc:

∆u = 0, |x|< a u = h, |x|= a,

where the Green’s function for a disc is given by

G(x,x0) =
1

2π
log |x−x0|−

1
2π

log
(
|x0|
a

|x−x∗0|
)
.

We differentiate the equation above, and use ρ = |x−x0|,ρ∗ = |x−x∗0|, we have

∇G(x,x0) =
1

2π

1
ρ

x−x0

ρ
− 1

2π

1
ρ∗

x−x∗0
ρ∗

=
1

2πρ2

[
x−x0 −

(
|x0|
a

)2

x+x0

]
.

Hence on ∂D where |x|= 1, we have the out-pointing unit normal vector given by

∂G
∂n

=
x
a
·∇G(x,x0) =

a2 −|x0|2

2πaρ2
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then it follows that

u(x0) =
a2 −|x0|2

2πa

ˆ
∂D

h(x)
|x−x0|2

ds.

Theorem

Theorem 24 (Poisson’s Problem). The solution of the Poisson’s problem

∆u = f ,x ∈ D u = h,x ∈ ∂D

is given by

u(x0) =

¨
∂D

h(x)
∂G(x,x0)

∂n
dS+

˚
D

f (x)G(x,x0)dx.

Proof. First let G be the corresponding Green’s function, we have

∆G(x,x0) = δ (x−x0),x ∈ D, G(x,x0) = 0,x ∈ ∂D.

Then using Green’s second identity we have that
˚

D
G∆u−u∆G =

¨
∂D

G
∂u
∂n

−u
∂G
∂n

dS,

use boundary conditions and properties of G we have that
˚

D
G(x,x0) f (x)dx−

˚
D

u(x)δ (x−x0)dx =−
¨

∂D
h(x)

∂G(x,x0)

∂n
dS = 0,

hence

u(x0) =

¨
∂D

h(x)
∂G(x,x0)

∂n
dS+

˚
D

f (x)G(x,x0)dx.

■
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Boundary Problems

6.1 Separation of Variables and the Dirichlet Condition
We first consider the homogeneous Dirichlet conditions for the wave equation:

utt = c2uxx (0 < x < l), u(0, t) = 0 = u(l, t)

with initial conditions u(x,0) = φ(x),ut(x,0) = ψ(x). The method we shall use consists of building up
the general solution as a linear combination of special ones that are easy to find. We say a separated
solution is a solution of the wave equation defined above taking the form

u(x, t) = X(x)T (t)

by assuming a solution of the form (6.2), we have

X(x)T ′′(t) = c2X ′′(x)T (t) =⇒ − T ′′

c2T
=−X ′′

X
= λ

where λ is a constant since ∂λ

∂x = ∂λ

∂ t = 0, we will later show that λ > 0, so define λ = β 2,β > 0, so we
have a pair of separable ODEs:

X ′′+β
2X = 0 T ′′+ c2

β
2T = 0

which leads to the solution

X(x) =C cosβx+Dsinβx T (t) = Acosβct +Bsinβct

we now want to impose boundary condition that u(0, t) = u(l, t) = 0, i.e X(0) = X(l) = 0, so X(0) =
C,X(l) = Dsinβ l, and β l = nπ , so for each n we have a separate solution for X , denote by Xn(x), and so
un(x, t) = Xn(x)Tn(t)

λn =
(nπ

l

)2
,Xn(x) = sin

nπx
l

and
un(x, t) =

(
An cos

nπct
l

+Bn sin
nπct

l

)
sin

nπx
l

so we can write the general solution as a sum of un:

u(x, t) = ∑
n

(
An cos

nπct
l

+Bn sin
nπct

l

)
sin

nπx
l

.

This formula will solve the wave equation with boundary condition

utt = c2uxx,u(0, t) = u(l, t) = 0,u(x,0) = φ(x),ut(x,0) = ψ(x)

if
φ(x) = ∑

n
An sin

nπx
l

ψ(x) = ∑
n

nπc
l

Bn sin
nπx

l
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Later, we will see Fourier series, and then (6.10) will become more clear.

We may also consider the diffusion equation

DE:ut = kuxx(0 < x < l,0 < t < ∞), BC:u(0, t) = u(l, t) = 0, IC:u(x,0) = φ(x)

we may separate variables as before, let u(x, t) = X(x)T (t) and get the following

T ′

kT
=

X ′′

X
=−λ

So we have T ′ = −λkT and the solution is given by T (t) = Ae−λkt , also −X ′′ = λX is the exact same
equation we get as in the wave equation, so in general we have

u(x, t) = ∑
n

Ane−(nπ/l)2kt sin
nπx

l

and this solves (6.11) if
φ(x) = ∑

n
An sin

nπx
l

.

The numbers λn = (nπ/l)2 are called the eigenvalues, the functions Xn(x) = sin(nπx/l) are called the
eogenfunctions. The reason is that they satisfy

− d2

dx2 X = λX , X(0) = X(l) = 0

Example

Example 17. Consider a metal rod of length l, insulated along its sides except the ends. The rod
has tempreture T = 1 and suddenly both ends are plunged into a bath of T = 0. In this seneario
write down the differential equations and write out the general solution.

Solution 17. The rod satisfies heat equation, where we have

ut = kuxx,u(0, t) = u(l, t) = 0,u(x,0) = 1.

By separation of variables, we seek a solution of the form u(x, t) = X(x)T (t), so

ut = X(x)T ′(t) = kuxx = kX ′′(x)T (t) =⇒ − T ′(t)
kT (t)

=−X ′′(x)
X(x)

which means the ratio must be a constant since X, T are independent. So we will have two separate
ODEs:

T ′(t) =−kλT (t) X ′′(x) =−λX(x) λ ∈ R.

Here λ is called the eigenvalue. Later we will see that, under a symmetric boundary condition and
theorem 19,20, all eigenvalues must be non-negative. Which means λ ≥ 0. If λ = 0 then we will only
have the trivial solution. So assume λ > 0, and the above two ODEs can be easily solved as follows:

T ′(t) =−kλT (t) =⇒ T (t) =Ce−λkt , C ∈ R;
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X ′′(x)+λX(x) = 0 =⇒ X(x) = Asin(
√

λx)+Bcos(
√

λx).

We now equate the boundary conditions:

u(0, t) = 0 =⇒ X(0) = 0 =⇒ B ≡ 0.

u(l, t) = 0 =⇒ X(l) = 0 =⇒ Asin(
√

λx) = 0 =⇒
√

λ =
nπ

l
,n ∈ N.

u(x,0) = 1 =⇒ T (0) = 1
plug in values for λ ,C

=⇒ T (t) = e−(nπ/l)2kt .

We hence have the following set of eigenvalues and eigenfunctions:

λn =
n2π2

l2 , Xn = sin
nπx

l
, n ∈ N.

The general solution can then be viewed as

u(x, t) =
∞

∑
n=1

Xn(x)Tn(t) =
∞

∑
n=1

Ane−(nπ/l)2kt sin
nπx

l
.

Since u(x, t) = X(x)T (t), so now our goal is to find An where

∞

∑
n=1

An sin
nπx

l
≡ φ(x) = 1.

Those Ans are exactly the coefficients of Fourier sine series of φ(x) = 1, and it is easy to see that

1 =
∞

∑
n=1

4
π

(
1

2n−1
sin

(2n−1)πx
l

)
.

So we have

An =

{
0 if n is even
4

nπ
if n is odd

.

Example

Example 18. Suppose we have a partical on (0, l) satisfying the Schrödinger’s equation ut = iuxx
(i2 =−1) with Dirichlet boundary condition (that is, u(0, t) = u(l, t) = 0). Find a series solution
to this problem.

Solution 18. Again, we perform separation of variables:

u(x, t) = X(x)T (t),

and

ut = X(x)T ′(t) = iuxx = iX ′′(x)T (t) =⇒ −T ′(t)
iT (t)

=−X ′′(x)
X(x)

= λ

as in the previous example. With symmetric boundary condition and by theorem 19,20 (see later), the
eigenvalues are non-negative, and here we may assume eigenvalues are positive otherwise we have only
the trivial solution. Note that the solution for X is the same as the previous example, so we have

λn =
n2π2

l2 , Xn(x) = sin
nπx

l
, n ∈ N.
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As for T , we simply have
T ′(t)+ iλT (t) = 0 =⇒ T (t) =Ce−iλ t

equip with boundary condition, plug in λ , we have

T (t) = e−(nπ/l)2it .

So the general solution takes the form

u(x, t) =
∞

∑
n=1

Xn(x)Tn(t) =
∞

∑
n=1

Ane−(nπ/l)2it sin
nπx

l
.

Example

Example 19. Consider waves in a resistant medium satisfying the following equation on (0, l):

utt = c2uxx − rut ,u(0, t) = u(l, t) = 0,u(x,0) = φ(x),ut(x,0) = ψ(x). (r ∈ R)

Find a series solution to the problem for:

(i) 0 < r < 2πc/l;

(ii) 2πc/l < r < 4πc/l.

Solution 19. Using separation of variables, u(x, t) = X(x)T (t) hence utt = c2uxx − rut can be written as

X(x)T ′′(t) = c2X ′′(x)T (t)− rX(x)T ′(t) =⇒ − T ′′(t)
c2T (t)

− rT ′(t)
c2T (t)

=−X ′′(x)
X(x)

= λ ,λ ∈ R.

The solution for X(x) is simply given by

X(x) = Asin
√

λ t +Bcos
√

λ t,

we claim that all eigenvalues are non-negative (theorem 20), and in this case it suffices to consider
positive eigenvalues hence equip with boundary condition we get B ≡ 0 and the following eigenvalues
and eigenfunctions:

λn =
n2π2

l2 , Xn = sin
nπx

l
.

As for T , we have the ODE
T ′′(t)+ rT ′(t)+λc2T (t) = 0

whose auxiliary equation is given by

x2 + rx+λc2 = 0 =⇒ ∆ = r2 −4λc2

• Under (i), we have

∆ ≤ 4c2
(

π2

l2 −λ

)
< 0, since λn =

n2π2

l2 ,n ≥ 1.
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So the solutions are given by

x =− r
2
±

√
4λc2 − r2

2
i.

So the solution to T is simply

T (t) =Ce−
r
2 t sin

(√
4λc2 − r2

2
t

)
+De−

r
2 t cos

(√
4λc2 − r2

2
t

)
.

Now, for each λn, we have

Tn(t) = e−
r
2 t

[
Cn sin

(√
4n2π2c2 − r2l2

2l
t

)
+Dn cos

(√
4n2π2c2 − r2l2

2l
t

)]
.

Hence the general solution takes the form

u(x, t) =
∞

∑
n=1

Xn(x)Tn(t) (6.1)

=
∞

∑
n=1

e−
r
2 t

[
Cn sin

(√
4n2π2c2 − r2l2

2l
t

)
+Dn cos

(√
4n2π2c2 − r2l2

2l
t

)]
sin

nπx
l

. (6.2)

• The case in (ii) can be done in a similar way.
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Fourier Series

7.1 The Coefficients for Sine and Cosine Series

Definition

Definition 17. On the interval (0, l), we define the Fourier sine series as

φ(x) =
∞

∑
n=1

An sin
nπx

l

Later we will show that for any function defined φ(x) defined on (0, l) then the Fourier since series
converges to φ(x). Our task is try to find the coefficients An first.

Lemma 2. If m ̸= n, then ˆ l

0
sin

nπx
l

sin
mπx

l
dx = 0

Proof. We use the trig-identity that

sin(x+ y) =
1
2

cos(x− y)− 1
2

cos(x+ y).

■

Now fix m, we have ˆ l

0
φ(x)sin

mπx
l

dx =
ˆ l

0

∞

∑
n=1

An sin
nπx

l
sin

mπx
l

dx

by interchaning sum and integral (we may do that), and use the fact that when m ̸= n the integral is indeed
zero, we have ˆ l

0
φ(x)sin

mπx
l

dx = Am

ˆ l

0
sin2 mπx

l
dx

and by direct computation we have
ˆ l

0
sin2 mπx

l
dx =

ˆ l

0

1
2
− 1

2
cos

2mπx
l

dx (7.1)

=

(
1
2

x− l
4mπ

sin
2mπx

l

)∣∣∣∣∣
l

x=0

(7.2)

=
1
2

l. (7.3)

Hence we have the coefficients of Fourier sine series given by

Am =
2
l

ˆ l

0
φ(x)sin

mπx
l

dx.
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Recall the wave equation with Dirichlet conditions:

utt = c2uxx,(0 < x < l), u(0, t) = u(l, t) = 0, u(x,0) = φ(x),yt(x,0) = ψ(x),

if
φ(x) = ∑

n
An sin

nπx
l

ψ(x) = ∑
n

nπc
l

Bn sin
nπx

l

then the solution takes the form

u(x, t) = ∑
n

(
An cos

nπct
l

+Bn sin
nπct

l

)
sin

nπx
l

.

where now we can use the formula derived to find the coefficients of An,Bn:

An =
2
l

ˆ l

0
φ(x)sin

mπx
l

dx
mπc

l
Bm =

2
l

ˆ l

0
ψ(x)sin

mπx
l

dx.

Definition

Definition 18. We now define the Fourier cosine series on the interval (0, l) by

φ(x) =
1
2

A0 +
∞

∑
n=1

An cos
nπx

l

Similarly, if m ̸= n we also have the property thatˆ l

0
cos

nπx
l

cos
mπx

l
dx = 0

and we can see that ˆ l

0
φ(x)cos

mπx
l

dx = Am

ˆ l

0
cos2 mπx

l
dx =

{
1
2 lAm m ̸= 0
1
2 lA0 m = 0

Hence the coefficients for the cosine series are given by

Am =
2
l

ˆ l

0
φ(x)cos

mπx
l

dx .

Definition

Definition 19. Now, the full Fourier series of φ(x) on the interval −l < x < l is defined as

φ(x) =
1
2

A0 +
∞

∑
n=1

(
An cos

nπx
l

+Bn sin
nπx

l

)
.

where

An =
1
l

ˆ l

−l
φ(x)cos

nπx
l

dx

Bn =
1
l

ˆ l

−l
φ(x)sin

nπx
l

dx
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Example

Example 20. Let φ(x) = 1 in the interval (0, l), we now find its Fourier series:

Solution 20. First the Fourier sine series of φ(x) = 1 is given by

1 =
∞

∑
n=1

An sin
nπx

l

where using the formula for the coefficients, we have

An =
2
l

ˆ l

0
1 · sin

nπx
l

dx =− 2
nπ

cos
nπx

l

∣∣∣∣∣
x=l

x=0

=

{
0 n is even
4

nπ
n is odd

.

Thus we ca express φ(x) = 1 on (0, l) as

1 =
4
π

(
sin

πx
l
+

1
3

sin
3πx

l
+

1
5

sin
5πx

l
+ · · ·

)
.

we may also compute the coefficients for the Fourier cosine series:

An =
2
l

ˆ l

0
cos

nπx
l

dx =
2

mπ
sin

mπx
l

∣∣∣∣∣
x=l

x=0

≡ 0,m ̸= 0

hence the Fourier cosine series is trivial:
1 = 1

Example

Example 21. Let φ(x) = x in the interval (0, l). We now find its Fourier series:

Solution 21. First the Fourier sine series is given by

x =
∞

∑
n=1

An sin
πnx

l

where the coefficients are given by

An =
2
l

ˆ l

0
xsin

πnx
l

dx

note that using integration by parts we have

ˆ l

0
xsin

πnx
l

dx =− l
πn

xcos
πnx

l

∣∣∣∣∣
l

0

+

ˆ l

0

l
πn

cos
πnx

l
dx (7.4)

= (−1)n+1 l2

πn
+

l2

π2n2 sin
πnx

l

∣∣∣∣∣
x=l

x=0

(7.5)

= (−1)n+1 l2

πn
. (7.6)
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Hence we have
An = (−1)n+1 2l

πn
and we may express φ(x) = x as its Fourier sine series:

x =
2l
π

(
sin

πx
l
− 1

2
sin

2πx
l

+
1
3

sin
3πx

l
−·· ·

)
.

we now express φ(x) = x as a Fourier cosine series:

x =
1
2

A0 +
∞

∑
n=1

An cos
πnx

l

and the formula gives us

A0 =
2
l

ˆ l

0
xdx = l (7.7)

and when n ≥ 1 we have

An =
2
l

ˆ l

0
xcos

πnx
l

dx (7.8)

=
2
l

 l
πn

xsin
πnx

l

∣∣∣∣∣
x=l

x=0

−
ˆ l

0

l
πn

sin
πnx

l
dx

 (7.9)

=
2
l

 l2

π2n2 cos
πnx

l

∣∣∣∣∣
x=l

x=0

 (7.10)

=

{
− 4l

π2n2 n is odd
0 n is even

(7.11)

so we have the Fourier cosine series of φ(x) = x given by

x =
l
2
− 4l

π2

(
1
4

cos
πx
l
+

1
9

cos
3πx

l
+

1
25

cos
5πx

l
+ · · ·

)
.

Finally we find the full Fourier series of φ(x) = x on the interval [−l, l]. Recall that

φ(x) =
1
2

A0 +
∞

∑
n=1

(
An cos

nπx
l

+Bn sin
nπx

l

)
.

where

A0 =
1
l

ˆ l

−l
xdx = 0

An =
1
l

ˆ l

−l
xcos

nπx
l

dx = 0, since it is odd function.
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Bn =
1
l

ˆ l

−l
xsin

nπx
l

dx (7.12)

=
1
l

−x
l

mπ
cos

mπx
l

∣∣∣∣∣
l

x=−l

+

ˆ l

l

l
mπ

cos
mπx

l
dx

 (7.13)

= (−1)n+1 2l
nπ

. (7.14)

where we see that it is exactly the same as the Fourier sine series on (0, l). This is because sine and its
Fourier sine series are odd.

Example

Example 22. We will now use Fourier series to solve the wave equation (0 < x < l) with boundary
conditions :

utt = c2uxx, u(0, t) = u(l, t) = 0, u(x,0) = x,ut(x,0) = 0.

Solution 22. We already know in the previous section (boundary problems), that the solution u(x, t) takes
the form

u(x, t) =
∞

∑
n=1

(
An cos

nπct
l

+Bn sin
nπct

l

)
sin

nπx
l

hence we have

ut(x, t) =
∞

∑
n=1

nπc
l

(
−An sin

nπct
l

+Bn cos
nπct

l

)
sin

nπx
l

.

we equate the above with boundary conditions, let t = 0 we have

ut(x,0) =
∞

∑
n=1

nπc
l

Bn sin
nπx

l
= 0

so Bn ≡ 0. Also

u(x,0) =
∞

∑
n=1

An sin
nπx

l

and we already know the coefficients of An given from the previous examples. So

u(x, t) =
2l
π

∞

∑
n=1

(−1)n+1

n
sin

nπx
l

cos
nπct

l
.

We now derive the complex form of Fourier series. Recall that by DeMoivre formula:

sinθ =
eiθ − e−iθ

2i
cosθ =

eiθ + e−iθ

2

so one may use e+inπx/l,e−inπx/l as an alternative pair of sine and cosine.
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Definition

Definition 20. The full Fourier series of φ(x) defined on (−l, l) is given by

φ(x) =
∞

∑
n=−∞

cneinπx/l

and the coefficients can be computed by

cn =
1
2l

ˆ l

−l
φ(x)e−inπx/ldx

Example

Example 23. A rod has length l = 1 and k = 1 as a constant. Its temperature satisfies the heat
equation ut = uxx. Its left end is held at temperature 0 and right end at 1. Initially the temperature
is given by

φ(x) =

{
5
2x 0 < x < 2

3
3−2x 2

3 < x < 1
.

Then what is the solution u(x, t)?

Solution 23. We first find a equilibrium solution, which is the time-independent solution U(x) with the
same boundary condition. So in this case ut = 0,uxx = 0, and we easily get that U(x) = Ax+B, with
boundary condition U(0) = 0,U(1) = 1 we have U(x) = x as our equilibrium solution.

Now consider a function v with vt = vxx, v(0, t) = v(1, t) = 0 and v(x,0) = φ(x)−U(x), then we claim
that u(x, t) = v(x, t)+U(x). This is because since v,U both solves the diffusion equation, so does the sum
u = v+U. The boundary condition is that u(0, t) = v(0, t)+U(0) = 0,u(1, t) = v(1, t)+U(1) = 1, and
at t = 0 we have u(x,0) = v(x,0)+U(x) = (φ(x)−U(x))+U(x) = φ(x) as desired.

Now it suffices to find v(x, t). Recall in the last section we derived that on the interval (0,1), with k = 1,
we have

v(x, t) =
∞

∑
n=1

e−n2π2t ·An sinnπx

where

An = 2
ˆ 1

0
(φ(x)− x)sin(nπx)dx, φ(x)− x =

{
3
2x 0 < x < 2

3
3−3x 2

3 < x < 1
.

Hence

An = 3
ˆ 2/3

0
xsin(nπx)dx+6

ˆ 1

2/3
sin(nπx)dx−6

ˆ 1

2/3
xsin(nπx)dx.

After some simple algebra, we have that

An =
9

n2π2 sin
2nπ

3
.
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Recall, the sine Fourier series for φ(x) = x on (0,1) is given by

x =
∞

∑
n=1

(−1)n+1 2
πn

sin(nπx)

hence

u(x, t) =
∞

∑
n=1

e−n2π2t ·An sin(nπx)+
∞

∑
n=1

(−1)n+1 2
πn

sin(nπx) (7.15)

=
∞

∑
n=1

[
9

π2n2 sin
(

2nπ

3

)
+(−1)n+1 2

πn

]
sin(nπ) · e−n2π2t . (7.16)

7.2 Orthogonality and General Fourier Series

Definition

Definition 21. Let f ,g ∈C([a,b]) be two real-valued functions, their inner product is defined as

⟨ f ,g⟩ ≡
ˆ b

a
f (x)g(x)dx

and we say f (x),g(x) are orthogonal if ⟨ f ,g⟩= 0.

Definition

Definition 22. With the inner product defined in the previous definition, we define the L2 norm of
a function f (x) as

|| f (x)||2 := ⟨ f (x), f (x)⟩=
ˆ b

a
f 2(x)dx.

We wish to study the linear operator

A =− d2

dx2

with some boundary conditions. Some common boundary conditions are as follows:

• Dirichlet Boundary Condition: A function X(x) on [a,b] such that X(a) = X(b) = 0;

• Neumann Boundary Condition: A function X(x) on [a,b] such that X ′(a) = X ′(b) = 0;

• Periodic Boundary Condition: A function X(x) on [a,b] such that X(a) = X(b);X ′(a) = X ′(b).

To generalize the idea of eigenvalues and eigenvectors, we wish to find a constant λ ∈ R and a non-zero
function X satisfying the boundary conditions and such that

AX = λX .

We say such a function X is an eigenfunction and λ is the associated eigenvalue. Also, the eigenfunc-
tions corresponding to different eigenvalues are orthogonal. To see this, let X1,X2 be two different
eigenfunctions satisfying the same boundary condition, then

−X ′′
1 = λ1X1 −X ′′

2 = λ2X2
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and we assume λ1 ̸= λ2, then we need to show
ˆ b

a
X1X2dx = 0

which is equivalent as showing

(λ1 −λ2)

ˆ b

a
X1X2dx =

ˆ b

a
(−X ′′

1 X2 +X ′′
2 X1)dx = 0

the right hand side of the equation above can be simplified using Green’s second identity, and equipped
with boundary conditions, it will simplify to zero in all three cases.

In general, we consider the following boundary conditions:

α1X(a)+β2X(b)+ γ1X ′(a)+δ1X ′(b) = 0

α2X(a)+β2X(b)+ γ2X ′(a)+δ2X ′(b) = 0

Definition

Definition 23. Such a set of boundary conditions defined as above is called symmetric if

f ′(x)g(x)− f (x)g′(x)

∣∣∣∣∣
b

a

= 0

where f (x),g(x) satisfy the boundary condition defined above.

Example

Example 24. On the interval (0, l), is the boundary condition u(0, t) = 0,ux(l, t) = 0 symmetric?

Solution 24. Take f ,g be arbitrary test functions such that f (0) = 0, f ′(l) = 0;g(0) = 0,g′(l) = 0, then

f ′(x)g(x)− f (x)g′(x)

∣∣∣∣∣
b

a

= f ′(l)g(l)− f (l)g′(l)− f ′(0)g(0)+ f (0)g′(0)

≡ 0.

Hence the boundary condition is symmetric.

Theorem

Theorem 25. With symmetric boundary condtions, any two eigenfunctions that correspond to
different eigenvalues are orthogonal.

Now let λn be the eigenvalue of the eigenfunction Xn(x), we write

φ(x) = ∑
n

AnXn(x)
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then
⟨φ(x),Xm(x)⟩= ∑

n
An ⟨Xn,Xm ⟩= Am ⟨Xm,Xm ⟩

by orthogonality.

Definition

Definition 24. Suppose we have symmetric boundary conditions, and for a function φ(x) satisfy
the form φ(x) = ∑n AnXn(x), then

An =
⟨φ(x),Xn(x)⟩
||Xn(x)||2

=

´ b
a φ(x)Xn(x)dx´ b

a X2
n dx

is called the general Fourier series of the function φ(x).

Theorem

Theorem 26. All eigenvalues of the eigenvalue problem −X ′′ = λX = 0 over functions X(x),x ∈
[a,b] satisfying symmetric boundary conditions are real.

Proof. Assume λ ∈C is an eigenvalue of X(x), then by complex conjugate, λ̄ is also an eigenvalue of X̄ .
Hence

⟨ X̄ ,λX ⟩= ⟨ λ̄ X̄ ,X ⟩

which means we have ˆ b

a
(λ − λ̄ )XX̄dx = 0

hence λ = λ̄ . ■

Theorem

Theorem 27. Assume for a symmetric boundary condition for x ∈ [a,b]. If f (x) f ′(x)

∣∣∣∣∣
b

a

≤ 0 for all

functions f (x) satisfying the boundary conditions, then all eigenvalues are positive.

Proof. Let X(x) be the function satisfying the symmetric boundary conditions as well as the property
above, and −X ′′(x) = λX(x). Then use Green’s first identity, we have

ˆ b

a
X ′′(x)X(x)dx = X ′(x)X(x)

∣∣∣∣∣
b

a

−
ˆ b

a
(X ′(x))2dx

which means

−λ

ˆ b

a
X2(x)dx = X ′(x)X(x)

∣∣∣∣∣
b

a

−
ˆ b

a
(X ′(x))2dx ≤ 0

hence λ ≥ 0. ■
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This also explains why earlier we state λ > 0 for the Dirichlet boundary condition for wave equation
using separation of variables.

Example

Example 25. Consider the wave equation utt = c2uxx on 0 < x < l, with initial boundary conidi-
tion u(0, t) = ux(l, t) = 0 and u(x,0) = x, ut(x,0) = 0. Find the solution explicity in series form.

Solution 25. Note that in this wave equation the boundary condition is a bit different! But we may still
use separation of variables to find the solutions of X ,T given by u(x, t) = X(x)T (t), and hence

utt = X(x)T ′′(t) = c2uxx = c2X ′′(x)T (t) =⇒ − T ′′(t)
c2T (t)

=−X ′′(x)
X(x)

= λ

we claim that we indeed have a symmetric boundary condition, since(
f ′(l)g(l)− f (l)g′(l)

)
−
(

f ′(0)g(0)− f (0)g′(0)
)
= 0,

and by theorem 19,20, all eigenvalues are non-negative. It sufficies to consider positive eigenvalues
because otherwise we simply have a trivial solution. We can then solve X ,T :

T ′′(t)+λc2T (t) = 0 =⇒ T (t) = Asinc
√

λ t +Bcosc
√

λ t.

X ′′(x)+λX(x) = 0 =⇒ X(x) =C sin
√

λx+Dcos
√

λx.

Now we equate with boundary conditions:

u(0, t) = 0 =⇒ X(0) = 0 =⇒ D ≡ 0.

ux(l, t) = 0 =⇒ X ′(x)

∣∣∣∣∣
x=l

=
√

λC cos
√

λ l = 0 =⇒ λ =
(π

2 +nπ)2

l2 .

So for each n, the eigenvalues and eigenfunctions are

λn =
(π

2 +nπ)2

l2 , Xn = sin
π

2 +nπ

l
x.

As for T , we now have

Tn(t) = An sinc
π

2 +nπ

l
t +Bn cosc

π

2 +nπ

l
t,

so the solution is

u(x, t) =
∞

∑
n=1

Xn(x)Tn(t) =
∞

∑
n=1

(
An sinc

π

2 +nπ

l
t +Bn cosc

π

2 +nπ

l
t
)
· sin

π

2 +nπ

l
x.

We now use boundary conditions to find An,Bn, where

u(x,0) =
∞

∑
n=1

Bn sin
π

2 +nπ

l
x = x,
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and the coefficients of Bn can be easily computed by

Bn =
⟨x,sin

π

2 +nπ

l x⟩

⟨sin
π

2 +nπ

l x,sin
π

2 +nπ

l x⟩
=

2
l

ˆ l

0
xsin

π

2 +nπ

l
xdx = (−1)n · 2l

(n+ 1
2)

2π2
.

For another boundary condition ut(x,0) = 0, we have

ut(x,0) =
∞

∑
n=1

(
l

c(π

2 +nπ)
An cosc

π

2 +nπ

l
×0− l

c(π

2 +nπ)
Bn sinc

π

2 +nπ

l
×0
)
· sin

π

2 +nπ

l
x

=
∞

∑
n=1

l
c(π

2 +nπ)
An sin

π

2 +nπ

l
x,

hence An ≡ 0. So the general solution is given by

u(x, t) =
∞

∑
n=1

(−1)n · 2l
(n+ 1

2)
2π2

cosc
(

π

2 +nπ

l
t
)
· sin

(
π

2 +nπ

l
x
)
.

Theorem

Theorem 28 (Gram-Schmidt Orthogonalization). Let {Xn} be a sequence of mutually linearly
independent vectors in an inner product space (V,⟨ ·, · ⟩), then we may get a sequence {Zn} of
mutually orthonormal vectors by the following procedure:

• Step 1: Define

Z1 :=
X1

||X1||
;

• Step 2: For all Xi, i > 1, define

Yi = Xi −
i−1

∑
j=1

⟨Xi,Z j ⟩Z j;

where
Z j =

Yi

||Yi||
,

and we normalize Yi.

This theorem is especially useful in linear algebra for constructing ortonormal basis for an inner product
space.

Proof. First, it is easy to see that ||Zi||= 1. By induction, when n = 1 the result is trivial. For n > 1, any
k < n, we have

⟨Zn,Yk ⟩=

〈
Zn,Xk −

k−1

∑
j=1

⟨Xk,Z j ⟩Z j

〉

= ⟨Zn,Xk ⟩−
k−1

∑
j=1

⟨Xk,Z j ⟩⟨Zn,Z j ⟩

= ⟨Zn,Xk ⟩−⟨Xn,Zk ⟩ (since {Z1, · · · ,Zn−1} are orthonormal)
= 0.
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Theorem

Theorem 29 (Cauchy-Schwarz Inequality). Let (V,⟨ ·, · ⟩) be an inner product space, u,v ∈ V ,
then

| ⟨u,v⟩ | ≤ ||u|| · ||v||.

Proof. Consider a function g(t) = ||u+ tv||2 where g(t)≥ 0, then

g(t) = ||v||2t2 +2⟨u,v⟩ t + ||u||2.

Note that g(t) is a quadraic equation so the minimizer is obtained at

tmin =− b
2a

=−2⟨u,v⟩
2||v||2

,

and by definition g(tmin)≥ 0 so we have

||v||2 · | ⟨u,v⟩ |2

||v||4
− 2| ⟨u,v⟩ |2

||v||2
+ ||u||2 ≥ 0,

which is Cauchy-Schwarz inequality:

||u||2 · ||v||2 ≥ |⟨u,v⟩ |2.

■

7.3 Fourier Series Corresponding to Different Boundary Conditions

7.3.1 Dirichlet Boundary Condition:

Let us first consider the eigenvalue problem with Dirichlet boundary condition on [0, l] given by

X ′′+λX = 0, X(0) = X(l) = 0

since we know that any symmetric boundary condition has real eigenvalues, hence we consider three
conditions:

• If λ < 0: In this case we have a general solution to the ODE given by

X(x) = Ae
√
−λx +Be−

√
−λx, A,B ∈ R.

By imposing the boundary condition, X(0) = X(l) = 0 we have

A+B = 0 Ae
√
−λ l +Be−

√
−λ l = 0,

which means
B =−A, A

(
e
√
−λ l − e−

√
−λ l
)
= 0,

hence A = B = 0, which means there are no non-trivial solutions.
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• If λ = 0, in this case the general solution takes the form X(x) = Ax+B,A,B ∈R and the boundary
condition will yield A = B = 0, which is again we do not have non-trivial solution.

• If λ < 0, then the general solution is

X(x) = Acos
√

λx+Bsin
√

λx, A,B ∈ R.

with boundary condition imposed, we have A = 0. Also B = 0 or sin
√

λ l = 0. We take the latter
non-trivial solution, and it holds for λ = n2π2/l2, and the corresponding eigenvalues are sinnπx/l.
So we have the following:

λn =
n2π2

l2 , Xn(x) = sin
nπx

l
.

Hence the Fourier series for Dirichlet boundary condition is given by

An =
⟨φ ,Xn ⟩
||Xn||2

=
2
l

ˆ l

0
φ(x)sin

(nπx
l

)
dx.

The corresponding Fourier series is
∞

∑
n=1

An sin
nπx

l
.

7.3.2 Neumann Boundary Condition:

The Neumann Boundary Condition on [0, l] takes the form

X ′(0) = X ′(l) = 0.

It can be computed that the eigenvalues and eigenfunctions are

Xn(x) = cos
nπx

l
λn =

n2π2

l2 .

Hence the coefficients of the Fourier series are given by

An =
⟨φ ,Xn ⟩
||Xn||2

=
2
l

ˆ l

0
φ(x)cos

nπx
l

dx

with the Fourier series given by
A0

2
+

∞

∑
n=1

An cos
nπx

l
.

7.3.3 Periodic Boundary Condition:

The periodic boundary condition on [−l, l] is given by

X(l) = X(l), X ′(l) = X ′(−l).

With this condition, we have two eigenfunctions:

Yn(x) = cos
nπx

l
, ,Zn(x) = sin

nπx
l

,
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corresponding to eigenvalues λn =
n2π2

l2 . Hence the Fourier series is

1
2

A0 +
∞

∑
n=1

(
An cos

nπx
l

+Bn sin
nπx

l

)
,

where

An =
1
l

ˆ l

−l
φ(x)cos

nπx
l

dx, Bn =
1
l

ˆ l

−l
φ(x)sin

nπx
l

dx.

7.4 Convergence of Fourier Series
We first introduce different modes of convergence:

Definition

Definition 25. Consider a sequence of functions { fn}∞
n=1 defined on [a,b].

• fn converges to f pointwise, if and only if for every x ∈ [a,b], fn(x)→ f (x) as n → ∞.

• fn converges to f uniformly, if and only if

sup
x∈[a,b]

| fn(x)− f (x)| → 0 as n → ∞.

• fn converges to f in L2 if and only if

ˆ b

a
| fn(x)− f (x)|2dx n→∞→ 0.

In the sence of Fourier series Sn = ∑
n

AnXn, the pointwise convergence will always hold. How can we

justify the other types of convergence? The following theorem tells.

Theorem

Theorem 30. Let f (x) be defined on [a,b], and Sn = ∑AnXn be the Fourier series of f (x), then:

• Sn converges to f (x) uniformly, provided that f (x), f ′(x), f ′′(x) exist, are continuous on
[a,b] and f (x) satisfies the symmetric boundary conditions.

• Sn converges to f (x) in L2, provided that

ˆ b

a
| f (x)|2dx < ∞.

Next, we present convergence for full Fourier series. We say a function f (x) is piecewise continuous on
an interval [a,b] if it is continuous at all but a finite number of points and has jump dicontinuities at all
those points.
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Theorem

Theorem 31. The classical full Fourier series convergences to f (x) pointwise on [a,b] provided
that f (x) is continuous on [a,b] and f ′(x) is piecewise continuous on [a,b]. More generally if
f (x) is onlypiecewise continuous on [a,b] and f ′(x) is also piecewise continuous on [a,b], then
the classical Fourier series converges at every point x where

∑
n

AnXn(x) =
1
2
[ f (x+)+ f (x−)].

We may view this theorem as follows: At a jump discontinuity the series converges to the average of the
limits from the right and from the left.

Theorem

Theorem 32 (Bessel’s Inequality). Let φ(x) ∈ L2((a,b)) and suppose {Xn(x)} is an orthogonal
family of functions on (a,b). Define

An :=
⟨φ(x),Xn(x)⟩
||Xn(x)||2

,

then
∞

∑
n=1

A2
n

ˆ b

a
|Xn(x)|2dx ≤

ˆ b

a
|φ(x)|2dx.

Proof. Let {cn} be a sequence of real numbers, define

EN :=
ˆ b

a

∣∣∣∣∣φ(x)− N

∑
n=1

cnXn(x)

∣∣∣∣∣
2

dx

=

ˆ b

a
|φ(x)|2dx−2

N

∑
n=1

cn

ˆ b

a
φ(x)Xn(x)dx+

N

∑
m=1

N

∑
n=1

cmcn

ˆ b

a
Xm(x)Xn(x)dx

= ||φ(x)||2 −2
N

∑
n=1

cn ⟨φ(x),Xn(x)⟩+
N

∑
n=1

c2
n||Xn||2 by orthogonality of {Xn}

View above as a function of each cn, we see that it is then a quadratic function: f (cn) = anc2
n +bncn +dn

and each cn is minimized at

cn =− bn

2an
=

⟨φ(x),Xn(x)⟩
||Xn(x)||2

.

With cn minimized as above, we have

EN = ||φ(x)||2 −
N

∑
n=1

A2
n||Xn(x)||2.

By definition, EN ≥ 0, so

||φ(x)||2 ≥
N

∑
n=1

A2
n||Xn(x)||2
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which is,
N

∑
n=1

A2
n

ˆ b

a
|Xn(x)|2dx ≤

ˆ b

a
|φ(x)|2dx

and the Bessel’s inequaity is proven by taking N → ∞. ■

Theorem

Theorem 33 (Parseval’s Equality). Let φ(x) ∈ L2((a,b)), and Xn(x),An(x) be the eigenfunctions
and Fourier coefficients of any general Fourier series for φ(x) respectively. Then

∞

∑
n=1

A2
n

ˆ b

a
|Xn(x)|2dx =

ˆ b

a
|φ(x)|2dx.

We will not prove this theorem.

Let φ(x)≡ 1 ∈ L2((0,π)), using classical Fourier sine series defined on (0,π), we have

Xn(x) = sin
nπx

l
= sin(nx)

and

An =
⟨φ(x),Xn(x)⟩
||Xn(x)||2

=

´
π

0 sin(nx)dx´
π

0 sin2(nx)dx
=

4
nπ

for odd n.

hence using Parseval’s equality, we have

∑
odd n

(
4

nπ

)2

·
ˆ

π

0
sin2(nx)dx =

ˆ
π

0
12dx

which is

∑
odd n

(
4

nπ

)2

· π

2
= π

i.e,

∑
odd n

1
n2 =

π2

8
.

Theorem

Theorem 34 (Riemann-Lebesgue Lemma). If φ(x) ∈ L2((a,b)), then the classical Fourier coeffi-
cients of φ(x) goes to 0 as n → ∞.

By Riemann-Lebesgue lemma, recall the Dirichlet boundary conditions on [0, l], we have that every φ(x)
defined on (0, l) with ||φ(x)||2 < ∞ satisfies

ˆ l

0
φ(x)sin

nπx
l

dx → 0, as n → ∞.

Since C∞
C functions are surely square integrabe, so the above equation also means

sin
nπx

l
→ 0 in distribution.
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Theorem

Theorem 35. Suppose φ ∈ L2((a,b)), then its general Fourier series associated with any symmet-
ric boundary conditions converges to φ in L2 on (a,b). We say the eigenfunctions assciated with
a symmetric boundary condition are complete in L2((a,b)).

We shall omit the proof for this theorem.

Definition

Definition 26. A sequence of functions { fn} defined on [a,b] converges to f pointwise, if and only
if for every x ∈ [a,b], fn(x)→ f (x) as n → ∞.
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