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1 Basics of Measure Theory

1.1 Preliminaries

We assume E is a state space, let { A; }ic7 C E be a sequence of sets in E, then the intersection
and union of those sets are defined as

UAi:={xeETJi:xeA}; [)Ai:={xecEVA,xcA}.
i€l iel
The union can be understood as “there exists”, and the intersection can be understood as "for

all”. The compliment of A, denote as A, is defined by A® := E\ A. The DeMorgan’s law on
sets states that if we have a collection of sets A; € C, then

(Ua) -ns () -y

Definition 1. Given a sequence {x,},en C R, the limsup and liminf of that sequence are
defiend by

limsup x;, := lim supxy; liminfx, = lim inf x;.
n 7 k>n n n—r00 k>n

Note that sup,.., xi is decreasing as a function of 7, hence limsup can also be written as
limsup, x, = inf, SUPg>, Xk Similarly for liminf, since infy~, xi is increasing as a function of 7,
we then have liminf, x,, = sup, infi>, x;. The limit of lim, x,, exists if and only if

limsup x, = liminfx, = lim x,.
X n
n

The definition of limsup and liminf can be extended to sets:

Definition 2. Let {A, },en C E be a sequence of sets, then the limsup and liminf of that se-
quence are defined by

limsup A, = ﬂ U A, liminf A, = U ﬂ Ag.
n n k>n " n k>n
We can interpret them as follow:
* x € limsup, A, if and only if Vi € IN, Jk > n, such that x € Ay. We say x € Ay infinitely
often;
¢ x € liminf, A, if and only if there dn € IN, such that x € Ay for all k > n. We say x € Ay
eventually.

Similarly, lim,, A, exists if and only if

limsup A, = liminf A, = lim A,,.
n n n

By using DeMorgan’s law, we have

(limnsup An)c _ (m U Ak>c U (U Ak>c U N AS = liminf AS,

n k>n n \k>n n k>n

and, we can play around with other notations.



Proposition 1. x € limsup, A, if and only if limsup, 1{x € A,} = 1; and x € liminf, A, if
and only if limsup, 1{x € A,} = 1.

Proof. We firstassume x € limsup, A;, whichmeans Vn, x € Uk>n Ax- Hence we may construct
a subsequence {Ay, }7>; where n; € IN such that x € Ay, Vk, which implies limsup, 1{x €
An} = 1. The other direction follows by reversing the steps. The proof for liminf follows the
same procedure. O

Proposition 2. We say a sequence { A, },en is monotonically increasing if Ay C A, C -+, in
this case lim, A, exists and
liyl;rl An — U An.
n

Proof. We have that

limsup A, = ﬂ UAk: ﬂ UAk:UA"'

n>1k>n n>1k>1

since { A, } is increasing. Also,

liminf A, = U NA=U A

n>1k>n n>1
since { A, } is decreasing. O

In fact by using DeMorgan’s law |J A,CZ = () A, where { A, } is monotonically increasing, we
may further conclude that if {A,}?° ; is monotonically decreasing (meaning A; D A, D -- ),
then lim,, A, exists and lim, A, = ,, Ax.

1.2 ¢-algebras

Definition 3. Let E be a non-empty set, £ be the collection of subsets of E, £ is called a c-algebra
on E if the following holds:

e Ec¢&;

e If A€ & then A® = E\ A € £ (it is closed under compliments);

o If {An}tnen C €&, then U,cn An € € (it is closed under countable unions).
We denote (E, £) to be a measure space.

From the definition above, some properties of o-algebra follow immediately:

e O € £: This is because E€ € &;

* MNuen An € &: This is because (U,en A%)C €eé&;

e [tis also closed under finite unions and intersections.

Below are some examples of c-algebras:

e The trivial c-algebra: For any non-empty set E, £ = {E, @} is a c-algebra (the smallest
o-algebra on E);



e For any non-empty set E, its power set 2F is also a c-algebra (the biggest o-algebra on E);

 Given a collection of sets C, denote ¢(C) as the smallest o-algebra that contains C. We
denote 0 (C) as the o-algebra generated by C;

* Let E be the state space, A, B C E be sets. Then

c({A,B}) = {9,E,A B, A, B, ANB, AUB};

e Given two measure space (E, &), (F, F), the product space E X F := (e, f),e € E, f € F,
and
ERF =c{AxB:Ac& Be F}.

Definition 4. A collection C on E is called a p-system if A, B € C implies ANB € C.
Sometimes p-system is also referred as 7r-system.
Definition 5. A collection D on E is called a d-system if it satisfies the following:
e EcD;
e IfA,B€Dand A C B,thenB\ A € D;
e If A, /A ({An} is non-decreasing with limit A), then A := (J;_ ; A, € D.

Proposition 3. A collection D on E is a c-algebra on E if and only if it is both a p-system and a
d-system on E.

Proof. (=): Suppose D is a c-algebra on E, then trivially it is a p-system since (ANB =
ACUBY)C € D. Since E € D, takeany A € E, A C E,so E\ A € D. Finally consider an
arbitrary sequence {A,};° ; C D, define B, = U/_; A;, then B, /* Bwhere B = |J;_; A, € D.

(<=): Suppose D is both a p-system and a d-system, then we already have E € D. If
A€ D, ACE thenE\A = A® € D. Finally let {A,}%_, be an arbitrary sequence, let
By =A1,Bp =By U(A2\By), -+ ,By = By,_1 U (A; \ By_1). Then {B, }> ; is increasing, and

lim B, = nlgl(}o B, 1 U (An \ Bn—l) €D,

n—o00
and UB, = A, € D. O

Theorem 1 (Monotone class theorem). If C is a p-system, D is a d-system and C C D, then
c(C) C D.

We need two lemmas to establish this proof.

Lemma 1. Let D be a d-system on E, and fix D € D. Deifne
D={AeD:ANDeD},

then D is a d-system on E.



Proof. Itis easytoseethatE € D,END =D € D,soE € [3; Let A1, Ay € [3, Aq C A,, then we
have A;ND € D,A,ND E/\D,AlﬂD C AzﬂD,and(Az\Al)ﬁD: (AzﬂD)\(AlﬂD) e D.
Let A, /A, where A, € D,then A,ND " AND,and

AND= J A,ND € D.

n=1

Lemma 2. If Dy, D, are two d-systems on E, then so is D1 N D;.

We shall omit this proof since it is trivial.

We now prove the monotone class theorem:

Proof. Let D’ be the smallest d-system containing C, i.e, C C D’, then we have ¢(C) C o(D’).
Hence it suffices to show o(D’) = D’. If D’ is a 0-algebra, then clearly c(D’) = D’. Hence by
proposition 3, it remains to prove D’ is a p-system. Fix B € C, and define

D, ={AeD :ANBe DY},

then by construction and the previous lemma, Dj is a d-system, hence C D’ C Dj, which
implies VA € D',B € C,ANB € D'. Now fix A € D’, define

D,:={BeDANBeDY},

which is again a d-system, and C C D), which means D’ C D). Now we have that VA, B € T/,
ANBe D, soD isa p-system. O

Next we introduce one important c-algebra on real numbers IR:

Definition 6. The Borel o-algebra, denote as B(IR), is defined as
B(R) := o{all open sets in R}.

In fact, it can be shown that B(IR) is also equal to o ((a,b));c([a,b]),c([a,b)),o((a,b]), etc.
Open sets are the elements inside a topology 7. The definition of a topology follows.

Definition 7. We say 7 is a topology over §, if
* J,5¢T;
e [fA,BcT,thenANBCcT,;
* Given an arbitrary collection A; € 7,i € Z, then U;c7 Ai € T.

If S =R, then
T = {U(ai,bi);ﬂi < bja;,b; € lR} U {a}.

icl



1.3 Measurable Functions

A function f : X — Y is a mapping such that for any x € X, there is a unique y € Y such
that f(x) = y. We now give the definition of a measurable function:

Definition 8. Given two measurable spaces (E, &), (F, F), the function f : (E,£) — (F,F) is
measurable if for any B € F, its pre-image isin &, i.e,
fYB)={xcE:f(x)eB} €.

_ We often work with real valued functions f : R — R, where R is the extended real line
(R =RU{—o00} U{oo}). In this setting, we consider [—o0,a), (b, co] as open sets. The o-algebra
we consider is simply the Borel o-algebra B (IR).

Proposition 4. The function f : (E,£) — (F,F) is measurable if and only if there exists a
collection Fy on F with ¢(Fy) = F, and f~(B) € € forall B € Fy.

Proof. = is trivial. We consider a collection F of subsets of F with ¢(Fy) = F. Denote
Fi:={Bec F,f1B)ec¢g}
then it is straightforward to show that F; is a o-algebra on F;, hence 1 = o(F1) D o(Fp) =
F. .
Proposition 5. The function f : R — R is measurable on B(RR) if and only if for all 7 € R,
fH (oo, 1]) == {x € R: f(x) <1} € B(R).
Proof. = is trivial. Using Proposition 4, it suffices to show the Borel o-algebra can also be

generated by sets of the form (g, b]. For any r € R, we have that

o0

[0, 7] = | {—w,r+%> € B(R).

n=1
Recall in our setting [—oo, 1) is open. O
Measurable functions have the following property as well:

Proposition 6. Let f, ¢ be measurable functions on (E, ), {f,} be a sequence of measurable
functions on (E, £). Then

e Foranya,b c R,af +bg;, fg fog f/8 & # 0aremeasurable;
e inf, fy; sup, fu; limsup, f,; liminf, f, are measurable;
We only give the proof for a few cases.
Proof. For af + bg, consider any r € RR,
(af +bg) ' ([—o0,7]) = {x € E:af(x) + bg(x) < r}
={xe€E:af(x) <r—bg(x)}

= J{xeR:af(x) <q<r—bg(x)}
7€Q

=U ({er:af(x)§q}ﬂ{er:r—bg(x) 2q}> S

7€Q



Proof. For sup,, f, takeany r € R,

sup f,([=0,7]) := {x € E: sup fu(x) <1}
:{xEE:ﬁfi(x)gr}
i=1
= ﬁ{er:fi(x)gr}EE.
i=1

Using the fact that inf, f,(x) = —sup,(—fu(x)), one can easily show that sup,, f, is also
measurable. Then liminf, f,, limsup,, f; is naturally the limit of inf, f,, sup,, fu. l

We now introduce a class of measurable functions called simple functions:

Definition 9 (Simple Functions). A function f : (E,£) — (F, F) is said to be simple, if it takes
the form

n
f(x) =Y ala,
i=1
whereay,--- ,a, € R, A; C E.

The 14 (-) is the indicator function on set A, it is defined by

1 xe€ A
T4(x) = .
Alx) {O otherwise

Clearly, for a simple function f, there exists by,--- ,b,, € Rand By,---, By € £ a partition
of £, such that f(x) = ¥4 bjlp,(x). It is called the canonical form of the simple function f.

The reason for introducing simple functions is because it can be used to approximate mea-
surable functions.

Theorem 2. A positive function f : (E, &) — (F, F) is measurable if and only if it is the limit of
an increasing sequence of positive simple functions.

Proof. (<=) is trivial. We start by introducing a sequence of function {d, }: For any x € R',
define
n2" k _ 1

du(x) =Y T

k=1

Ly 1y (x) 11 Do) (%).

The graph of d,,(x) is given as follow:
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Figure 1: The graphical illustration of d,(x), with n specifically chosen to be 1 and 2.

We claim that for each n, d,,(x) is a non-decreasing, right continuous simple function, and
Vx € R, dy(x) 7 x. Now we compose dy,(-) with f, and let

fu(x) = du(f(x)).
Then by the properties of d,(x) and f, f, is measurable, positive, and simple. Furthermore
£(x) = Tim fu(x),
and f is measurable, which is the limit of a sequence of positive simple functions. O
In general, given a function f, we may decompose f as
f=f=f
where f* := max{f,0},and f~ : max{—f,0}.

Theorem 3. A (numerical) function f on E is £-measurable if and only if it is the limit of a
sequence of simple functions.

Definition 10. Let M be a collection of (numerical) functions on E. Denote M ™ as the subcol-
lection containing positive functions in M, and M, as the subcollection of bounded functions
in M. Then M is called a monotone class if

*leM;
e If f,g€ My, a,b e Rthenaf +bg € M;
o If {f,}°, € Mt and f,  f, then f € M.

n=1

We have a monotone class theorem for functions. The theorem next can be used to show
that a certain property holds for all £-measurable functions.

Theorem 4 (Monotone class theorem for functions). Let M be a monotone class of functions
on E. Suppose that for some p-system C generating £, such that 14 € M for every A € C, then
M includes all positive £-measurable functions and all bounded £-measurable functions.



Proof. Let D := {A € £ : 14 € M}. Then it is easy to prove that D is a d-system. By
assumption, D D C, and C is a p-system that generates £, then by monotone class theorem we
have D D &, hence 14 € M for every A € £. In this case using the definition of a monotone
class of functions, all simple functions are contained in M. Let f be a positive £-measurable

functions, then there exists a sequence of positive simple functions {f,}%°; C M such that

fn / f, hence f € M. Finally let f be bounded £-measurable functions, use f = f* — f~, we
know both f*, f~ are positive and bounded, hence f € M. O

1.4 Measures

Let (E,£) be a measurable space, a measure on (E,£) is a function u : £ — [0, 00| with
certain properties. We now formally define a measure:

Definition 11. A measure y on (E, £) is a non-negative mapping y : £ — [0, co] such that
e u(E')>0,forall E' € &;
* 1(@) =0

* (Countable additivity) If {A,}5>_; C & are disjoint, then

H (G An) = i.”(An)-
n=1 n=

Note that countable additivity automatically implies finite additivity.

With measure y on the measurable space (E,&) defined, we denote the triple (E, &, u) a
measure space.

We will see some examples of different measures. Below, denote (E,£) the measurable
space.

* Dirac measure: Fix x € £, and for any A € £, the Dirac measure on x is defined by

5(A) == {(1) i;iﬁ

¢ Counting measure: Fix D C E, and for any A € &, the counting measure on D is defined
by
DN A| if|D|is countable;
vo(A) = {\ | i |D]is
00 otherwise

* Discrete measure: Fix D C E be countable, and Vx € D, define w, > 0, then for any
A € &, the counting measure on D is defined by

u(A) = Z Wx0x(A).

xeD



e Lebesgue measure: The Lebesgue measure, Leb(-) on (RR,B(R)), maps each interval to
its length. That is, forany a,b € R,a < b,

Leb((a,b)) = Leb([a,b]) = Leb((a,b]) = Leb([a,b)) =b —a,
and singletons have Lebesgue measure 0.

e Probability measure: If y is a probability measure on (E, ), then u(E) = 1, and E is
referred as the sample space.
Based on Definition 11, we are able to derive more properties about a measure y on (E, £):
Proposition 7. Let (E, &, it) be a measure space, then the followings hold:
* Monotonicity: If A C B € &, then u(A) < u(B);

e Countable subadditivity: Let {A,}5° ; € € be an arbitrary sequence of sets, then
z (U An) < ) #(An),
n=1 n=1

Note that countable subadditivity automatically implies finite subadditivity.

Proof. Assume A C B € £. If one of them has measure oo then the result follows trivially. Hence
suppose u(A), u(B) < oo, moreover

u(B) = u(A) +u(B\ A) > u(A).
Let By := Ay, and B, := A\ (U?;ll Al-) for every n > 2, then we know that {B,,n > 1} C £

and B,’s are disjoint. More importantly, by our construction we have J;,_; B, = U5 An. Thus
by countable additivity, we have

(]

’ (G An> —u (G Bn> - iu(&) <3 u(An).
n=1 n=1 n=

n=1

]

Consider a monotonic sequence {A; }5° ; € £, then we also have the following:

Proposition 8 (Continuity From Below). Given {A,}* , € £, and A, C A,11 (Ay is increas-
ing) for every n. Denote lim, A, = A, then

Z (G An) = lim p(An) = p(A).
n=1

n—00

Proof. Set By = A1, By = An\A,_1 for all n > 2. By definition we have {B,,n > 1} C £ is
disjoint, and we have ;_; B, = U1 An; also foreach N > 1, UnN:1 B, = A,,, which means

00 0 00 N
z (U An> = (U Bn> = ) #(Ba) = lim ) u(Bn)
n=1 n=1 n=1 n=1
N
= 1\1113}”” (nL:Jl Bn)

= lim (Ay).

n—oo

10



Proposition 9 (Continuity From Above). Given {A,}?° ; € £ such that A, C A, for every
n > 1 (A, is decreasing). If (A1) < oo, denote lim,, A, = A, then

n—oo

Z (ﬁ An) = lim p(An) = p(A).
n=1

Proof. Set B, = A1\ Ay, then we know that the sequence {B,,n > 1} is increasing, then we
have

U B, = Al\ m An/
n=1 n=1
thus,
I (Al\nol An) =H (nL_Jl Bn) = nlgr.}o.u( n) = nlg{}o.”(A\A )-

Given that the measure of A, is always finite, so u(A1\A,) = (A1) — u(A,) and

(AW)-M ()

(ﬂ A ) = lim (p(A1) = p(4n)),

n—o0o

we then have

which is
z (ﬂ An) = lim p(An).
n=1
]
Definition 12 (Finite, o-finite, X-finite measures). Let i be a measure on (E, £). yu is said to be:
e Finite: If y(E) < oo;
e o-finite: If there exists a measurable partition {E, } ; of E such that y(E,) < coforalln € I;

e Y-finite: If there exists a sequence of measures {1, } such that p, is finite for all n and

W=y Hn

Given a measurable space (E, £), we are able to define many different measures. How can
we tell them apart?

Theorem 5 (Monotone class theorem for measures). Let (E,£) be a measurable space, where
2 finite measures y, v are defined. If 4 and v agree on a p-system generating &, then y = v.

Proof. Let C be a p-system generating &, (i.e, € = 0(C)). We assume u(A) = v(A),VA € C and
both 1, v are finite. Then we will show u(A) = v(A) extend to all A € £. This is equivalent as
showing

D={Ac&:u(A)=v(A)} DE.

11



Since D D £ D C, it is enough to show D is a d-system (by Monotone class theorem 1). First
itis obvious that E € D, u(E) = v(E) < co. Let A,B € D, A D B, then

p(A\B) = pu(A) — u(B) = v(A) —v(B) =v(A\B),

hence A\ B C D. Finally let {A,}>*, C D, A, / A, then using the continuity of y, v, we can
easily show that j1(A) = v(A). Hence D is a d-system. O

Corollary 1. Let , v be probability measures on (R, B(R)), then v = y if and only if p([—o0,7]) =
v([—oo,r]) for every r € R.

This later on illustrates that the cumulative distribution function (CDF) for a random vari-
able is unique.

Definition 13. Let ;2 be a measure on (E, £), a singleton x is said to be an atom of y if u{x} > 0.
The measure y is said to be diffuse if it has no atoms. Furthermore, y is said to be purely atomic
if the set of its atoms D is countable and y(E \ D) = 0.

Proposition 10. Let y be a X-finite measure on (E, &), then y admits a unique decomposition
i = A +v where A is diffuse and v is purely atomic.

Definition 14. Let (E, &, i) be a measure space. A measurable set B € E is said to be negligible
if (B) = 0. Any subset F C B (not necessarily measurable) is also said to be negligible. The
measurable space is said to be complete if every negligible set is measurable.

If a property holds for all but a negligible set in E, we would say it holds for almost every
x (or almost everywhere). We will very commonly use the notation “almost everywhere”. If a
measurable space is not complete, we may extend y onto an enlarged £, then the new measure
space (E, &, fi is called the completion of (E, &, u).

Theorem 6 (Carathéodory’s extension theorem). Let (E, &, it) be a measurable space, F be the
collection of all negligible sets of E. Let & be the c-algebra generated by £ U F, then VB € &,
B = AUF where A € &,F € F; Furthermore ji(AUF) = u(A) defines a unique measure fi on
E, i(A) =u(A),VA € €, and (E, &, fi) is complete.

In this sense, the Lebesgue measure on R can be extended to B(RR).

1.5 Integration

Given a measure space (E, &, u), we like to define the integral of a function f over E with
respect to the measure p. We shall denote this as

p(f) = [ fan= [ plex)f(x),

Recall that any measurable function can be approximated by a sequence of simple functions.
We hence first define the integral for simple functions:

Definition 15. Let (E, &, i) be a measure space. f be a simple function with its canonical form
f=Y1ails, (AiNA; = ,i # j)), then the integral of f over E is

u(f) = /EiéaiﬂAidﬂ = iéaiﬂ(z‘li)-

12
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