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Chapter 1

From Probability to Statistics

Random Samples

Suppose we seek information about certain characteristic of a group or a collection of elements or units,
called population. Due to cost, we may not be able to study every unit of a population, and we restrict to
a “random sample” from a population. Then the purpose of statistics is to make “inference” or educated
guess about the characteristics of interest.

In general, there are two types of statistical inference, namely parametric inference and non-parametric
inference. In a parametric inference, we assume that we already know the functional form of the distri-
bution of the random sample X up to some unknown parameter θ, for example we may know X is normal
with parameters θ = (µ,σ2)T , or X ∼ Exp(θ) with θ > 0. In this case, we would make inference about
θ based on our random sample. In a non-parametric inference, we basically know nothing about the
function form of the distribution.

Definition

Definition 1. Let X1,X2, · · · ,Xn be independent and identically distributed random variables with
a common distribution F, written as X1,X2, · · · ,Xn

i.i.d∼ F. This collection X1,X2, · · · ,Xn is called a
random sample from the population of interest.

And our goal is to use X1, · · · ,Xn to make inference of F . Here are some examples:

Example 1: (Parametric Inference)

Assume we have X ∼ N(µ,σ2), then we would like to find θ =

(
µ

σ2

)
such that it fits the sample best.

4
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We already know that

Fθ(x) = Pθ (X ≤ x) =
∫ x

−∞

1√
2πσ

exp
(
− 1

2σ2 (x−µ)2
)

dx

And now if we have a random sample X1, · · ·Xn, by WLLN (Weak Law of Large Numbers) and CMT
(Continuous Mapping Theorem), we have

µ̂n = Xn =
1
n

n

∑
i=1

Xi
P→ µ,

σ̂
2
n = S2

n =
1
n

n

∑
i=1

(Xi − µ̂n)
2 P→ σ

2.

So our inference is successful, and the guess is

θ =

µ̂n

σ̂2
n

=

Xn

S2
n

 .

Example 2: (Non-parametric Inference)

We may not assume any parametric form for F , suppose all we know is X ∼ F,F(x) = P(X ≤ x),∀x ∈R.

Now in this random sample X1,X2, · · · ,Xn
i.i.d∼ F , we may define our Empirical CDF (ECDF) as

Fn(x) =
1
n

n

∑
i=1

χ(Xi ≤ x), χ(Xi ≤ x) =


1 Xi ≤ x

0 otherwise

Again, according to WLLN, we have Fn(x)
P→ F(x),∀x ∈ R,n → ∞, and we actually have a stronger

statement, by Glivenlco-Cantelli Theorem:

sup
x∈R

∣∣∣Fn(x)−F(x)
∣∣∣ a.s→ 0,n → ∞.

Definition

Definition 2. Let X1, · · · ,Xn
i.i.d∼ F and let

T : Rd ×Rd ×·· ·×Rd → Rk

be a Borel measurable function. Then T (X1,X2, . . . ,Xn) is called a statistic provided that it does
not depend on any unknown, i.e T only depends on X1,X2, · · · ,Xn.

For example, if X1, · · · ,Xn
i.i.d∼ F , then

Xn =
1
n

n

∑
i=1

Xi;S2
n =

1
n−1

n

∑
i=1

(Xi −X)2;Fn(x) =
1
n

n

∑
i=1

χ(Xi ≤ x)
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are all statistics. But note that Xn − µ is not a statistic, since it is also a function of µ , but it is still a
random variable. We call T (x1,x2, · · · ,xn) an observed value of the statistic T (X −1,X2, · · · ,Xn).

We would like to discuss some general results:

Theorem

Theorem 1. Let X1,X2, · · · ,Xn
i.i.d∼ F and g : R → R be a Borel measurable function with

Var(g(Xi))<+∞, then

E

{
n

∑
i=1

g(Xi)

}
= nE(g(Xi)) and Var

{
n

∑
i=1

g(Xi)

}
= nE{(g(Xi)−E(g(Xi)))

2}

Proof. ■

Theorem

Theorem 2. Let X1, · · · ,Xn
i.i.d∼ F, and µ = EXi,σ

2 = Var(Xi)<+∞, then:

(i) E(Xn) = µ;

(ii) Var(Xn) =
σ2

n

(iii) E(S2
n) = σ2, here S2

n =
1

n−1

n

∑
i=1

(Xi −X)2

(iv) MXn
(t) =

[
MXi

( t
n

)]n

An example is that if we have X1, · · · ,Xn
i.i.d∼ N(µ,σ2), then Xn ∼ N

(
µ,

σ2

n

)
.

Theorem

Theorem 3. Let X1, · · · ,Xn
i.i.d∼ N(µ,σ2), then

(i) Xn ∼ N
(

µ,
σ2

n

)
(ii) Xn and S2

n are independent

(iii)
(n−1)S2

n
σ2 ∼ χ

2
n−1.
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Proof. (i) is easy, we will prove (ii) and (iii). For (ii), note that we have

S2
n =

1
n−1

n

∑
i=1

(Xi −Xn)
2 =

1
n−1

{
n

∑
i=2

(Xi −Xn)
2 +(X1 −Xn)

2

}

=
1

n−1

 n

∑
i=2

(Xi −Xn)
2 +

[
n

∑
i=2

(Xi −Xn)

]2


So S2
n is a function of (X2 − Xn, · · · ,Xn − Xn), and hence it is equivalent to show that Xn and (X2 −

Xn, · · · ,Xn −Xn) are independent. We will include a transformation technique, let
Y1 = Xn

Y2 = X2 −Xn
...

Yn = Xn −Xn

=⇒


X1 = Y1 −∑

n
i=1Yi

X2 = Y2 +Y1
...

Xn = Yn +Y1

The Jacobian is given by

|J|= det


1 −1 −1 · · · −1
1 1 0 · · · 0
... . . . . . . . . . 0
1 0 0 · · · 1

= n

Thus we have

fY1,Y2,··· ,Yn(y1,y2, · · · ,yn) = |J| · fX1,X2,··· ,Xn(x1(y1, · · · ,yn), · · · ,xn(y1 · · · ,yn))

= n ·
n

∏
i=1

1√
2πσ

exp
{
− 1

2σ2 [xi(y1, · · · ,yn)−µ]2
}

= K · exp
(
−n(y1 −µ)2

2σ2

)
· exp

− 1
2σ2

( n

∑
i=2

yi

)2

+
n

∑
i=2

y2
i

 ,

for some constant K. Since their joint pdf splits, so Xn and S2
n are independent.

For (iii), note that
n

∑
i=1

(
Xi −µ

σ

)2

=
∑

n
i=1(Xi −Xn +Xn −µ)2

σ2

=
∑

n
i=1(Xi −Xn)

2 +∑
n
i=1(Xn −µ)2 +2∑

n
i=1(Xi −Xn)(Xn −µ)

σ2

=
∑

n
i=1(Xi −Xn)

2

σ2 +
n(Xn −µ)2

σ2 .

Here we use the fact that if X ∼ N(0,1) then X2 ∼ χ2
1 . So

∑
n
i=1(Xi −µ)2

σ2 ∼ χ
2
n ;

n(Xn −µ)2

σ2 ∼ χ
2
1

and thus
∑

n
i=1(Xi −Xn)

2

σ2 ∼ χ
2
n−1 =⇒ (n−1)S2

n
σ2 ∼ χ

2
n−1.

■
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t Distribution and F distribution

1.2.1 t Distribution

Definition

Definition 3. Let X be a continuous random variable, we say X forms a t distribution (student
distribution), denote as X ∼ t(ν) where ν is a parameter, if its pdf is given by

fX(x) =
Γ(ν+1

2 )

Γ(ν

2 )
√

πν

(
1+

x2

ν

)− ν+1
2

Here are some remarks:

(i) If ν = 1, it is called a Cauchy distribution, in this case EX does not exist. In general if ν > 2, we have
EX = 0,Var(X) =

ν

ν −2
;

(ii) If Z ∼ N(0,1), V = χ2
v and Z,V are independent, then

T =
Z√
V
ν

∼ t(ν)

Theorem

Theorem 4. Let X −1, · · · ,Xn
i.i.d∼ N(µ,σ2), then

T =
Xn −µ√

S2
n/n

∼ t(n−1).

Proof. By √
n(Xn −µ)

σ
∼ N(0,1) and

(n−1)S2
n

σ2 ∼ χ
2
n−1

it is easy to see that theorem 4 holds.
■

1.2.2 F distribution

Suppose U ∼ χ2
m,V = χ2

n and U,V are independent, then

F =
χ2

m/m
χ2

n/n
∼ F(m,n).
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Theorem

Theorem 5. Let X1, · · · ,Xn
i.i.d∼ N(µ1,σ

2
1 ) and Y1, · · · ,Yn

i.i.d→ N(µ2,σ
2
2 ) be two independent random

samples, then

F =
S2

m/σ2
1

S2
n/σ2

2
∼ F(m−1,n−1).

Asymptotic Theories

What happens to a “statistic” or its “distribution” when n → ∞? We will first state some theorems that
are useful:

Definition

Definition 4. Let {Xn : n ≥ 1} be a sequence of random variables, and define T (X1, · · · ,Xn) = Tn,
we say Tn convergent to θ in probability, denote as Tn

P→ θ , if

∀ε > 0, lim
n→∞

P{|Tn −θ |> ε}= 0.

From this definition, we may state the weak law of large numbers (WLLN):

Theorem

Theorem 6. (Weak Law of Large Numbers)

Let X1, · · · ,Xn
i.i.d∼ F with EXi = µ , and Var(Xi)<+∞, then Xn

P→ µ as n → ∞.

Proof. We will show that ∀ε > 0, we have

lim
n→∞

P

{∣∣∣∣∣1n(X1 + · · ·+Xn)−µ

∣∣∣∣∣> ε

}
.

Since EXn = µ,Var(Xn) =
σ2

n , by Chebyshev’s inequality, we have

P{|Xn −µ|> ε} ≤ VarXn

ε2 =
σ2

ε

1
n
→ 0,as n → ∞.

■
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Definition

Definition 5. Let {Xn : n ≥ 1} be a sequence of random variables, and Xi has a distribution FXi .

We say the sequence {FXi : n ≥ 1} convergent to F in distribution, denote by FXn
d→ F or Xn

d→ X,
if

lim
n→∞

FXi(x) = F(x),∀x

The most used application of convergence in distribution is central limit theorem, which states that if we
have X1, · · · ,Xn

i.i.d∼ F and µ = EXi,σ
2 = Var(Xi)<+∞, then

√
n(Xn −µ)

σ

d→ N(0,1)

as n → ∞.

Then we introduce a very useful theorem:

Theorem

Theorem 7. (Slutsky’s Theorem)

Assume that Xn
d→ X and Yn

P→ a ∈ R as n → ∞, then we have:

(i) Xn +Yn
d→ X +A;

(ii) Xn ·Yn
d→ aX;

(iii)
Xn

Yn

d→ Xn

a
,a ̸= 0,

as n → ∞

Theorem

Theorem 8. (Continuous Mapping Theorem)

Suppose Xn
P→ X and g is a continuous function on the set C such that P(X ∈C) = 1, then

g(Xn)
P→ g(X), as n → ∞.

Corollary

Corollary 1. Let X −1, · · · ,Xn
i.i.d→ F, µ = EXi,σ

2 = Var(Xi)<+∞, then
√

n(Xn −µ)

Sn

d→ N(0,1), as n → ∞.
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Proof. First, we have √
n(Xn −µ)

Sn
=

√
n(Xn −µ)/σ

Sn/σ

where the numerator d→ N(0,1) by central limit theorem, and in the denominator, since S2
n

P→ σ2, then
by continuous mapping theorem Sn

P→ σ , so the denominator P→ σ , finally using Slutsky’s theorem we
finished the proof. ■

Theorem

Theorem 9. (First Order Delta Method)

Let
√

n(Xn − µ)
d→ V as n → ∞, and let g be a real valued function such that g′ exists at x = µ ,

g′(µ) ̸= 0, then
√

n(g(Xn)−g(µ)) d→ g′(µ) ·V

as n → ∞.

In particular, if V ∼ N(0,σ2), then

√
n(g(Xn)−g(µ)) d→ N(0,(g′(µ))2

σ
2).

Theorem

Theorem 10. (Second Order Delta Method)

Let
√

n(Xn −µ)
d→ N(0,σ2) as n → ∞, g′(µ) = 0, g′′(µ) ̸= 0. Then

n{g(xn)−g(µ)} d→ σ2g′′(µ)
2

χ
2
1



Chapter 2

Theory of Point Estimation

Unbiased Estimator

In what follows we mainly focus on parametric inference, X ∼ Fθ given by

F := {Fθ : θ ∈ Θ ⊆ Rd} θ =


θ1
θ2
...

θn


where Θ is the parameter space and X1, · · · ,Xn

i.i.d∼ F to be the random sample.

Definition

Definition 6. We define θ̂(X1, · · · ,Xn)≡ θ̂n is an estimator of a parameter θ if it is a statistic, that
is it does not depend on any unknown parameter.

Thus an estimator θ̂ is also a random variable.

Remark: Here our key assumption is that n >> d, that is, the sample size is really large compared to the
known data. We define θ̂(x1, · · · ,xn) (post experimental data) to be an estimate of θ , and θ̂(X1, · · · ,Xn)
to be an estimator of θ .

Example: 1 Let X be a random selected chip from a large sample and denote

X =

{
1 if the chip is operational
0 otherwise

12



UNBIASED ESTIMATOR 13

We may assume X1, · · · ,Xn
i.i.d∼ Bernoulli(θ) and θ is the probability that the randomly selected chip is

operational. In this case we have the following possible estimators of θ , as long as it is a function of
X1, · · · ,Xn:

Xn;
X1 +X2

2
;X5

But X1 +θ is not an estimator! Since it is also a function of θ .

We may come up with many possible estimators for a parameter θ , but how do we choose the good esti-
mators? In general, we would like to choose estimators that work well on average. For example, consider
the two estimations below:

Figure 2.1: In this figure, the blue curve represents the distribution of θ̂n, and θ is the target parameter,
the pink cross is all possible values of θ̂n.

We would prefer the estimator on the left. And thus our first criterion based on which we could choose
an estimator is called “unbiased-ness”.

Definition

Definition 7. An estimator θ̂n = θ̂n(X1, · · · ,Xn) is an “unbiased” estimator of θ if ∀θ ∈ Θ,
Eθ{θ̂n}= θ .

We also define the biased estimator to be

Bias(θ̂n) = Eθ{θ̂n}−θ .

Recall from the previous example where we have X1, · · · ,Xn
i.i.d∼ Bernoulli(θ), and the estimators we

introduced before, i.e Xn;
X1 +X2

2
,X5 are all unbiased indeed!

Example 2: Suppose we have X1, · · · ,Xn
i.i.d∼ Fθ where θ =

(
µ

σ2

)
,µ = EXi,σ

2 = Var(Xi), then

• µ̂n = Xn =
1
n

n

∑
i=1

Xi is an unbiased estimator of µ .
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• σ̂
2
n = S2

n =
1

n−1

n

∑
i=1

(Xi −Xn)
2 is an unbiased estimator of σ2. To see this, we have

S2
n =

1
n

n

∑
i=1

(Xi −Xn)
2

Thus

Eθ{σ̂
2
n}=

1
n−1

Eθ

{
n

∑
i=1

X2
i −nX2

n

}

=
1

n−1

{
n

∑
i=1

Eθ (X2
i )−nEθ (X

2
n)

}

=
1

n−1

{
n

∑
i=1

(σ2 +µ
2)−n

[
σ2

n
+µ

2
]}

=
n−1
n−1

σ
2 = σ

2.

Remark:
1
n

n

∑
i=1

(Xi −Xn)
2 is also a good estimator for the variance, but this estimator is biased!

Example 3: Suppose we have X1, · · · ,Xn
i.i.d∼ Uni f orm(0,θ), θ > 0 is out target parameter, then the es-

timator θ̂n,1 = 2X3, θ̂n,2 = 2Xn are all unbiased, but θ̂n,3 = X(n) := max1≤i≤n(X1, · · · ,Xn) is biased, since
E{θ̂n,3}= n

n+1θ . A way to correct the bias of θ̂n,3 would be θ̂n,4 =
n+1

n X(n).

As we see from the previous examples, for a parameter θ ∈ Θ ⊆ Rd we could come up with unbiased
estimators. Another criterion that we could bring into our assessment of an estimator is its variance
Varθ{θ̂n}, if exists.

In the class of unbiased estimator, we could choose the one that has the smallest variance.

Another criterion is MSE (Mean Square Error), namely

MSEθ (θ̂n) = Eθ [(θ̂
2
n −θ)2].

Note that
MSEθ (θ̂n) = Eθ [(θ̂n −Eθ (θ̂n)+Eθ (θ̂n)−θ)2] = Varθ (θ̂n)+ [Bias(θ̂n)]

2.

Definition

Definition 8. An estimator θ̂n of θ is called consistent if θ̂
P→ θ as n → ∞.
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Uniformly Minimum Variance Unbiased Esti-
mator (UMVUE)

Now we would like to focus on the class of unbiased estimators of a real valued parameter τ(θ),
τ : Θ → R. We would like to introduce the method of Uniformly Minimum Variance Unbiased Esti-
mator (UMVUE):

Let X =


X1
X2
...

Xn

 be a random vector with a joint pdf (pmf) given by pθ (x1, · · · ,xn) = pθ (x), and the

vectoer x given by x=


x1
x2
...

xn

.

Definition

Definition 9. An estimator T (X) of a real valued parameter θ ∈ Θ ⊆ Rd where τ(θ) : Θ → R is
said to be a UMVUE of τ(θ) if:

1⃝ Eθ{T (X)}= τ(θ),∀θ ∈ Θ;

2⃝ For any other unbiased estimator of τ(θ), call it T ∗(X), where Eθ{T ∗(X)}= τ(θ),∀θ ∈ Θ,
and

Varθ{T (X)} ≤ Varθ{T ∗(X)},∀θ ∈ Θ.

How do we actually find a UMVUE? There are two ways, one is by Cramér-Rao Lower Bound, one is by
Rao-Blackwell & Lehmann-Scheffé theorem. We first introduce the Cramér-Rao Lower Bound (CRLB).
Assume d = 1, Θ ⊆ R, X ∼ pθ (joint pdf / pmf).

(i) Assume that the family {pθ : θ ∈ Θ ⊆ R} has a common support, i.e

S :=

x=

x1
...

xn

 : pθ (x)> 0


and does not depend on θ . (In this case Uni f orm(0,θ) is excluded);

(ii) Furthermore, assume for x ∈ S , θ ∈ Θ ⊆ R,
d

dθ
log pθ (x) exists;
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(iii) Also, assume for any statistics h(X) with E{|h(X)|}<+∞,∀θ ∈ Θ we have

d
dθ

∫
S

h(x)pθ (x)dx=
∫
S

h(x)
d

dθ
pθ (x)dx

whenever the R.H.S is finite.

Theorem

Theorem 11. (Cramér-Rao Lower Bound)

Assume (i),(ii),(iii) hold, let T (X) be such that

Varθ (T (X))<+∞,Eθ{T (X)}= τ(θ),∀θ ∈ Θ,

then if 0 < Eθ

{[
d

dθ
log pθ (x)

]2
}

<+∞,∀θ ∈ Θ, then

Varθ (T (X))≥ [τ ′(θ)]2

Eθ

{[
d

dθ
log pθ (x)

]2
} .

Here, we denote I(θ) = Eθ

{[
d

dθ
log pθ (x)

]2
}

, it is called the Fisher Information.

Proof. W.L.O.G, we will only prove the continuous case. Note τ(θ) = Eθ{T (X)},∀θ ∈ Θ, so

d
dθ

τ(θ) =
d

dθ
{Eθ [T (X)]}

=
d

dθ

{∫
S

T (x)pθ (x)dx
}

=
∫
S

T (x) · d
dθ

pθ (x)dx

=
∫
S

T (x)
d

dθ
[log pθ (x)]pθ (x)dx.

Therefore,

τ
′(θ) = Eθ

{
T (X)

d
dθ

[log pθ (x)]

}
,∀θ ∈ Θ.

On the other hand, by (iii), if h(x)≡ 1, then

0 =
∫
S

d
dθ

pθ (x)dx=
∫
S

[
d

dθ
log pθ (x)

]
pθ (x)dx,∀θ ∈ Θ.

Thus we have

Eθ

{
d

dθ
log pθ (x)

}
= 0,∀θ ∈ Θ.
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The equation above is also known as the Bartlett Identity.

So now we have

τ
′(θ) = Cov

(
T (X),

d
dθ

log pθ (x)

)
,∀θ ∈ Θ

and hence by Cauchy-Schwarz inequality, we have

[τ ′(θ)]2 = Cov2
(

T (X),
d

dθ
log pθ (x)

)
≤ Varθ (T (X)) ·Varθ

(
d

dθ
log pθ (x)

)
.

Now using Bartlett’s identity, we have

[τ ′(θ)]2 ≤ Varθ (T (X)) ·Eθ

{[
d

dθ
log pθ (x)

]2
}
.

■

Note that if we have X1, · · · ,Xn
i.i.d∼ f (x,θ), then by definition

pθ (x) =
n

∏
i=1

f (θ ,xi)

hence in this case

E

{[
d

dθ
log pθ (x)

]2
}

= nE

{[
d

dθ
log f (θ ,xi)

]2
}
.

and now

Varθ (T (X))≥ [τ ′(θ)]2

nIi(θ)

sometimes it is easier to compute the Fisher information for one sample, we may do so and multiply by
n in the end, with the assumption that we are working with random sample (i.i.d).

Corollary

Corollary 2. (Second Bartlett’s Identity) We hvae

E

{[
d

dθ
log pθ (x)

]2
}

=−E
{

d2

dθ 2 log pθ (x)

}
.

Proof. Using Chain rule, we have

d2

dθ 2 log pθ (x) =
p
′′
θ
(x)

pθ (x)
−
[

d
dθ

log pθ (x)

]2
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and taking expectation on both sides, we have

E
{

d2

dθ 2 log pθ (x)

}
= E

{
p
′′
θ
(x)

pθ (x)

}
−E

{[
d

dθ
log pθ (x)

]2
}

where the first term on the right hand side of the equation equals 0, because

d
dθ

E
{

d
dθ

log pθ (x)

}
=
∫
S

d
dθ

{
d

dθ
log pθ (x)

}
pθ (x)dx.

■

Example: Suppose we have a random sample X1, · · · ,Xn
i.i.d∼ Bernoulli(θ), its probability mass function

is given by f (x,θ) = θ x(1−θ)1−x,x ∈ {0,1} and θ ∈ (0,1). Find the CRLB of all unbiased estimator
of τ(θ) = θ .

Solution: We first find the Fisher information. We investigate the function

log f (θ ,xi) = xi logθ +(1− xi) log(1−θ)

and
d

dθ
log f (θ ,xi) =

xi

θ
− 1− xi

1−θ
,

d2

dθ 2 log f (θ ,xi) =− xi

θ 2 +
1− xi

(1−θ)2

by Bartlett’s identity, we have

Ii(θ) =−E
{
− Xi

θ 2 +
1−Xi

(1−θ)2

}
=

1
θ(1−θ)

.

Now τ(θ) = θ so [τ ′(θ)]2 = 1 hence the CRLB is given by

Varθ (T (X))≥ 1
nIi(θ)

=
θ(1−θ)

n
.

An unbiased estimator of τ(θ) might be the UMVUE, but its variance could be larger than the CRLB.
That is, CRLB is not a sharp lower bound.

Theorem

Theorem 12. Suppose that X = (X1, · · · ,Xn) and we have a joint pdf pθ (x), and T (X) be unbi-
ased for τ(θ), then T (X) attains the CRLB if and only if

a(θ) · {T (X)− τ(θ)}= d
dθ

log pθ (x)

for some function a(θ) and for all θ ∈ Θ.

Example: We say fθ (x) belongs to exponential family (note that you may find me use fθ (x), f (x,θ), f (x|θ),
they are all the same notation, meaning θ is our parameter, but the density function is a function of x), if
its density function takes the form

fθ (x) = h(x) · c(θ) · exp{ω(θ) ·T (x)}
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for some non-negative function h(x) of x and c(θ) of θ , and T (x) is a function of x, also its support

does not depend on θ . Then show that if a random sample X1, · · · ,Xn
i.i.d∼ fθ (x) where fθ (x) belongs to

exponential family, then

T (x) =
1
n

n

∑
i=1

T (xi)

is the UMVUE of τ(θ) =−c′(θ)/(c(θ)ω ′(θ)).

Solution: Fist of all, the joint pdf of the sample takes the form

pθ (x) =

(
n

∏
i=1

h(xi)

)
c(θ)n · exp

{
ω(θ) ·

n

∑
i=1

T (xi)

}

so we have

d
dθ

log pθ (x) = n · c′(θ)
c(θ)

+ω
′(θ) ·

n

∑
i=1

T (xi) = ω
′(θ) ·

{
n

∑
i=1

T (xi)−
−nc′(θ)

c(θ)ω ′(θ)

}
.

By the previous theorem, it suffies to check T (X) is unbiased. Using Bartlett’s identity, we know that

E
{

d
dθ

log pθ (x)

}
= 0, which means

E

{
n

∑
i=1

T (Xi)

}
= nτ(θ)

hence T (X) =
1
n

n

∑
i=1

T (Xi) is unbiased, and by the previous theorem, it is the UMVUE.

Example: Let a random sample X1, · · · ,Xn
i.i.d∼ Poisson(θ) with density f (x,θ) = e−θ θ x

x!
, x ∈ N0.

(i) find the UMVUE of θ .

(ii) Find the CRLB of all estimates of θ .

Solution:

(i) We rewrite the density of Poisson distribution as

f (x,θ) =
e−θ

x!
ex logθ

let h(x) = 1/x!,c(θ) = e−θ ,ω(θ) = log(θ),T (x) = x, and its support x ∈N0 does not depend on θ , so it
belongs to exponential family, then we use the result from the previous example, now τ(θ) = θ , so the
UMVUE is just the sample mean, given by

UMVUE(θ) =
1
n

n

∑
i=1

Xi.
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(ii) By direct computation, we have

d
dθ

log f (x,θ) =−1+
x
θ
,

d2

dθ 2 log f (x,θ) =− x
θ 2

so using Bartlett’s identity, the Fisher information of one sample is given by

I(θ) =−E
{

d2

dθ 2 log f (X ,θ)

}
= E

{
− X

θ 2

}
=

1
θ

since X ∼ Poisson(θ), hence the CRLB can be computed by

CRLB =
[τ ′(θ)]2

nI(θ)
=

θ

n
.

Sufficiency

Often times, our raw data can be very large and long, and it would be inefficient to work with them
directly. We may think of some kind of data reduction to compress our large data into a short and man-
ageable way without losing any information. A statistic T (X) is a form of data reduction or summary,
thus we are interested in those statistics that do not discard important information about an unknown
parameter θ . That’s why we introduced the sufficiency principle.

Definition

Definition 10. Suppose the random sample X1, · · · ,Xn has a joint pdf (pmf) pθ (x), θ ∈ Θ, a
statistic T (X) is sufficient of θ , if the conditional distribution of X1, · · · ,Xn given T (X) = t for
any θ ∈ Θ, t ∈ ST such that fX|T (X)=t(x1, · · · ,xn) does not depend on θ .

In general, the distribution pθ (x ∈ X |T (X) = t) does not depend on θ .

Example: Let X1, · · · ,Xn
i.i.d∼ Bernoulli(θ), we claim that T (X) =

n

∑
i=1

Xi is a sufficient statistic of θ , this

is because

fθ (x1, · · · ,xn|T (X) = t) =
pθ (X1 = x1, · · · ,Xn = xn,∑Xi = t)

pθ (∑Xi = t)

=
∏

n
i=1 θ xi(1−θ)n−xi(n

t

)
θ t(1−θ)n−t

=

{ 1
(n

t)
∑

n
i=1 Xi = t

0 elsewhere

we see that the conditional distribution does not depend on θ .
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Note that a sufficient statistic can also be a vector. For example, later we will see if X1, · · · ,Xn
i.i.d∼

N(µ,σ2), a sufficient statistic of (µ,σ2) is(
n

∑
i=1

Xi,
n

∑
i=1

(Xi − X̄n)
2

)
.

Corollary

Corollary 3. Let T (X) be a sufficient statistic of θ , g be a one-to-one transformation, then
g(T (X)) is a sufficient statistic of θ .

So in the previous Bernoulli example, T (X) =
1
n

n

∑
i=1

Xi is also a sufficient statistic of θ .

Theorem

Theorem 13. (Neyman-Fisher Factorization Theorem) Let a random sample X1, · · · ,Xn
i.i.d∼ f with

a joint pdf (pmf) pθ (x) = pθ (x1, · · · ,xn), a statistic T (X) is sufficient of θ if and only if

pθ (x1, · · · ,xn) = g(T (x),θ) ·h(x1, · · · ,xn)

for all θ ∈ Θ, and function g depends on T (x),θ while h(x) does not depend on θ .

The proof of this theorem is omitted.

Example: Find a sufficient statistic of the random sample X1, · · · ,Xn
i.i.d∼ Bernoulli(θ).

Solution: We derive

pθ (x1, · · · ,xn) =
n

∏
i=1

θ
xi(1−θ)1−xi,xi ∈ {0,1}

= θ ∑Xi · (1−θ)n−∑xi ·
n

∏
i=1

1{Xi}

we let the first term to be g(T (x),θ) and the second term to be h(x), and we apply Neyman-Fisher the-

orem, T (X) =
n

∑
i=1

Xi is a sufficient statistic of θ .

Note: A sufficient statistic doesn’t mean a good (unbiased) estimator!

Example: Find a sufficient statistic of the random sample X1, · · · ,Xn
i.i.d∼ Uni f orm(0,θ), θ > 0.

Solution: The pdf of a uniform distribution is given by

f (x) =

{
1
θ

x ∈ (0,θ)
0 otherwise
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then we derive

pθ (x) =
n

∏
i=1

1
θ
·χ{0 < xi < θ}

=

(
1
θ

)n

·1{0 < X(n) < θ} ·1{0 < X(1)}

where X(n) = max{X1, · · · ,Xn},X(1) = min{X1, · · · ,Xn}, and let the first two terms to be g(T (X),θ) and
the last term to be h(x), then by Neyman-Fisher theorem, T (X) = X(n) is a sufficient statistic of θ .

Corollary

Corollary 4. If X1, · · · ,Xn
i.i.d∼ f (θ ,x) where f belongs to exponential family, then a sufficient

statistic of θ is T (X) =
n

∑
i=1

Xi.

Proof. Verify it yourself. ■

Example: Find a sufficient statistic of the random sample X1, · · · ,Xn
i.i.d∼ N(µ,σ2).

Solution: Note that the joint pdf can be derived as

pθ (x) =
n

∏
i=1

1√
2πσ

exp
(
−(xi −µ)2

2σ2

)
=

(
1√

2πσ

)n

· exp

(
− 1

2σ2

n

∑
i=1

[
x2

i −2xiµ +µ
2])

=

(
1√

2πσ

)n

· exp

(
− 1

2σ2

[
n

∑
i=1

x2
i −2µ

n

∑
i=1

xi +nµ
2

])

here, the sufficient statistic takes a vector form, since we have 2 parameters so it makes sense that we
have two terms in our sufficient statistic. We let

T (X) =

(
n

∑
I=1

Xi,
n

∑
i=1

X2
i

)

to be the sufficient statistic of θ = (µ,σ2).

Note that we cannot separate them, we can’t say ∑Xi is a sufficient statistic of µ because in this case
Neyman-Fisher won’t work.

In fact there are many ways to describe a sufficient statistic, for example recall the Bernoulli example,
we can make

T (X) =

(
m

∑
i=1

Xi,
n

∑
j=m+1

Xi

)
,1 ≤ m ≤ n−1
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as our sufficient statistic. So although sufficient statistic is a form of data reduction, but it matters how
far we can make our reduction. We would want to make as much reductions as possible, and hence we
shall introduce minimum sufficient statistic.

Definition

Definition 11. A statistic T (X) is a minimal sufficient statistic of θ if and only if:

(i) T (X) is sufficient;

(ii) For any other sufficient statistic T ∗(X) of θ , T (X) is a function of T ∗(X), i.e. T (X) =
ϕ(T ∗(X)) where ϕ is some measurable function.

The following theorem can verify minimal sufficient statistic easily:

Theorem

Theorem 14. (Lehmann-Scheffe) For a random sample X1, · · · ,Xn with joint density pθ (x), sup-

pose a statistic T (X) is such that ∀x,y ∈ X ⊆ Rn, T (x) = T (y) if and only if
pθ (x)

pθ (y)
does not

depend on θ , then T (X) is a minimum sufficient statistic of θ .

The proof of this theorem is omitted.

Example: Find a minimal sufficient statistic of the random sample X1, · · · ,Xn
i.i.d∼ Uni f orm(0,θ).

Solution: Previously, we had shown that a sufficient statistic is given by T (X) = X(n), and the joint
distribution is given by

pθ (x) =

(
1
θ

)n

·1{X(n) < θ} ·1{X(1) > 0}.

Now ∀x,y in our sample space, we compute the ratio

pθ (x)

pθ (y)
=

1{X(n) < θ} ·1{X(1) > 0}
1{Y(n) < θ} ·1{Y(1) > 0}

which we see will not depend on θ if and only if X(n) = Y(n), which means T (X) = T (Y ) and T (X) is
the sufficient statistic, hence T (X) = X(n) is a minimal sufficient statistic.

Exercise: Try to use similar method to verify that

T (X) =

(
n

∑
i=1

Xi,
n

∑
i=1

X2
i

)

is a minimal sufficient statistic of the random sample X1, · · · ,Xn
i.i.d∼ N(µ,σ2).
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Corollary

Corollary 5. If T (X) is a minimal sufficient statistic of θ , then for any one-to-one function g,
g(T (X)) is also a minimal sufficient statistic of θ .

Proof. This proof is trivial. ■

Definition

Definition 12. Let X be a random variable with pdf (pmf) belonging to a parametric family F :=
{ fθ : θ ∈ Θ}, this family is said to be complete, if for any measurable function g with E[g(X)]
exists, we have E[g(X)] = 0 =⇒ P{g(X) = 0}= 1 almost surely. A statistic T (X) is complete,
if the family of its distributions is complete.

Example: Show that the statistic T (X) =
n

∑
i=1

Xi in a Bernoulli random sample is complete.

Solution: Set E[g(T (X))] = 0, by definition we have

n

∑
t=0

g(t)
(

n
t

)
θ

t(1−θ)n−t = 0,∀θ ∈ (0,1)

=⇒
n

∑
t=0

g(t)
(

n
t

)(
θ

1−θ

)t

= 0,∀θ ∈ (0,1)

=⇒ g(t)
(

n
t

)
= 0

=⇒ g(t) = 0, almost surely.

and hence T (X) is a complete statistic.

Example: Show that the statistic T (X) = X2 where X ∼ N(0,θ), θ > 0 is complete.

Solution: We first claim that
X2

θ
∼ χ

2
(1), it can be shown using the transformation of functions of random

variables introduced in MATH 356. Then let E[g(T (X))] = 0 where we have g(x) = x2, and by definition
it implies that

∫
∞

0
g(t) fT (X)(t,θ)dt = 0

=⇒
∫

∞

0

1√
2πθ

g(t)t−1/2e−
t

2θ dt = 0,

which further implies g(t)≡ 0.
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Corollary

Corollary 6. Let a random sample X1, · · · ,Xn
i.i.d∼ f (θ ,x) where f belongs to exponential family,

then T (X) =
n

∑
i=1

Xi is a complete statistic of θ .

Two More Methods for UMVUE: Rao-Blackwell
and Lehmann-Scheffe

In this section we propose two more methods to compute the UMVUE.

Theorem

Theorem 15. (Rao-Blackwell) Let U(X) be an unbiased estimator of τ(θ) if exists, let T (X) be
a sufficient statistic of the parameter family, set

δ (t) = E{U(X)|T (X) = t}

then we claim that:

(i) δ (T (X)) is a statistic, also an unbiased estimator of τ(θ);

(ii) Var{δ (T (X))≤ Var(U(X))}.

Furthermore, if T (X) is complete, then the resulting δ (T (X)) is the UMVUE of the parameter
family.

Proof. Firstly since T (X) is sufficient, so it is easy to verify E{U(X|T (X))} does not depend on θ

and is hence a statistic, then

E{δ (X)}= E{E{U(X|T (X))}}= E{U(X)}= τ(θ)

which means δ (X) is unbiased. Finally

Var{U(X)}= Var{E{U(X)|T (X)}}+E{Var{U(X)|T (X)}}
= Var{δ (T (X))}+E{Var(U(X|T (X)))}
≥ Var{δ (T (X))}.

■

Rao-Blackwell theorem says that, by conditioning ant unbiased estimator on a sufficient statistic will re-
sult in a uniform improvement in terms of variance, and if we condition on a complete sufficient statistic,
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we would result in UMVUE.

Example: Consider a random sample X1, · · · ,Xn
i.i.d∼ Bernoulli(p), 0 < p < 1. For n ≥ 4, find the

UMVUE of τ(p) = p4.

Solution: Firstly, since EXi = p, so T ∗(X) = Xi is simply an unbiased estimator of p, and by indepen-
dence, we can easily see that X1X2X3X4 is an unbiased estimator for p4. Now since the joint pdf of the
random sample is given by

f (x, p) = pnxn(1− p)n−nxn =

(
p

1− p

)nxn

· (1− p)n

so by Neyman-Fisher theorem, T (X) is a sufficient statistics, and furthermore it is complete (because
it belongs to exponential family and we have established some properties before). So by Rao-Blackwell
theorem, the UMVUE for p4 is given by

δ (X) = E

[
X1X2X3X4

∣∣∣∣∣ n

∑
i=1

Xi = t

]

= 1×P

(
X1X2X3X4 = 1

∣∣∣∣∣ n

∑
i=1

Xi = t

)
+0×P

(
X1X2X3X4 = 0

∣∣∣∣∣ n

∑
i=1

Xi = t

)

=

P

(
X1X2X3X4 = 1,

n

∑
i=1

Xi = t

)

P

(
n

∑
i=1

Xi = t

)

=

p4 ·
(

n−4
t −4

)
pt−4(1− p)n−t(

n
t

)
pt(1− p)n−t

=

(
n−4
t −4

)
(

n
t

)

where t =
n

∑
i=1

Xi. This is the UMVUE of τ(θ) = p4.

Remark: It is completely doable if I make τ(θ) = p2025!

Example: (Hard) Consider a random sample X1, · · · ,Xn
i.i.d∼ Bernoulli(p), then define

h(p) = P

(
n−1

∑
i=1

Xi > Xn

)
,

find the UMVUE of h(p).
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Solution: First we define the estimator as the indicator function

T (X) = 1

{
n

∑
I=1

Xi > Xn+1

}
=

{
1 X1 + · · ·+Xn > Xn+1

0 otherwise

It is easy to show T (X) is unbiased, since

E[T (X)] = 1×P(T (X) = 1)+0×P(T (X) = 0)) = h(p).

Then from the previous example we already showed that
n

∑
i=1

Xi is a complete sufficient statistics of p,

then by Rao-Blackwell theorem, the UMVUE s given by

δ (X) = E

[
h(p)

∣∣∣∣∣ n

∑
i=1

Xi = t

]

= P

(
n

∑
i=1

Xi > Xn+1

∣∣∣∣ n

∑
i=1

Xi = t

)

=

P

(
n

∑
i=1

Xi > Xn+1,
n

∑
i=1

Xi = t

)

P

(
n

∑
i=1

Xi = t

)

=

P

(
n

∑
i=1

Xi > Xn+1,
n

∑
i=1

Xi = t

)
(

n
t

)
pt(1− p)n−t

We will now investigate the numerator, denote the numerator to be N

If t = 0, then N = 0;

If t = 1, then

N =

(
n
1

)
p(1− p)n−1 × (1− p)

If t ≥ 2, then

N =

(
n
t

)
pt(1− p)n−t × (1− p)+

(
n
t

)
pt(1− p)n−t × p

So in all, we have

δ (X) =



0 t = 0

(n
1

)
p(1− p)n−1 × (1− p)(n

t

)
pt(1− p)n−t

=

(n
1

)(n
t

) t = 1

(n
t

)
pt(1− p)n−t × (1− p)+

(n
t

)
pt(1− p)n−t × p(n

t

)
pt(1− p)n−t

= 1 t ≥ 2
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where t =
n

∑
i=1

Xi, and this is the UMVUE.

Another way to find UMVUE is proposed as follows:

Theorem

Theorem 16. (Lehmann-Scheffe) Let U(X) be an unbiased estimator of the parameter family, if
U(X) = g(T (X)) for some measurable function g and a complete sufficient statistic T (X), then
U(X) is the UMVUE of the parameter family.

That is, as long as we could write the unbiased estimator as a function of complete sufficient statistic,
then the unbiased estimator is the UMVUE.

Example: Again let’s consider the Bernoulli random sample, we have shown that T (X) =
n

∑
i=1

Xi is a

complete and sufficient statistic, also we have

E
[

X1 + · · ·+Xn

n

]
= p

which is unbiased. Note that inside the expected value is a function of the complete and sufficient statistic,

so by using Lehmann-Scheffe directly, the UMVUE of p is just U(X) =
1
n

n

∑
i=1

Xi.
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