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Chapter 1

From Probability to Statistics

Random Samples

Suppose we seek information about certain characteristic of a group or a collection of elements or units,
called population. Due to cost, we may not be able to study every unit of a population, and we restrict to
a “random sample” from a population. Then the purpose of statistics is to make “inference” or educated
guess about the characteristics of interest.

In general, there are two types of statistical inference, namely parametric inference and non-parametric
inference. In a parametric inference, we assume that we already know the functional form of the distri-
bution of the random sample X up to some unknown parameter 8, for example we may know X is normal
with parameters 8 = (1,62)7, or X ~ Exp(6) with 6 > 0. In this case, we would make inference about
0 based on our random sample. In a non-parametric inference, we basically know nothing about the
function form of the distribution.

Definition

Definition 1. Let X1,X>,- -, X, be independent and identically distributed random variables with
a common distribution F, written as X1,X>,- -+ , Xy 4B This collection X1,Xo,---, X, is called a

random sample from the population of interest.

And our goal is to use X1, - - - , X, to make inference of F'. Here are some examples:

Example 1: (Parametric Inference)

Assume we have X ~ N(u,c?), then we would like to find 6 = (CI;LZ) such that it fits the sample best.

4
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We already know that

Fal) =P <= [ exp (<o lee )

And now if we have a random sample Xi,---X,, by WLLN (Weak Law of Large Numbers) and CMT
(Continuous Mapping Theorem), we have

:I>—‘

=§2= % ﬁ‘i(x,- — )5 o
i=
So our inference is successful, and the guess is
fin X
62 S2
Example 2: (Non-parametric Inference)

We may not assume any parametric form for F, suppose all we know is X ~ F, F(x) = P(X <x),Vx € R.
Now in this random sample X1, X5, , X, i F, we may define our Empirical CDF (ECDF) as

1 Xigx
l

3

n
Z (X <x), 2(Xi <x)=
i=l 0 otherwise

Again, according to WLLN, we have Fy(x) 5F (x),Vx € R,n — oo, and we actually have a stronger
statement, by Glivenlco-Cantelli Theorem:

F,(x) — F(x)

220,n — oo,

x€R
Definition
Definition 2. Let X1, ---, X, Y4 E and let
T:RIXRYx ... xR - R

be a Borel measurable function. Then T (X1,Xa,...,X,) is called a statistic provided that it does
not depend on any unknown, i.e T only depends on X1,X3,--- , Xp.

For example, if X1, -, X}, iid F, then

ZX,,SZ
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are all statistics. But note that X,, — i is not a statistic, since it is also a function of u, but it is still a
random variable. We call T (x1,x;,-- - ,x,) an observed value of the statistic 7(X — 1,X,---,X,).

We would like to discuss some general results:

Theorem

Theorem 1. Let X1,X5,---,X, <2 F and g : R — R be a Borel measurable function with
Var(g(X;)) < +oo, then

ngE

E{i}g(Xi)} = nE(g(X;)) and Var{ g(Xi)} = nE{(g(X;) — E(g(X:)))*}

i=1

Proof. |
Theorem
Theorem 2. Let X1, -+, X, % F, and i = EX;, 62 = Var(X;) < +oo, then:
(i) E(X») = u;

2

(ii) Var(X,,) = %

(iii) E(S2) = 62, here §% =

(iv) M, (1) = [ty ()]

n

2
.. B G
An example is that if we have X1, -+, X}, i N(u,0?), then X, ~ N ([,L, —) )
n
Theorem

i

Theorem 3. Let X, , X, % N(u,062), then

2
(i) X, ~N(u,%)

(ii) X, and S% are independent

o (n—1 S,%
(iii) % ~ Xt
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Proof. (i) is easy, we will prove (ii) and (iii). For (ii), note that we have

52 = nil i(x,—_n)zz nll {Z(Xl—Xn)2+(X1—)_( )2}
i=1 i=2
2
:nil Y (Xi—Xn)*+ | ) (X —X0)
i=2 i=2

So 82 is a function of (X, — X, --,X, —X,,), and hence it is equivalent to show that X,, and (X —

Xn, . Xn—X n) are independent. We will include a transformation technique, let
Y1 =X, X1 =n-Y..%
Y, =X2—)_(n X =hHh+N
> .
Y, =X,—X, X, =Y, +V"
The Jacobian is given by
1 -1 —1 —1
0 0
|J| = det ) =n
.. 0
1 0 O 1

Thus we have

v v, (VY255 0m) = WL fxg X X (1 (01505 9)s 5 X (012 5 9m))

:n'lﬂ[ ! exp{—%[xi()’la"' ,yn)—ulz}

i—1V2mo
—n(y1 —p)? 1 n \ g 2
=K -exp <T) "eXPy T3 izzéyi +izzé)’i :

for some constant K. Since their joint pdf splits, so X,, and S2 are independent.

For (iii), note that
: (Xi—u)zz (X% =X+ X, — )
=1

o o2

l
Py (X —X0)? + X (X — 1) 257 (X —X) (X — 1)
o2
n Y \2 Y 2
i:1<X1_Xn) ”(Xn—ﬂ)
o? o2
Here we use the fact that if X ~ N(0, 1) then X? ~ x2. So

LXi—w)? o n(X,—p)? 2
~ Xns o2 ~ X1

and thus
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¢t Distribution and F distribution

1.2.1 ¢ Distribution

Definition

Definition 3. Let X be a continuous random variable, we say X forms a t distribution (student
distribution), denote as X ~ t(V) where Vv is a parameter, if its pdf is given by

v+1
2

A=l (147

Here are some remarks:

(1) If v =1, it is called a Cauchy distribution, in this case [£X does not exist. In general if v > 2, we have

EX =0, Var(X) = vv X

(ii) If Z ~ N(0,1), V = x2 and Z,V are independent, then

Theorem
Theorem 4. Let X —1,---,X, [ N(u,0?), then
X, —
T=22"B imo)
S2/n

Proof. By

it is easy to see that theorem 4 holds.

1.2.2 F distribution

Suppose U ~ x2,V = x2 and U,V are independent, then

2
Xin/
F= 2 ~ F(m,n).
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Theorem

Theorem 5. Let Xy, -+, X, ii&dN(ul , 612) andYy,--- .Y, Lid N(uo, 622) be two independent random
samples, then

_ Su/ot

S3/03

~Fm—1,n—1).

Asymptotic Theories

What happens to a “statistic” or its “distribution” when n — «? We will first state some theorems that
are useful:

Definition

Definition 4. Let {X,, : n > 1} be a sequence of random variables, and define T (X1, - ,X,) = T,
we say T, convergent to 0 in probability, denote as T, LA 0, if

Ve >0, lim P{|T,,— 6| > ¢} =0.
n—oo

From this definition, we may state the weak law of large numbers (WLLN):

Theorem
Theorem 6. (Weak Law of Large Numbers)

Let Xy, -, X, i F with EX; = u, and Var(X;) < +co, then X, £> U as n — oo,

Proof. We will show that Ve > 0, we have

1
lim P {
n—soo

—(Xi e X) —

>g}.

Since EX,, = u, Var(X,,) = "72, by Chebyshev’s inequality, we have

VarX, o2l
2= 5 0,a8n— oo,
£ € n

P{|Xn— | > e} <



10 FROM PROBABILITY TO STATISTICS

Definition

Definition 5. Let {X,, : n > 1} be a sequence of random variables, and X; has a distribution Fy,.
We say the sequence {Fx, : n > 1} convergent to F in distribution, denote by Fx, 4 For Xn A X,

if
lim Fy,(x) = F(x),Vx

n—yoo

The most used application of convergence in distribution is central limit theorem, which states that if we
ji.d
have X|,---,X, '~ F and u = EX;, 6% = Var(X;) < oo, then

\/ﬁ()_(n - [J) i

- N(0,1)

as n — oo,

Then we introduce a very useful theorem:

Theorem

Theorem 7. (Slutsky’s Theorem)
Assume that X, i) X andy, £> a € R as n — oo, then we have:
(i) X+ Yy 5 X +A;
.. d
(i) X, - Y, — aX;

X,

X
(iii) = 4 2 a0,
7, a

asn— oo

Theorem

Theorem 8. (Continuous Mapping Theorem)
Suppose X, 2 X and g is a continuous function on the set C such that P(X € C) = 1, then

g(Xy) 5 g(X), asn — oo,

Corollary
Corollary 1. Let X —1,---,X, Hd g u =EX;, 62 = Var(X;) < +oo, then
X, —
VX p) iN(O,l), as n — .

n
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Proof. First, we have

VX, —p) _ Vn(Xn—p)/o

Sn Su/0

d . . . . P
where the numerator > N(0, 1) by central limit theorem, and in the denominator, since S2 — &2, then

by continuous mapping theorem S, LA o, so the denominator LA o, finally using Slutsky’s theorem we
finished the proof. ]

Theorem

Theorem 9. (First Order Delta Method)

Let \/n(X, — 1) LV oasn— oo, and let g be a real valued function such that g’ exists at x = |,
¢'(1) £ 0, then

as n — oo,

In particular, if V ~ N(0, 62), then

Theorem

Theorem 10. (Second Order Delta Method)

Let \/n(X, — 1) 4 N(0,62) asn — oo, g'(u) =0, g" (1) #0. Then

2.1
n{g () — ()} & TE W2



Chapter 2

Theory of Point Estimation

Unbiased Estimator

In what follows we mainly focus on parametric inference, X ~ Fy given by

01
d 6>
F ={Fp:0c®OCR} 6= .
6
where O is the parameter space and X1, --- , X, 24 F to be the random sample.

Definition

Definition 6. We define é(Xl g X)) = 0, is an estimator of a parameter 0 if it is a statistic, that
is it does not depend on any unknown parameter.

Thus an estimator 0 is also a random variable.

Remark: Here our key assumption is that n >> d, that is, the sample size is really large compared to the
known data. We define 0(xi,---,x,) (post experimental data) to be an estimate of 6, and 6(Xj,---,X,)
to be an estimator of 6.

Example: 1 Let X be a random selected chip from a large sample and denote

{ 1 if the chip is operational

0 otherwise

12
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We may assume X1, -, X, 4 Bernoulli (6) and O is the probability that the randomly selected chip is
operational. In this case we have the following possible estimators of 0, as long as it is a function of
Xl P 7Xn:

- X1+X2
ns ) .¢

But X; + 6 is not an estimator! Since it is also a function of 0.

e

We may come up with many possible estimators for a parameter 0, but how do we choose the good esti-
mators? In general, we would like to choose estimators that work well on average. For example, consider
the two estimations below:

Figure 2.1: In this figure, the blue curve represents the distribution of 6,, and 6 is the target parameter,
the pink cross is all possible values of 6,.

We would prefer the estimator on the left. And thus our first criterion based on which we could choose
an estimator is called “unbiased-ness”.

Definition

Definition 7. An estimator 6, = én(Xl,--- ,Xn) is an “unbiased” estimator of 0 if VO € 0O,
Fg{6,} = 6.

We also define the biased estimator to be
Bias(6,) =E¢{6,} — 6.

Recall from the previous example where we have Xi,---,X, i Bernoulli(0), and the estimators we

X+ X

introduced before, i.e X,,; 2 , X5 are all unbiased indeed!

Example 2: Suppose we have X1, -+, X, Hd Fy where 6 = (52) .1 =EX;,6% = Var(X;), then

oll,=X,= X; 1s an unbiased estimator of U.

S| =
-
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n
°«62=52= Z(Xi —X,)? is an unbiased estimator of 6. To see this, we have

Thus

n—1 =
n—1

= o? = o2
n—1

n
Remark: — Z (X; — X,,)* is also a good estimator for the variance, but this estimator is biased!
n:
i=1

Example 3: Suppose we have Xi,--- X,  Uni form(0,0), 6 > 0 is out target parameter, then the es-
timator 6, 1 = 2X3,6,, = 2X,, are all unbiased, but 0,3 = X(n) = max<;<,(X1,---,Xy) is biased, since
E{én3} = 476 A way to correct the bias of éng would be én74 = "nilX(n).

As we see from the previous examples, for a parameter 8 € ® C RY we could come up with unbiased
estimators. Another criterion that we could bring into our assessment of an estimator is its variance
Vary{6,}, if exists.

In the class of unbiased estimator, we could choose the one that has the smallest variance.
Another criterion is MSE (Mean Square Error), namely
MSEq(6,) =Eg[(6% —06)?].

Note that

A A

MSEg(,) = Eg[(6, —Eo(6,) +Eg(6,) — 6)*] = Varg(6,) + [Bias(6,)]*.
Definition

" . A . . a P
Definition 8. An estimator 6, of 0 is called consistent if @ — 0 as n — oo.
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Uniformly Minimum Variance Unbiased Esti-
mator (UMVUE)

Now we would like to focus on the class of unbiased estimators of a real valued parameter 7(6),
7: 0 — R. We would like to introduce the method of Uniformly Minimum Variance Unbiased Esti-
mator (UMVUE):

Xi
Xo . .. .
Let X = | . | be a random vector with a joint pdf (pmf) given by pg(x1,---,x,) = pg(x), and the
X
X1
. X2
vectoer x given by =
Xn

Definition

Definition 9. An estimator T(X) of a real valued parameter © € ® C RY where 7(0) : ® — R is
said to be a UMVUE of ©(0) if:

D Eo{T(X)} =1(6),V6 € ©;
@ For any other unbiased estimator of T(0), call it T*(X), where Eg{T*(X )} = 1(6),V0 € O,

and
Varg{T(X)} < Varg{T*(X)},VO € ©.

How do we actually find a UMVUE? There are two ways, one is by Cramér-Rao Lower Bound, one is by
Rao-Blackwell & Lehmann-Scheffé theorem. We first introduce the Cramér-Rao Lower Bound (CRLB).
Assume d =1, ® C R, X ~ pg (joint pdf / pmf).

(i) Assume that the family {pg : 6 € ® C R} has a common support, i.e

and does not depend on 6. (In this case Uniform(0,0) is excluded);

d
(i1) Furthermore, assume for x € ., 0 € ® C R, 20 log pg () exists;
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(iii) Also, assume for any statistics 2(X ) with E{|a(X)|} < +0,V0 € ® we have

dG/ dm-/yh(w)%pg(w)daz

whenever the R.H .S is finite.

Theorem

Theorem 11. (Cramér-Rao Lower Bound)

Assume (i),(ii),(iii) hold, let T (X)) be such that

Varg(T(X)) < 4o, Eg{T(X)} = 7(),V0 € O,

2
then if 0 < Eg { {%lngg( )} } < 400,V0 € O, then
[<'(6)]

Eg { {%bgm( )r}.
d

2
Here, we denote 1(0) = Eg { [— log pg(x )} }, it is called the Fisher Information.

Vary (T(X)) >

do

Proof. W.L.O.G, we will only prove the continuous case. Note 7(0) = Eo{7T(X)},V0 € ©, so

d d
~57(0) = 55 {Bo[T(X)]}

—{/ T(w)pe(w)dw}
_ / (@)d

_/yT( )dde[logpe( )|pe(x)dz.

Therefore,
d
7(6) =Eq {T(X)de [log pe(x )]} V0 € ©.

On the other hand, by (iii), if #(x) = 1, then

0= [ & poayin= | {%logm( >] po(w)d, Y0 € ©.

Thus we have

d
Egs —1 = .
{de ogpo(x >} 0,6 € ©
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The equation above is also known as the Bartlett Identity.
So now we have

7'(0) = Cov <T(X), %logpg(m)) ,V0 € O

and hence by Cauchy-Schwarz inequality, we have
/ 2 2 d
#(6)1 = Cov* (X, g loepole)
d
< Varyg(T(X))- Varg <%10gp9(ac)) :

Now using Bartlett’s identity, we have

d 2
[7/(6)]? < Varg(T(X)) - Eg { [%bgpe(l’)} } .

Note that if we have Xi,---,X, Hd f(x,0), then by definition

pol() = ﬁf(&xi)

E{ [%logpg(w)r} _ n]E{ {%logf(@,xi)r} |

['(6)]

nI,-(B)

sometimes it is easier to compute the Fisher information for one sample, we may do so and multiply by
n in the end, with the assumption that we are working with random sample (i.1.d).

hence in this case

and now

Vary (T(X)) >

Corollary

Corollary 2. (Second Bartlett’s Identity) We hvae

E{ [%mgpe(w)r} _ —E{dd—;logm(w)}.

Proof. Using Chain rule, we have

& @) [d 2
Sgzioepe(e) =227 | o po(a)]
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and taking expectation on both sides, we have

(it {2} o{uni] )

where the first term on the right hand side of the equation equals 0, because

d d d (d
—EJ—1 =[] —q—=1 dx.
78 {de nge(w)} /y 19 {d@ nge(:v)}pe(w) x
[
Example: Suppose we have a random sample X1,---, X, i Bernoulli(0), its probability mass function

is given by f(x,0) = 6*(1—0)!"*,x € {0,1} and 6 € (0,1). Find the CRLB of all unbiased estimator
of 7(8) = 6.

Solution: We first find the Fisher information. We investigate the function

log f(0,x;) = x;log6 + (1 —x;)log(1 — 0)

and )
d Xi l—x,- d Xi l—xi
—1 0,x;) = —— —1 0.x)=—>S+—-
40 og f(8,x;) 0 1-0 462 og f(0,x;) 92+(1_9)2
by Bartlett’s identity, we have
X; 1-X; 1
L(0)=—-E<—— = .
©=={-5+ i or | = 5i=)
Now 7(8) = 0 so [7/(8)]> = 1 hence the CRLB is given by
1 0(1—-0)
Vary (7T (X)) > = .
arg(T(X)) > ==

An unbiased estimator of 7(6) might be the UMVUE, but its variance could be larger than the CRLB.
That is, CRLB is not a sharp lower bound.

Theorem

Theorem 12. Suppose that X = (X1, -+ ,X,) and we have a joint pdf pg(x), and T (X) be unbi-
ased for ©(0), then T (X)) attains the CRLB if and only if

a(6)-{T(X) ~1(8)} = =10z po(®)

for some function a(0) and for all 6 € ©.
Example: We say fy(x) belongs to exponential family (note that you may find me use fg(x), f(x,0), f(x|0),

they are all the same notation, meaning 0 is our parameter, but the density function is a function of x), if
its density function takes the form

fo(x) = h(x)-c(6)-exp{e(8) - T(x)}
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for some non-negative function i(x) of x and ¢(0) of 6, and T(x) is a function of x, also its support

does not depend on 6. Then show that if a random sample Xi,---, X, i fo(x) where fg(x) belongs to

exponential family, then
n

l:

SI'—‘

is the UMVUE of 7(0) = —c/(0)/(c(0)@’(6)).

Solution: Fist of all, the joint pdf of the sample takes the form

— (ﬁh(m)) c(6)"-exp {w(ﬂ) : iT(Xi)}
so we have

d i —nc'(0)
—1 ®'(0)- Y T(x T(xj)— ————— .
40 ogpe(x)=n- «(8) +@'(0) l:Zi (xi) = {Z )w’(@)}
By the previous theorem, it suffies to check 7(X) is unbiased. Using Bartlett’s identity, we know that

]E{ilogpg( )} = 0, which means
{ZT }—n‘c 0)

do
1
hence 7(X) = — )" T(X;) is unbiased, and by the previous theorem, it is the UMVUE.
i3

X

Example: Let a random sample Xi,---, X, i Poisson(8) with density f(x,0) = e ° %, x € Np.
(1) find the UMVUE of 6.

(i1) Find the CRLB of all estimates of 6.

Solution:

(1) We rewrite the density of Poisson distribution as

xlogO

let h(x) = 1/x!,¢(0) = e % w(0) =1og(6),T(x) = x, and its support x € Ny does not depend on 6, so it
belongs to exponential family, then we use the result from the previous example, now 7(6) = 6, so the
UMVUE is just the sample mean, given by

1
UMVUE(6) = - ) X;.
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(i1) By direct computation, we have
d log f(x,0) 142 @ log f(x,0) a
_— X = — —_— — X = ——
do BT 0’ do? BI% 62

so using Bartlett’s identity, the Fisher information of one sample is given by

1(6) = —E{dd—;logf(X,G)} :E{—%} :%

since X ~ Poisson(0), hence the CRLB can be computed by

GO
CRLB = o=

Sufficiency

Often times, our raw data can be very large and long, and it would be inefficient to work with them
directly. We may think of some kind of data reduction to compress our large data into a short and man-
ageable way without losing any information. A statistic 7(X) is a form of data reduction or summary,
thus we are interested in those statistics that do not discard important information about an unknown
parameter 6. That’s why we introduced the sufficiency principle.

Definition

Definition 10. Suppose the random sample X1,--- ,X, has a joint pdf (pmf) pe(x), 6 € ©, a
statistic T(X) is sufficient of 0, if the conditional distribution of X, -+, X, given T(X) =t for
any 6 € ©, t € St such that fx|r(x)=(x1, -+ ,Xn) does not depend on 6.

In general, the distribution pg(x € 27|T(X) = t) does not depend on 6.

.. n
Example: Let X;,--- X, Hid Bernoulli(0), we claim that T (X ) = ZXi is a sufficient statistic of 0, this
i=1
is because

o peXi=x, Xy =20, XX =1)
folxr, - x| T(X) =1) = po(LX; = 1)

"L 0%(1— )
(or—0)

1
_{U i

0 elsewhere

we see that the conditional distribution does not depend on 6.
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) . . . i.d
Note that a sufficient statistic can also be a vector. For example, later we will see if X, -+, X, '~

N(u,0?), a sufficient statistic of (1, o?) is

Corollary

Corollary 3. Let T(X) be a sufficient statistic of 6, g be a one-to-one transformation, then
g(T (X)) is a sufficient statistic of 0.

1 n
So in the previous Bernoulli example, T'(X ) = — ) X; is also a sufficient statistic of 6.
i=1

Theorem

Theorem 13. (Neyman-Fisher Factorization Theorem) Let a random sample X1, - -+ , X, g f with
a joint pdf (pmf) pe(x) = pe(x1,--- ,Xy), a statistic T(X) is sufficient of 0 if and only if

pe(-xb e 7xn) = g(T(Q}'), 9) 'h(X], e 7xn)
for all 6 € ©, and function g depends on T (x), 0 while h(x) does not depend on 6.
The proof of this theorem is omitted.
Example: Find a sufficient statistic of the random sample X, --- , X, "% Bernoulli (0).

Solution: We derive
po(x1, -, xn) = HGX"(l - 9)1_x",x,~ €{0,1}
i=1
n
— 65 (1— 9)" 5. T1{X,)
i=1

we let the first term to be g(7'(x), 0) and the second term to be i(x), and we apply Neyman-Fisher the-
n
orem, T(X) = Y X; is a sufficient statistic of 6.

i=1
Note: A sufficient statistic doesn’t mean a good (unbiased) estimator!

Example: Find a sufficient statistic of the random sample Xi,--- , X, Y Uni form(0,0), 6 > 0.

Solution: The pdf of a uniform distribution is given by

£ = {g x€(0,0)

0 otherwise
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then we derive

N

|~

po(x) x{0<x <6}
1

1
0

I

n

1{0 < X(n) < 0}-1{0 < X(l)}

N———

where X,y = max{Xi, -, X, },X(;) = min{Xj, -, X}, and let the first two terms to be g(7'(X),6) and
the last term to be /(x), then by Neyman-Fisher theorem, T'(X') = X,,) is a sufficient statistic of 6.

Corollary

Corollary 4. If Xi,--- ., X, (< f(08,x) where f belongs to exponential family, then a sufficient

statistic of 0 is T(X ) = ZXi'

Proof. Verify it yourself. |
Example: Find a sufficient statistic of the random sample X, --, X, N (n,02).

Solution: Note that the joint pdf can be derived as

H n0 (_(Xiz_og_)Q)
:( 21n6>n-exp <—2Li XF—2xl 4+ ])
1
20?2

() ([ )

here, the sufficient statistic takes a vector form, since we have 2 parameters so it makes sense that we
have two terms in our sufficient statistic. We let

n n
= <Z Xi7 ZXi2>
I=1 i=1

to be the sufficient statistic of @ = (u, c?).

Note that we cannot separate them, we can’t say Y X; is a sufficient statistic of U because in this case
Neyman-Fisher won’t work.

In fact there are many ways to describe a sufficient statistic, for example recall the Bernoulli example,

we can make
n
(Zx,, Y ) I<m<n-1

i=1 Jj=m+1
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as our sufficient statistic. So although sufficient statistic is a form of data reduction, but it matters how
far we can make our reduction. We would want to make as much reductions as possible, and hence we
shall introduce minimum sufficient statistic.

Definition

Definition 11. A statistic T(X) is a minimal sufficient statistic of 0 if and only if:
(i) T(X) is sufficient;

(ii) For any other sufficient statistic T*(X) of 0, T(X) is a function of T*(X), i.e. T(X) =
©(T*(X)) where @ is some measurable function.

The following theorem can verify minimal sufficient statistic easily:

Theorem

Theorem 14. (Lehmann-Scheffe) For a random sample Xy, -- ,X, with joint density pg(x), sup-

pose a statistic T(X) is such thatVx,y € 2" CR", T(x) = T(y) if and only if 2 (w) does not
Po\Y
depend on 0, then T (X)) is a minimum sufficient statistic of 6.
The proof of this theorem is omitted.
Example: Find a minimal sufficient statistic of the random sample Xi,---, X}, A Uni form(0,0).

Solution: Previously, we had shown that a sufficient statistic is given by T(X) = X(,), and the joint
distribution is given by
1

pg(a)) = (5) I{X(n) < 9} . I{X(l) > O}.

Now Va,y in our sample space, we compute the ratio

po(x) _ X <0}-1{X) >0}
pe(y) LY, <6} -1{Y >0}

which we see will not depend on 6 if and only if X,y = ¥,), which means 7(X) = T(Y') and T(X) is
the sufficient statistic, hence 7'(X') = X, is a minimal sufficient statistic.

Exercise: Try to use similar method to verify that

T(X)= (éxi,i‘ixf)

. . . _ j.i.d
1s a minimal sufficient statistic of the random sample Xi,--- , X}, "IN (u, 62).
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Corollary

Corollary 5. If T(X) is a minimal sufficient statistic of 0, then for any one-to-one function g,
g(T (X)) is also a minimal sufficient statistic of 6.

Proof. This proof is trivial. |

Definition

Definition 12. Let X be a random variable with pdf (pmf) belonging to a parametric family .7 =
{fo : 6 € ®}, this family is said to be complete, if for any measurable function g with E[g(X)]
exists, we have E[g(X )] =0 = P{g(X) =0} = 1 almost surely. A statistic T (X ) is complete,
if the family of its distributions is complete.

n
Example: Show that the statistic T'(X) = ZXi in a Bernoulli random sample is complete.
i=1

Solution: Set E[g(7(X))] = 0, by definition we have

3 (*)ea-er =ove e 0.1)

;‘) (%)t —0,v6 € (0,1)

= g(r) =0, almost surely.

and hence 7'(X) is a complete statistic.

Example: Show that the statistic (X ) = X? where X ~ N(0,8), 6 > 0 is complete.
X2
Solution: We first claim that 5 ~ X(Zl)’ it can be shown using the transformation of functions of random

variables introduced in MATH 356. Then let E[¢(T(X))] = 0 where we have g(x) = x?, and by definition
it implies that

oo

/o 8(t) fr(x)(1,0)dt =0

* 1 /2
— 1)t e 20dt=0,
/0 \/Zneg()

which further implies g(¢z) = 0.
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Corollary

Corollary 6. Let a random sample X1,--- , X, g f(0,x) where f belongs to exponential family,

n
then T(X) = ZXi is a complete statistic of 6.
i=1

Two More Methods for UMVUE: Rao-Blackwell
and Lehmann-Scheffe

In this section we propose two more methods to compute the UMVUE.

Theorem

Theorem 15. (Rao-Blackwell) Let U (X ) be an unbiased estimator of ©(0) if exists, let T (X)) be
a sufficient statistic of the parameter family, set

6(t) = E{U(X)|T(X) =}
then we claim that:
(i) 8(T (X)) is a statistic, also an unbiased estimator of T(0);
(ii) Var{6(T (X)) < Var(U(X))}.

Furthermore, if T(X) is complete, then the resulting (T (X)) is the UMVUE of the parameter
Sfamily.

Proof. Firstly since T(X) is sufficient, so it is easy to verify E{U(X|T (X))} does not depend on 6
and is hence a statistic, then

E{5(X)} = E{E{U(X|T(X))}} = E{U(X)} = 7(6)
which means 6(X) is unbiased. Finally

Var{U(X)} = Var{E{U (X)|T(X)} } + E{Var{U (X)|T (X) } }
= Var{§(T (X))} + E{Var(U(X|T (X))}
> Var{$(T (X))}
|

Rao-Blackwell theorem says that, by conditioning ant unbiased estimator on a sufficient statistic will re-
sult in a uniform improvement in terms of variance, and if we condition on a complete sufficient statistic,
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we would result in UMVUE.

Example: Consider a random sample Xj,---,X, i Bernoulli(p), 0 < p < 1. For n > 4, find the
UMVUE of 7(p) = p*.

Solution: Firstly, since EX; = p, so T*(X) = X; is simply an unbiased estimator of p, and by indepen-
dence, we can easily see that X;X>X3X, is an unbiased estimator for p4. Now since the joint pdf of the
random sample is given by

nxp
% i P
flap) =1 pf o = ((2) ey
so by Neyman-Fisher theorem, 7(X) is a sufficient statistics, and furthermore it is complete (because
it belongs to exponential family and we have established some properties before). So by Rao-Blackwell
theorem, the UMVUE for p* is given by
n

§(X)=E | X1 X2X3X4

n
ZX,’ = t)
i=1

=1xP <X1X2X3X4 =1
i

= t) +0xP <X1X2X3X4 =0

n
P <X1X2X3X4 =1,) X = t>

i=1

.
) p* (’ijp“‘(l —p)"!
(':) pri—p"!
9

n
where 7 = Y X;. This is the UMVUE of 7(60) = p*.
i=1

Remark: It is completely doable if I make ©(8) = p?9>!

Example: (Hard) Consider a random sample Xi,--- , X, 4 Bernoulli (p), then define

h(p) = P (ix >xn> |

i=1

find the UMVUE of i(p).
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Solution: First we define the estimator as the indicator function

1 Xi4 ot X, > X,
T(X):l{ }:{ 1 A > A

X, > X
Z ' ntl 0 otherwise

n
I1=1

It is easy to show 7'(X) is unbiased, since

E[T(X)] =1 xP(T(X)=1)+0xP(T(X)=0)) =h(p).

27

n
Then from the previous example we already showed that ZXi is a complete sufficient statistics of p,

i=1
then by Rao-Blackwell theorem, the UMVUE s given by

n
ZX,‘ =t
i=1
n n
=P (in > Xar1| Y Xi =t>
i=1 i=1
n n
P (in > Xat1, )X =t>
i=1 i=1

n n
P (ZX,‘ > Xn—HaZXi = t)
i=1 i=1

(r;) p—p

We will now investigate the numerator, denote the numerator to be N

6(X) =E |r(p)

If t =0, then N = 0;

Ift =1, then

If t > 2, then

So in all, we have
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n
where t = Z X;, and this is the UMVUE.
i=1

Another way to find UMVUE is proposed as follows:

Theorem

Theorem 16. (Lehmann-Scheffe) Let U (X ) be an unbiased estimator of the parameter family, if
U(X) =g(T (X)) for some measurable function g and a complete sufficient statistic T (X ), then
U(X) is the UMVUE of the parameter family.

That is, as long as we could write the unbiased estimator as a function of complete sufficient statistic,
then the unbiased estimator is the UMV UE.

n
Example: Again let’s consider the Bernoulli random sample, we have shown that 7(X) = ZXi Is a
i=1

complete and sufficient statistic, also we have

E[X1+---+Xn]
n

which is unbiased. Note that inside the expected value is a function of the complete and sufficient statistic,

1 n
so by using Lehmann-Scheffe directly, the UMVUE of pis just U(X) = — Z X;.
i
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