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Abstract

Survival data often presents characteristic features known as censoring and truncation, where
the observer only has partial information about the event times. For right right-censored data, the
exact event time is known to exceed a censoring time. On the other hand, length-biased data can
be viewed as a left-truncation where only partial data satisfying certain conditions are selected
into the study with selection probability proportional to their actual event time. In this article
we review different estimating techniques for length-biased and right-censored samples. Several
examples with illustrations are introduced at the end of this article.

1 Estimating Equation Under Cox PH Model

1.1 Introduction

In Cox PH model, we assume the covariates vector X acts multiplicity on the baseline hazard
λ0(t), where we have

λ(t|X) = λ0(t) exp
(
βtX

)
(1)

where βt is the coefficients vector we would like to estimate. Without length-biased assumption,
the estimating techniques are well studied by Cox (1972), also Klein and Moeschberger (2003) have
a detailed discussion on estimating techniques based on different covariates and the presence of
censoring. We now consider the data which is length-biased and right censored. Suppose T̃ is
the failure time from onset of to the end of the study, A denotes the time from onset to the start
of our study (also known as the left truncation time), V denotes the time from the start of our
study to failure, and C denotes the censoring time from the start of our study, and assume that
C is independent of A and V . Then we are able to observe T̃ if and only if T̃ > A. Define
T = min(A + V,A + C) as the observed length-biased lifetime of those satisfying T̃ > A, by our
length-biased assumption, the probability of selecting a certain individual is proportional to its
complete event time. If we let f(t) denotes the true density of T̃ , g(t) denotes the density of T ,
which is the life time conditioning on the fact that T̃ > A, we have the following relation:

g(t) =
tf(t)∫ ∞

0

uf(u)du

=
tf(t)

µ

where t on the numerator acts as a weight function, indicating the fact that individuals with
longer lifetimes are more likely to be selected. We also divide the proportional term by the expected
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value of X, where µ = E[X]. Also, the density of A should also follow a pattern proportional to the
survival time of an individual. Let SU(t) be the survival function of T̃ , then the density function
of A, denote by fA(t), is given by

fA(t) =
SU(t)

µ
=

SU(t)∫ ∞

0

uf(u)du

.

In Cox’s PH model, let X be the covariates, using a Bayesian argument, the density g(t|X)
and fA(t|X) given by

g(t|X) =
tf(t|X)∫ ∞

0

uf(u|X)du

=
tf(t|X)

µ(X)
, fA(t|X) =

SU(t|X)∫ ∞

0

uf(u|X)du

=
SU(t|X)

µ(X)
.

Figure 1: This figure shows the overall relation of those variables we defined, where T is the
length-biased time from onset to event (conditioning on T̃ > A); V is the observational time to
event, or the residual survival time; A is the left truncation time (backward recurrence time); C
is the censoring time. T = min(A+ V,A+ C).

1.2 Estimating Equation Without Right Censoring

We first derive the estimator without right-censoring. The first approach is given by Qin and
Shen (2010). Suppose h(x) is the marginal density function of the covariates X, then conditioning
on the biased density T = t yields

h(x|t) = g(t|x)h(x)∫
g(t|x)h(x)dx

=
tf(t|x)h(x)/µ(x)∫
tf(t|x)h(x)/µ(x)dx

.

We use the property that f(t) = λ(t)S(t) (see Zhang, Chapter 2.3, (2025)) where λ(t) is the
hazard function, and applying Cox’s PH model described in (1), we have

f(t|x) = λ0(t) exp
(
βtX

)
· SU(t|x)

where X = x is the covariates vector. So the conditional density of X given T = t can be
written as

h(x|t) =
tλ0(t) exp

(
βtX

)
· SU(t|x)h(x)/µ(x)∫

tλ0(t) exp
(
βtX

)
· SU(t|x)h(x)/µ(x)dx

.
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We now take the expectation of h(x|T = t), then after simplifications we will get

E[X|T = t] =

∫
x · exp

(
βtX

)
SU(t|x)h(x)/µ(x)dx∫

exp
(
βtX

)
SU(t|x)h(x)/µ(x)dx

=
E
[
X · exp

(
βtX

)
SU(t|x)/µ(x)

]
E
[
exp

(
βtX

)
SU(t|x)/µ(x)

] . (2)

The term SU(t|x)/µ(x) satisfies the following:

E

[
1

T
· 1{T ≥ t}

∣∣∣∣∣X = x

]
=

∫ ∞

t

1

t
· g(t|x)dt = 1− F (t|x)

µ(x)
=

SU(t|x)
µ(x)

let δ(t) be the indicator of T ≥ t, so the expectation of X can be written as

E[X|T = t] =
E
[
X · exp

(
βtX

)
· E[T−1δ(t)|X]

]
E
[
exp

(
βtX

)
· E[T−1δ(t)|X]

] =
E
[
X · exp

(
βtX

)
· T−1δ(t)

]
E
[
exp

(
βtX

)
· T−1δ(t)

]
using the law of total expectation. Now suppose Ti is the biased event time for individual Xi

with covariates Xi, we use the empirical estimate of expectation

Ê
[
X · exp

(
βtX

)
· T−1δ(t)

]
=

1

n

n∑
i=1

Xj · exp
(
βtXj

)
· T−1

j δj(t)

and

Ê
[
exp

(
βtX

)
· T−1δ(t)

]
=

1

n

n∑
i=1

exp
(
βtXj

)
· T−1

j δj(t).

We use the fact that X − E[X|T = t] is unbiased, and we sum over the entire sample with
T1, · · · , Tn to get the following estimating equation for the length-biased sample:

n∑
i=1

Xi −

n∑
j=1

Xj · exp
(
βtXj

)
· T−1

j δj(Ti)

n∑
j=1

exp
(
βtXj

)
· T−1

j δj(Ti)

 = 0. (3)

The second approach to obtain (3) is done by Wang (1996) using a modified risk set from Cox’s
partial likelihood function (D.R Cox, 1972). We will derive the estimating equation and show those
two are conceptually the same. Without length-biased data, Cox’s partial likelihood function is
given by

L(β) =
n∏

i=1

exp
(
βtXi

)
∑

j∈R(ti)

exp
(
βtXj

)
where Xi is the covariate vector, and R(ti) is the risk set at any failure time ti defined by

R(ti) = {j : tj ≥ ti}. An adjusted risk set R∗(ti) is defined by

R∗(ti) = {j : tj ≥ ti,∆j(ti) = 1}
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with the indicator ∆j(ti) = 1 with probability ti
tj

and ∆j(ti) = 0 with probability 1 − ti
tj

,
representing the probability of an individual being selected is proportional to its lifetime. Wang
(1996) also showed that individuals in adjusted risk set also presents the population risk structure,
and we have the modified partial likelihood:

L∗(β) =
n∏

i=1

exp
(
βtXi

)
∑

j∈R∗(ti)

exp
(
βtXj

) (4)

The score U of the partial likelihood (4) is given by

U =
∂

∂β
logL∗(β)

=
∂

∂β

 n∑
i=1

βtXi −
n∑

i=1

log

 ∑
j∈R∗(ti)

exp
(
βtXj

)

=
n∑

i=1

Xi −

∑
j∈R∗(ti)

Xj exp
(
βtXj

)
∑

j∈R∗(ti)

exp
(
βtXj

)


=
n∑

i=1

Xi −

∑
j∈R(ti)

∆j(ti)Xj exp
(
βtXj

)
∑

j∈R(ti)

∆j(ti) exp
(
βtXj

)
 .

The risk set interpretation j ∈ R(ti) can be written as 1{tj ≥ ti} = δj(ti) as in (3), followed
by a similar argument, we construct the unbiased estimator X − E[U ], the expected value of the
second term above can be estimated by their empirical form:

Ê

 ∑
j∈R(ti)

∆j(ti)Xj exp
(
βtXj

) =
1

n

n∑
j=1

ti
tj
Xj exp

(
βtXj

)
δj(ti)

and

Ê

 ∑
j∈R(ti)

∆j(ti) exp
(
βtXj

) =
1

n

n∑
j=1

ti
tj
exp

(
βtXj

)
δj(ti).

Since the terms ti, 1
n

are canceled when we take the ratio of those two empirical estimates, and
by summing over all ti, our estimating equation would result in the same as (3).

1.3 Modifications for Right Censored Data

With potential right censoring, the estimating equation (3) needs to be adjusted. We will first
consider the uncensored, joint density of A and V . Under stationarity, the conditional distribution
of A given T = t is Uniform(0, t) (Asgharian and Wolfson, 2005), meaning the onset of the event
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among those selected sample happens equally between 0 and t, hence a conditioning argument
yields

fA,T (a, t) = fA|T=t(a|t) · fT (t) =
1

t
· tf(t)

µ
=

f(t)

µ

where µ =

∫ ∞

0

uf(u)du. Since T = V + A, we also have the joint density of A and V :

fA,V (a, v) =
f(a+ v)

µ
.

When we have potential right censoring, it is reasonable to assume C is independent from A, V ,
and we denote fC as the density of C, T = min{A+ V,A+ C}, when T = A+ V , we have

P(T = A+ V |X = x) = P(A = a, V = t− a, C ≥ t− a|X = x)

= P(A = a, V = t− a|X = x) · P(C ≥ t− a)

=
f(t|x)

µ
· SC(t− a). (5)

When T = A+ C, we have

P(T = A+ C|X = x) = P(A = a, C = t− a, V ≥ t− a|X = x)

= P(C = t− a) · P(A = a, V ≥ t− a|X = x)

= P(C = t− a) ·

∫ ∞

t

f(u)du

µ

= P(C = t− a) · SU(t)

µ
. (6)

Denote δ as the censoring indicator, δ = 1{V ≥ C}. Consider the conditional expectation X
(with marginal density h(X)) given T = t, A = a, δ, it is the same as the one we obtained in (2)

E[X|T = t, A = a, δ] =
E
[
X · exp

(
βtX

)
SU(t|X)/µ(X)

]
E
[
exp

(
βtX

)
SU(t|X)/µ(X)

] (7)

Different unbiased estimator of the term SU(t|X)/µ(X) can be obtained, one is that (Qin and
Shen, 2010)

E

[
δ · 1{T ≥ t}
TSC(T − A)

∣∣∣∣∣X = x

]
=

∫ ∞

t

∫ t

0

·1
t
· 1

SC(t− a)
· f(t|x)SC(t− a) · 1

µ(x)
dadt

=

∫ ∞

t

f(t|x)
µ(x)

dt

=
SU(t|x)
µ(x)

. (8)
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Combine (7), (8) and the empirical estimate technique we used earlier, the adjusted estimating
equation with right-censored data with Ti is now

U1(β) =
n∑

i=1

δi ·

Xi −

n∑
j=1

1{Tj ≥ Ti}δjXj · exp
(
βtXj

)
·
(
TjSC(Tj − Aj)

)−1

n∑
j=1

1{Tj ≥ Ti}δjXj · exp
(
βt
)
·
(
TjSC(Tj − Aj)

)−1

 = 0. (9)

In the above estimating equation, Tj − Aj = Vj, which is the time from examination to event.
We may replace SC by its consistent Kaplan-Meier estimator for the residual censoring time.

The second choice (Qin and Shen, 2010) is based on a modification of (5), where we showed
that

P(T = A+ V |X = x) =
f(t|x)SC(t− a)

µ

by integrating a from 0 to t, we have

P(T = t|X = x) =
f(t|x)

µ

∫ t

0

SC(u)du ≡ f(t|x)
µ

wC(t),

and hence we have the expression

E

[
1{T > t, δ = 1}

wC(t)

∣∣∣∣∣X = x

]
=

∫ ∞

t

f(u|x)du
µ

·
∫ t

0

SC(v)

wC(v)
dv

=
SU(t|x)
µ(x)

.

Another estimating equation follows:

U2(β) =
n∑

i=1

δi ·

Xi −

n∑
j=1

1{Tj ≥ Ti}δjXj · exp
(
βtXj

)
·
(
wC(Tj)

)−1

n∑
j=1

1{Tj ≥ Ti}δjXj · exp
(
βt
)
·
(
wC(Tj)

)−1

 = 0. (10)

Estimating equations (9),(10) requires the knowledge of the density of censoring variable C, a
final approach using delayed-entry/left-truncated data (Qin and Shen, 2010) does not require the
knowledge of the density of C. By assuming C is independent of X, We have

E[1{T ≥ t, A ≤ t, δ = 1}|X = x] = E[1{T ≥ t, A+ C ≥ t, A ≤ t}|X = x]

=

∫ ∞

t

∫ t

0

f(t|x)SC(t− a)

µ(x)
dadt

=
SU(t|x)
µ(x)

· wC(t).

Using the same method in (7) and (2), we have

E[X|T ≥ t, A ≤ t, δ] =
E
[
X exp

(
βtX

)
SU(t|x)/µ(x)

]
E
[
exp

(
βtX

)
SU(t|x)/µ(x)

] (11)
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where wC(t) is canceled out from the numerator and denominator, and we have another esti-
mating equation

UL(β) =
n∑

i=1

δi

Xi −

n∑
j=1

1{Tj ≥ Ti, Aj ≤ Ti}Xj exp
(
βtXj

)
n∑

j=1

1{Tj ≥ Ti, Aj ≤ Ti} exp
(
βtXj

)
 = 0 (12)

It is important to know that (12) can also derived from a modified partial likelihood function,
Under prevalent sampling and quasi-stationarity conditions discussed by Wang et al. (1993), the
likelihood function of the event time T = min{A+ V,A+ C} of the sample is proportional to

L(β) ∝
n∏

i=1

f(ti|X)δi · SU(ti|X)1−δi

SU(ai|X)

where δi = 1{V ≥ C} is the censoring indicator, ai is the left truncation time. Then adapting
Cox PH model, a partial likelihood can be written as

Lp(β) =
n∏

i=1

 exp
(
βtXi

)
∑

j∈R(yi)

exp
(
βtX

)


δi

(13)

with modified risk set R(y) ≡ {j : aj ≤ y ≤ yj}, and Wang et al. (1993) showed that the
likelihood L(β) is proportional to the partial likelihood times a residual likelihood. Then the
estimating equation (12) is just the score of the partial likelihood (13) by simple calculation:

U =
∂

∂β
logLp(β)

=
∂

∂β

n∑
i=1

δi

βtXi − log

 ∑
j∈R(ti)

exp
(
βtXj

)

=
n∑

i=1

δi

Xi −

∑
j∈R(ti)

Xj exp
(
βtXj

)
∑

j∈R(ti)

exp
(
βtXj

)


=
n∑

i=1

δi

Xi −

n∑
j=1

Xi exp
(
βtXj

)
1{Aj ≤ Tj ≤ Ti}

n∑
j=1

exp
(
βtXj

)
1{Aj ≤ Tj ≤ Ti}

 .

since U has mean zero, we will then have the same estimating equation.
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1.4 Asymptotic Properties of Estimating Equation

In this section, we will briefly investigate the asymptotic properties of the estimating equa-
tions (9),(10) we derived in a length-biased, right-censored sample. We shall denote them by
U1(β), U2(β) separately. For individual i, define the risk set Ri(t) = 1{Ti ≥ t}δi and Ni(t) =
1{Ti ≤ t, Ci ≥ Ti − Ai} and

S
(l)
k (β, t) =

1

n

n∑
i=1

wC(t)Ri(t)WkiX
⊗l
i exp

(
βtXi

)
where in (9) k = 1 and in (10) k = 2, l = 0, 1, 2 , Wki represents the different weight function

we derived, and so W1i = (TiSC(Ti − Ai))
−1 and W2i = (wC(Ti))

−1. We furthermore define
Ek(β, t) = S

(1)
k (β, t)/S

(0)
k (β, t), ek(β, t) as the expectation of Ek(β, t), s

(l)
k (β, t) as the expectation

of S
(l)
k (β, t). The theoretical approach relies on the counting processes (Wang, 1996) and we

construct

Mki(t) = Ni(t)−
∫ t

0

wC(u)Ri(u)Wki exp
(
βtXi

)
λ(u)du, k = 1, 2; i = 1, · · · , n. (14)

We make the following claim (Qin and Shen, 2010):

Claim 1. Mki(t) is a mean zero stochastic process.

Proof. When k = 1, (equation U1(β)), we first notice that the expectation of an indicator is just
the probability that its values takes 1, so for the first term, we have

E[Ni(t)] = P(Ni(t) = 1) = P(Ti ≤ t, Ci ≥ Ti − Ai).

Since C is independent of A, T , hence the joint density of A, T, C is equal to the joint density
of A, T we derived in the beginning of section 1.3 times the density of C, with bounds carefully
chosen.

P(Ti ≤ t, Ci ≥ Ti − Ai) =

∫ t

0

∫ t

0

∫ ∞

ti−ai

fA,T (ai, ti) · fC(ci)dcidaidti

=

∫ t

0

∫ t

0

f(ti|xi)

µ(xi)
· SC(ti − ai)daidti

=

∫ t

0

f(ti|xi)

µ(xi)
· wC(ti)dti

=

∫ t

0

SU(ti|xi) · λ(ti|xi)

µ(xi)
· wC(ti)dti. (15)

On the other hand, for the second term on the right hand side of (14) (denote by Ki(t)), using
(8) its expectation is given by

E[Ki(t)] = E

[∫ t

0

E

[
δi1{Ti ≥ u}
TiSC(Ti − Ai)

∣∣∣∣∣Xi = xi

]
·Ri(u)wC(u)λ(u|Xi)du

]
with further simplification, we have

E[Ki(t)] =

∫ t

0

SU(u|xi)

µ(xi)
· wC(u)λ(u|xi)du. (16)

From (15),(16), we see that E[M1i(t)] = 0. The same idea can be applied to U2(β) and
UL(β).
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Under this condition, the estimating equation can be written as

Uk(β) =
n∑

i=1

∫ τ

0

(Xi − ek(β, t))dMi(t) + op(1)

where τ is a predetermined constant with P(Ai + Ci ≥ τ) > 0. If SC is a unknown function,
we may replace SC by its Kaplan-Meier estimator ŜC , and due to the consistency of Kaplan-Meier
estimator, we have

Ûk(β) =
n∑

i=1

∫ τ

0

(Xi − Êk(β, t))dNi(t). (17)

Set Ûk(β) = 0, we can solve for the estimate β̂. We now study each equation separately.First
let k = 1, a second claim follows.

Claim 2. Under regularity conditions (see appendix), there is a unique solution to (17) such that
Û1(β) = 0. Denote β̂1 be the solution, it is also consistent.

Moreover, Û1(β)/
√
n converges weakly to a mean zero Gaussian process (Qin and Shen, 2010).

Some other asymptotic properties will be added, I need some extra reading to understand the
proofs.

2 Non-parametric Model

2.1 Introduction

When right-censoring is absent, Vardi (1982) derived a non-parametric estimating model using
non-parametric maximum likelihood estimator (NPMLE) from a pooled sample {X1, · · · , Xm} ∪
{Y1, · · · , Yn} where Xis are unbiased (complete) observations while Yjs are length-biased observa-
tions. Vardi (1982) showed that the survival function ŜU(t) obtained follows the asymptotic prop-
erty that

√
m+ n(ŜU(t)− SU(t)) converges weakly to a pinned Gaussian process when m,n → ∞

and m/n → constant. With the presence of right-censoring, Vardi (1989) derived the NPMLE of
a length-biased and uninformatively censored data; Asgharian et al. (2002) used an unconditional
approach to obtain an estimate with asymptotics. We again begin by introducing the machin-
ery of estimating equations without right censoring; we then bring in the discussion of potential
censoring; we shall last study the asymptotic properties of those estimators.

2.2 NPMLE of Length-Biased Data

We again denote by f as the true density of the sample and g as the length-biased density. We
take two independent samples X1, · · · , Xm

i.i.d∼ f and Y1, · · · , Yn
i.i.d∼ g and study the pooled sample

{Xi} ∪ {Yi}. Denote the ordered failure times in the pooled sample to be t1 < t2 < · · · < th where
th ≤ m+n allowing potential ties. We also use ξi, ηi as the multiplicity of Xi’s and Yi’s at time ti.
Then the likelihood function of the pooled sample takes the form

L =
h∏

i=1

f(ti)
ξi ·

 tif(ti)∫ ∞

0

uf(u)du


ηi

=
h∏

i=1

f(ti)
ξi ·
(
tif(ti)

µ

)ηi

. (18)
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Vardi’s approach to maximize (18) is to introduce a class of step functions that has positive
jumps at each observed failure times t1, · · · , th only. Denote by pj as the jump at ti, pj = dF (tj),
then the discrete case likelihood function with pj as variables can be written as

L(p1, · · · , ph) =
h∏

i=1

pξii ·

(
tipi∑h
j=1 tjpj

)ηi

where
∑h

j=1 pj = 1 and pj > 0. Hence we now have an optimization problem maximizing
L(p1, · · · , ph) under the constraint

∑h
j=1 pj = 1. We first derive the log-likelihood function as

ℓ(p1, · · · , ph) =
h∑

i=1

[
ξi log pi + ηi log(tipi)− ηi log

(
h∑

j=1

tjpj

)]

by definition, m =
∑h

i=1 ξi, n =
∑h

i=1 ηi and we additionally define ni = ξi + ηi, so the log-
likelihood function is now

ℓ(p1, · · · , ph) =

(
h∑

i=1

ni log pi

)
− n log

(
h∑

j=1

tjpj

)
+

h∑
i=1

ηi log ti (19)

where the last term in equation (19) is a constant with respect to pi’s. So now our goal is to
maximize this equation under the constraint

∑h
j=1 pj = 1, where we shall use Lagrange multiplier

method. Define

L(λ) =

(
h∑

i=1

ni log pi

)
− n log

(
n∑

j=1

tjpj

)
+ λ

(
1−

n∑
j=1

pj

)

and the partial derivatives are given by

∂L(λ)

∂pi
=

ni

pi
− ntj∑n

j=1 tjpj
− λ

we solve for ∂L(λ)
∂pi

= 0 and it yields

pi =
niµ

λµ+ nti
(20)

where µ =
∑h

j=1 tjpj, we apply (20) to the constraint and we have

h∑
i=1

niµ

λµ+ nti
= 1.

Here we specifically set λ = m, so the denominator contains both the weight from the biased
data nti and the mean of unbiased data λm. By solving pi under this constraint, the final solution
takes the form

p̂i =
niµ̂

nti +mµ̂
(21)

10



where
h∑

i=1

p̂i = 1 and µ̂ =
h∑

i=1

p̂iti. Under these two constraints, µ̂ solves the equation

h∑
j=1

njtj
ntj +mµ̂

= 1.

We call p̂i as the non-parametric maximum likelihood estimator (NPMLE) of the sample. Then
we may estimate the cumulative distribution function (cdf) of the biased sample as

Ĝ(x) =
∑
ti≤x

ĝi =
∑
ti≤x

tip̂i
µ̂

=
∑
ti≤x

niti
nti +mµ̂

.

By the invariance of MLE, Ĝ(x) is the NPMLE of the length-biased cdf of G(x). We now
study some properties of the estimator (21) proposed by Vardi (1982). First is that this estimator
is vaild for the case when m = 0 or n = 0, representing a sample of fully length-biased or fully
unbiased data. If n = 0, then µ̂ is simply the mean of the unbiased sample, and Ĝ is the empirical
distribution of the unbiased sample; If m = 0, then µ̂ is the harmonic mean of the biased sample,
and p̂k ∝ ηk

tk
, which corresponds to the estimator proposed by Cox (1969) when estimating length-

biased sample (Vardi, 1982).

2.2.1 Asymptotic Properties

The asymptotic properties of the estimator are studied as follows (Vardi, 1982): We let F
be the true cdf of the sample, and assume it is absolutely continuous with respect to Lebesgue
measure, with density f and mean µ, let N = m + n (sample size) and λ = m

N
(proportion of

unbiased observations), then we are able to get the estimates F̂ , Ĝ, µ̂ using the method proposed.
Under the condition that N → ∞ while λ being fixed, define

K(x) =

∫ x

0

y

λµ+ (1− λ)y
· f(y)dy

and K = K(∞). One remark is that if we assume F is absolutely continuous with respect to
Lebesgue measure, then we have

P(Xi = Xj) = 0, almost surely

this is because for a fixed x, the set S = {(x, y) : x = y} has measure 0 in R2 hence

P(Xi = x,Xj = x) =

∫∫
S
f(x)f(y)dxdy = 0

and similarly we can show P(Xi = Yj) = 0, almost surely so in this case there are no ties and
hence h = m+ n = N , ξi + ηi = 1; ξi, ηi ∈ {0, 1}. Then we have the following theorem:

Theorem 1. Under the conditions stated above, µ̂− µ → 0 almost surely.

Our proof follows the same outline by Vardi (1982), however we gave the full detail of the proof:

11



Proof. In our original estimate (21), we replace ni = ξi + ηi = 1, and divide the numerator and
denominator by N , and use the fact that m = λ

N
, n

N
= 1− λ, we have a modified estimate

p̂k =
1

N
· µ̂

(1− λ)tk + λµ̂

such that µ̂ solves the equation

QN(µ̂) =
1

N

N∑
k=1

tk
(1− λ)tk + λµ̂

= 1.

the equation above can be viewed as the sample mean of the random variable
T

(1− λ)T + λµ̂
.

Since our observations are taken from a pooled sample {Xi} ∪ {Yj}, hence we may estimate the
mean as the sum of two separate sample means multiplied by their population proportion:

E
[

Tk

(1− λ)Tk + λµ̂

]
= λE

[
X

(1− λ)X + λµ̂

]
+ (1− λ)E

[
Y

(1− λ)Y + λµ̂

]
= λ

∫ ∞

0

t

(1− λ)t+ λµ̂
· f(t)dt+ (1− λ)

∫ ∞

0

t

(1− λ)t+ λµ̂
· tf(t)

µ
dt

=
1

µ

∫ ∞

0

(
λµ+ (1− λ)t

(1− λ)t+ λµ̂

)
· tf(t)dt.

By Strong Law of Large Numbers (SLLN), we have

QN(µ̂)
a.s→ Q(µ̂) =

1

µ

∫ ∞

0

(
(1− λ)t+ λµ

(1− λ)t+ λµ̂

)
· tf(t)dt

which equals 1 if and only if µ = µ̂. Hence by Slutsky’s theorem we have µ̂
a.s→ µ.

Furthermore Vardi showed the weak convergence of the estimator:

Theorem 2.
√
N

(
µ̂

µ
− 1

)
→ N

(
0,

1−K

Kλ(1− λ)

)
weakly.

Proof. First we note that QN is monotone in µ̂, also continuously differentiable, hence we may
perform a Taylor expansion to its inverse function:

Q−1
N (QN(a) + ϵN(a)) = a+

ϵN(a)

Q′(a)
+O(ϵ2(a))

where ϵN(a) = QN(a) − Q(a). By definition Q(µ) = 1, QN(µ̂) = 1 so letting a = µ we have
Q−1

N (QN(µ) + ϵN(µ)) = Q−1
N (QN(µ)−QN(µ) +Q(µ)) = Q−1

N (1) = µ̂, and hence we have

µ̂ = µ+
ϵN(µ)

Q′
N(µ)

+O(ϵ2N(µ)).

also note that

Q′(µ) =
d

da

(
1

µ

∫ ∞

0

(1− λ)t+ λµ

(1− λ)t+ λa
tf(t)dt

)
a=µ

= − 1

µ

∫ ∞

0

((1− λ)t+ λµ)λ

((1− λ)t+ λµ)2
tf(t)dt = −λ

µ
K

12



and we now have
µ̂− µ = − µ

λK
ϵN(µ) +O(ϵ2N(µ)).

Finally we use central limit theorem to approximate ϵN(µ). We have that
√
N(QN(µ)−Q(µ))

d→ N
(
0, σ2

)
where σ2 = Var

(
T

(1− λ)T + λµ

)
.

As for the asymptotic properties of the cdf F̂ and Ĝ, Vardi (1982) also showed that they
converge in distribution to a pinned Gaussian processes, where

√
N(F̂ − F ) → VF weakly

with

Cov(VF (s), VF (t)) =
1

λ
(F (s)(1− F (t))− (1− λ)K(s)(1−K(t)/K)), 0 ≤ s ≤ t

and √
N(Ĝ−G) → VG weakly

with

Cov(VG(s), VG(t)) =
1

1− λ
(G(s)(1−G(t))− λK(s)(1−K(t)/K)), 0 ≤ s ≤ t.

2.3 An Adjusted NPMLE with Right Censoring

In this section we will derive the NPMLE of a length-biased, right-censored sample. Adapting
the notion from section 1.1, let f(t) be the true density of the sample, g(t) = tf(t)

µ
be the length-

biased density where µ =
∫∞
0

uf(u)du. For each individual Xi belonging to the length-biased
observation, we introduce a covariate vector (Xi, Ai, Vi, Ci, Ti, δi): Ai as the left truncation time
(length-biased); Vi as the time from the start of the observation to death (event); Ci as the right
censoring time from the start of the observation; Ti = min{Ai+Vi, Ai+Ci} as the complete length-
biased, right censored event time; δi = 1{Vi ≤ Ci} as the censoring indicator. For length-biased,
right-censored sample, we have derived in section 1.3 that if T = A + V yielding the uncensored
observation, we have

P(T = A+ V ) =
f(t)

µ
· SC(t− a)

while when T = A+ C yielding the censored observation,

P(T = A+ C) = P(C = t− a) · SU(t)

µ
.

Assume that Ci is independent from Ai, Vi and additionally let ηi be the multiplicity at ti, so we
will have a set of observations {t1, · · · , th} where h ≤ n and

∑h
i=1 ηi = n. The likelihood function

of the sample is proportional to

L =
h∏

i=1

(
f(ti)

µ

)δiηi

·
(
SU(ti)

µ

)(1−δi)ηi

13



The maximizing idea is the same as Vardi (1982): Consider a class of continuous step functions
that has positive jumps pi at each ti only, so pi = dF (ti) and

∑n
i=1 pi = 1. It now suffices to

maximize

L(p1, · · · , pn) =
n∏

i=1

(
pi∑n

i=1 tipi

)δiηi

·

(∑
tj≥ti

pj∑n
i=1 tipi

)(1−δi)ηi

(22)

under the constrain
∑n

i=1 pi = 1, which can be obtained by Lagrange multiplier method. Denote
ℓ(p1, · · · , pn) = logL(p1, · · · , pn), define

L(λ) = ℓ(p1, · · · , pn)− λ

n∑
i=1

pi

then we have

∂L
∂pi

=
∂

∂pi

n∑
i=1

δiηi

(
log(pi)− log

n∑
i=1

tipi

)
+ (1− δi)ηi

log
∑
tj≥ti

pj − log
n∑

i=1

tipi

− λ
n∑

i=1

pi


=

(
δiηi
pi

+
(1− δi)ηi∑

ti≥tj
pj

− nti
µ

− λ

)
.

Set ∂L
∂pi

= 0 and we have 
pi =

ηiµ

(λµ+ nti)
if δi = 1

∑
tj≥ti

pj =
ηiµ

λµ+ nti
if δi = 0

. (23)

At each uncensored point, its jump pi can be estimated by p̂i =
ηiµ

λµ+nti
where λ is chosen such

that it solves the equation
∑n

i=1 pi = 1 and
∑n

i=1 piti = µ; On the other hand, at each censored
point ti, its estimate depends on the survival function, and the following algorithm will compute
each separately:

Initiation: Let Uj be the set of all uncensored observations after tj, Cj be the set of all cen-
sored observations after tj.

Step 1: Identify the latest censored point, denote by tc1 , and its estimate is given by

p̂c1 =
∑
tj≥tc1

pj −
∑
tj>tc1

pj =
ηc1µ

λµ+ ntc1
−
∑
tj>tc1

ηjµ

λµ+ ntj

Step 2: Iterate backwards and find the second latest censored point, denote by tc2 , and we
compute its estimate by

p̂c2 =
∑
tj≥tc2

pj −
∑
tj>tc2

pj =
ηc2µ

λµ+ ntc2
−

 ∑
tj∈Cc2

p̂tj +
∑

tj∈Uc2

p̂tj


Add tc2 to the set C.
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Step 3: Continue this iteration, in general the kth latest censored point tck has the form

p̂ck =
∑
tj≥tck

pj −
∑
tj>tck

pj =
ηckµ

λµ+ ntck
−

 ∑
tj∈Cck

p̂tj +
∑

tj∈Uck

p̂tj


until we have locate all the censored observations, and output all censored estimates p̂c1 , · · · , p̂cl .

We now discuss some properties of the estimator (23) we proposed. First notice that without
censoring, we will have

p̂i =
ηiµ

λµ+ nti

where λ solves
h∑

i=1

ηiti
λµ+ nti

= 1.

It is straightforward to let λ = 0 and the summation will add up to one by definition. In this
case we have p̂i =

ηiµ
nti

∝ ηi
ti

which coincide with the one obtained by Vardi (1982).
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