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ABSTRACT

Survival data often presents characteristic features known as censoring and truncation, where
the observer only has partial information about the event times. For right right-censored data, the
exact event time is known to exceed a censoring time. On the other hand, length-biased data can
be viewed as a left-truncation where only partial data satisfying certain conditions are selected
into the study with selection probability proportional to their actual event time. In this article
we review different estimating techniques for length-biased and right-censored samples. Several
examples with illustrations are introduced at the end of this article.

1 Estimating Equation Under Cox PH Model

1.1 Introduction

In Cox PH model, we assume the covariates vector X acts multiplicity on the baseline hazard
Ao(t), where we have

A(H1X) = Ao(t) exp (8'X) (1)

where 3 is the coefficients vector we would like to estimate. Without length-biased assumption,
the estimating techniques are well studied by Cox (1972), also Klein and Moeschberger (2003) have
a detailed discussion on estimating techniques based on different covariates and the presence of
censoring. We now consider the data which is length-biased and right censored. Suppose T is
the failure time from onset of to the end of the study, A denotes the time from onset to the start
of our study (also known as the left truncation time), V' denotes the time from the start of our
study to failure, and C' denotes the censoring time from the start of our study, and assume that
C' is independent of A and V. Then we are able to observe T if and only if T > A. Define
T = min(A + V, A+ C) as the observed length-biased lifetime of those satisfying T > A, by our
length-biased assumption, the probability of selecting a certain individual is proportional to its
complete event time. If we let f(t) denotes the true density of T, g(t) denotes the density of T,
which is the life time conditioning on the fact that 7 > A, we have the following relation:

tft) — _ tf(t)

/Ooouf(u)du N

where ¢ on the numerator acts as a weight function, indicating the fact that individuals with
longer lifetimes are more likely to be selected. We also divide the proportional term by the expected

g(t) =
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value of X, where y = E[X]. Also, the density of A should also follow a pattern proportional to the
survival time of an individual. Let Sy () be the survival function of 7', then the density function
of A, denote by fa(t), is given by

Su(t) _ Su(®)
H /o uf(u)du

In Cox’s PH model, let X be the covariates, using a Bayesian argument, the density g(t|X)
and f4(t|X) given by
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Figure 1: This figure shows the overall relation of those variables we defined, where T is the
length-biased time from onset to event (conditioning on T > A); V is the observational time to
event, or the residual survival time; A is the left truncation time (backward recurrence time); C'
is the censoring time. 7"= min(A + V, A + C).

1.2 Estimating Equation Without Right Censoring

We first derive the estimator without right-censoring. The first approach is given by Qin and
Shen (2010). Suppose h(x) is the marginal density function of the covariates X, then conditioning
on the biased density T' =t yields

tlx)h tf(tlx)h
ol — 0@t (lm)he)/p(E)
[ston@iz [ treh@)/n)e

We use the property that f(t) = A(¢)S(t) (see Zhang, Chapter 2.3, (2025)) where A(t) is the
hazard function, and applying Cox’s PH model described in (1)), we have

F(t) = Mo(t) exp <5tx) Sy (t]z)

where X = x is the covariates vector. So the conditional density of X given T' = t can be
written as

tAo(t) exp (ﬂtx) - Sy (tle)h(z)/u(z)

h(z|t) = .
/ to(t) exp (ﬁfx) Sy (tl)h(z) /() de
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We now take the expectation of h(x|T = t), then after simplifications we will get

/ z - exp (BX) Sy(tle)h(w)/ u(x)de E|X-exp (8'X)Su(tle)/u(a)

e e (px)stmmayara B[ ()t o]

The term Sy (t|x)/pu(x) satisfies the following:

e w] = [ ot = L= S0

" i (@) (@)

1
—-H{T >t
=T 2 1)

let §(t) be the indicator of T' > t, so the expectation of X can be written as

E[X|T =t] = E [X FOXP (’BtX> 'E[T—l(s(t)LX]} B E [X - exp <5tX> ’Tﬁlé(t)]
U [exp (ﬂtx> -E[T‘lé(t)|X]] R [eXp <ﬁtX> -T_lé(t)}

using the law of total expectation. Now suppose T; is the biased event time for individual X;
with covariates X, we use the empirical estimate of expectation

~

E [X - exp <6tX> T = %Xn: X; - exp (5th> T(E)
. i=1

and

A~

E [exp (,BtX> : T_lé(t): = %iexp (,Bth> -T]-_lcsj(t).

We use the fact that X — E[X|T" = t] is unbiased, and we sum over the entire sample with
Ti,---,T, to get the following estimating equation for the length-biased sample:

Z X]' - exp <,6th) . 19715](,11)
Xi — =1 o = 0. (3)
> exp (') T 6(T)
j=1

The second approach to obtain (3)) is done by Wang (1996) using a modified risk set from Cox’s
partial likelihood function (D.R Cox, 1972). We will derive the estimating equation and show those
two are conceptually the same. Without length-biased data, Cox’s partial likelihood function is
given by

g _oo(x)
L(ﬁ)—g S o <Bth>

JER(t:)

where X is the covariate vector, and R(¢;) is the risk set at any failure time ¢; defined by
R(t;) = {j : t; > t;}. An adjusted risk set R*(t;) is defined by

Re(t) ={j:t; > t;, Aj(t;) = 1}
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with the indicator A;(¢;) = 1 with probability f—; and Aj(¢;) = 0 with probability 1 — %,
representing the probability of an individual being selected is proportional to its lifetime. Wang
(1996) also showed that individuals in adjusted risk set also presents the population risk structure,
and we have the modified partial likelihood:

e a(en)
L (B)_H Z exp (ﬁth>

JER*(t;)

(4)

The score U of the partial likelihood is given by

0
U= 2 26" log L*(8)

_9 thxi _ i:log > exp (ﬁtXJ)
86 =1 i=1 JER*(t;)
§ Z X exp <Bth>

_ X, — JER*(t;)
S SIS

JER*(t:)

. ZA Xexp(,@X)
. ~ JER(t)
—; . ZA eXP(ﬁt )

JER(t;

The risk set interpretation j € R(t;) can be written as 1{t; > t;} = §;(¢;) as in (3)), followed
by a similar argument, we construct the unbiased estimator X — E[U], the expected value of the
second term above can be estimated by their empirical form:

Z A;(t) X exp (,Bth) Z —Xjexp (ﬁt ) i(ti)

JER(t:) "= £

and

Since the terms t;, 1 - are canceled when we take the ratio of those two empirical estimates, and
by summing over all £;, our estimating equation would result in the same as .

1.3 Modifications for Right Censored Data

With potential right censoring, the estimating equation (3)) needs to be adjusted. We will first
consider the uncensored, joint density of A and V. Under stationarity, the conditional distribution
of Agiven T' =t is Uniform(0,t) (Asgharian and Wolfson, 2005), meaning the onset of the event



among those selected sample happens equally between 0 and ¢, hence a conditioning argument

yields
far(a,t) = far=i(alt) - fr(t) = % : # - %

where p = / uf(u)du. Since T'=V 4 A, we also have the joint density of A and V:
0

Favlaw) = L@
1

When we have potential right censoring, it is reasonable to assume C'is independent from A, V/,
and we denote fo as the density of C, T'= min{A + V, A+ C}, when T'= A+ V| we have

PIT=A4+V|X=2)=PA=a,V=t—aqC>t—aX =)
=PA=a,V=t—a|X=x) P(C>t—a)
::ﬂﬂ@.sdt_@. (5)

When T' = A + C, we have

P(T=A+C|X =x) =P(A =a, C’:t—a V>t—aX==2a)

=P(C=t—a)-P(A=a,V>t—aX =)
/ f(u)du
= —t—a
_ a SU(t)
=P(C=t-a) . (6)

Denote § as the censoring indicator, § = 1{V > C'}. Consider the conditional expectation X
(with marginal density h(X)) given T'=t, A = a,J, it is the same as the one we obtained in

E[X - exp (8'X) Su(t1X) /(X))
E [exp (81X) Su(t1X) /(X))

E[X|T =t,A=a,é = (7)

Different unbiased estimator of the term Sy (¢|X)/u(X) can be obtained, one is that (Qin and
Shen, 2010)

J- 1{T>t}
TSo(T — A) ] / / P Sct—a - f(tle)Sc(t —a) - @ )dadt
f t|az
SU t|a:
wa) (8)



Combine , and the empirical estimate technique we used earlier, the adjusted estimating
equation with right-censored data with 7T} is now

n

> YT > T}, X - exp <6th> : (Tch(Tj - Aj))

Y | x- =0 ©
= ST > T0,X, e (8Y) - (T,Se(T, - A)

7=1

-1

In the above estimating equation, T; — A; = V;, which is the time from examination to event.
We may replace S by its consistent Kaplan-Meier estimator for the residual censoring time.
The second choice (Qin and Shen, 2010) is based on a modification of , where we showed
that
f(t[z)Sc(t —a)

P(T=A+V|X =) =
W

by integrating a from 0 to ¢, we have

PT=tX=x) = @/{) Se(u)du = ch(zﬁ),

Ju

] / folehte, [ Set0,,

) .

and hence we have the expression

1{T>t(5_1}

E wc(t)

u(w)
Another estimating equation follows:

ST, = TYX; - exp (85 - (we(Ty)
U(8) =36, | X — = — | =0. (10)
i=1 Z H{T; > Ti}6;X; - exp <5t> : (wC(Tj)>

Jj=1

-1

Estimating equations @D, requires the knowledge of the density of censoring variable C, a
final approach using delayed-entry /left-truncated data (Qin and Shen, 2010) does not require the
knowledge of the density of C'. By assuming C' is independent of X, We have

E{T >t,A<t,6=1}| X =z|=E[L{T > t,A+C >t,A<t}|X =z

/ /fﬂ”" JSelt =) oy

_ i-wc(t).

1)
Using the same method in and , we have

E[X exp (81X ) Sy (t]) /(=)
E [exp (81X ) Sy (t]e) /(=)

E[X|T >t A<t06 =
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where w¢(t) is canceled out from the numerator and denominator, and we have another esti-
mating equation

n

ST, > T, A < THX exp (8X;)

UL(B) = Xn:@ X — jZIn - =
i=1 Z HT; > Ti,Aj < Tijexp <Bth>
=1

It is important to know that can also derived from a modified partial likelihood function,
Under prevalent sampling and quasi-stationarity conditions discussed by Wang et al. (1993), the
likelihood function of the event time T'= min{A + V, A + C} of the sample is proportional to

= f (] X)% - Sy (t:] X))
L(B)O(Hf(! ?SU(W((J )

where §; = 1{V > C} is the censoring indicator, a; is the left truncation time. Then adapting
Cox PH model, a partial likelihood can be written as

05

[ i)
Lp(ﬁ)—g S o (9% (13)

JER(y:)

with modified risk set R(y) = {j : a; < y < y;}, and Wang et al. (1993) showed that the
likelihood L(8) is proportional to the partial likelihood times a residual likelihood. Then the
estimating equation (|12)) is just the score of the partial likelihood by simple calculation:

0
U= a3 log Ly,(8)
_ 9 - t ¢
_%Zéi B'X; — log Z exp(BXj>
=1 JER(t;)

> Xjexp <5th>
i=1 Z exp (Bth)
JER(t:)

> Xiexp (BX) 144, < Ty <T)
7j=1

=3 6| X -
i > exp (8'X;)1{4; < T; < T3}

L Jj=1

since U has mean zero, we will then have the same estimating equation.



1.4 Asymptotic Properties of Estimating Equation

In this section, we will briefly investigate the asymptotic properties of the estimating equa-
tions @, we derived in a length-biased, right-censored sample. We shall denote them by
U.(B8),Uz(B) separately. For individual i, define the risk set R;(t) = 1{T; > t}d¢; and N;(t) =

Z we (1) Ri(H) Wi X2 exp (ﬁt )

where in @ k=1 and in k=2 1=0,1,2, W, represents the different weight function
we derived, and so Wy; = (TZ-SC(Ti — A))7! and Wy = (we(T;))~t. We furthermore define
Ex(B,t) = S,gl)(ﬁ, t)/Slio) (B,1), ex(B,1) as the expectation of Ey(3,1), s,(cl) (B, 1) as the expectation
of S,gl)(ﬁ,t). The theoretical approach relies on the counting processes (Wang, 1996) and we
construct

MMﬂZNﬁ%iAwd@RMM%wn%HXOM@@,k:LZi:L~wn (14)

We make the following claim (Qin and Shen, 2010):
Claim 1. My;(t) is a mean zero stochastic process.

Proof. When k = 1, (equation U;(3)), we first notice that the expectation of an indicator is just
the probability that its values takes 1, so for the first term, we have

E[N;(t)] = P(N,(t) = 1) = P(T, < t,C; > T} — A,).

Since C' is independent of A, T, hence the joint density of A, T, C' is equal to the joint density
of A, T we derived in the beginning of section 1.3 times the density of C', with bounds carefully
chosen.

t t [e%¢)
P(T; <t,C; >T,— A) = / / far(a,t;) - fo(c)deda;dt;
ti—a;
/ f t |332 . — al)daldtz

/ft‘w’ ~we (t;)dti

- SU(ti‘xi) : (sz) Cw ) )
B /0 pu(;) ottt "

On the other hand, for the second term on the right hand side of (denote by K;(t)), using
its expectation is given by

¢
ElK;(t) =E Elm—F"ri——Xi=x;| - R; AMu| X;)d
K0 =B | [ B a2 X — o) - Riuuct Al Xodu
with further simplification, we have
t
Su (ule;)
E|K;(t :/—-w w)Mulx;)du. 16
[K(1)] ) o(u)A(ulz;) (16)
From (17)),(16), we see that E[M;;(t)] = 0. The same idea can be applied to Us(8) and
UL(B). 0



Under this condition, the estimating equation can be written as
UiB) = Y [ (X = (B (0) + 0,(1)
i=1 70

where 7 is a predetermined constant with P(A; + C; > 7) > 0. If S¢ is a unknown function,

we may replace S¢ by its Kaplan-Meier estimator S¢, and due to the consistency of Kaplan-Meier
estimator, we have

0u(8) = Y- [ (Xi= Bu(.)aniio am)

Set (/J\'k(ﬁ) = 0, we can solve for the estimate ,@ We now study each equation separately.First
let £ =1, a second claim follows.

Claim 2. Under regularity conditions (see appendiz), there is a unique solution to such that
Ui(B) = 0. Denote 31 be the solution, it is also consistent.

Moreover, U, (B)/+/n converges weakly to a mean zero Gaussian process (Qin and Shen, 2010).

Some other asymptotic properties will be added, I need some extra reading to understand the
proofs.

2 Non-parametric Model

2.1 Introduction

When right-censoring is absent, Vardi (1982) derived a non-parametric estimating model using
non-parametric maximum likelihood estimator (NPMLE) from a pooled sample { Xy, -+, X,,} U
{Y1,---,Y,} where X;s are unbiased (complete) observations while Y;s are length-biased observa-
tions. Vardi (1982) showed that the survival function Sy (t) obtained follows the asymptotic prop-
erty that M(gU(t) — Su(t)) converges weakly to a pinned Gaussian process when m,n — oo
and m/n — constant. With the presence of right-censoring, Vardi (1989) derived the NPMLE of
a length-biased and uninformatively censored data; Asgharian et al. (2002) used an unconditional
approach to obtain an estimate with asymptotics. We again begin by introducing the machin-
ery of estimating equations without right censoring; we then bring in the discussion of potential
censoring; we shall last study the asymptotic properties of those estimators.

2.2 NPMLE of Length-Biased Data

We again denote by f as the true density of the sample and g as the length-biased density. We
take two independent samples X1, -+, X,, ivi fand Yy,--- Y, vy g and study the pooled sample
{X;} U{Y;}. Denote the ordered failure times in the pooled sample to be t; <ty < --- < t;, where
tn < m+ n allowing potential ties. We also use &;,7; as the multiplicity of X;’s and Y;’s at time ¢;.
Then the likelihood function of the pooled sample takes the form

i

L=TLres - |l T (tif () )m - (18)
= | )
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Vardi’s approach to maximize is to introduce a class of step functions that has positive
jumps at each observed failure times ¢y, - - ,t, only. Denote by p; as the jump at t;, p; = dF'(t;),
then the discrete case likelihood function with p; as variables can be written as

i
i iPi
L(p1, -+ pn) sz : (—)

E] 1 tipj
where Z?:1 p; = 1 and p; > 0. Hence we now have an optimization problem maximizing

L(p1,- -+ ,pn) under the constraint Z?:l p; = 1. We first derive the log-likelihood function as

h

h
Uprs--pn) = Y [& log p; + n; log(tip;) — m;log <Z tij)]
j=1

i=1

by definition, m = Z?Zl &,n = Z?Zl n; and we additionally define n; = & + n;, so the log-
likelihood function is now

Upr,--+ o pn) (Z n 1ngz> —nlog (Z t]pg) + Zm log; (19)

where the last term in equation (19| . is a constant with respect to p;’s. So now our goal is to
maximize this equation under the constraint Z =D =1, where we shall use Lagrange multiplier
method. Define

h n n
(S o) oo (0 )+ (1-350)
i=1 j=1 j=1
and the partial derivatives are given by

OL(N\) n;  ni )
op; pi D1 tip

we solve for ag(f\) = 0 and it yields
Pi

nip

bi= A+ nt;

where p = Z?:1 tjpj, we apply to the constraint and we have

h
>
— A+ nt;

Here we specifically set A = m, so the denominator contains both the weight from the biased
data nt; and the mean of unbiased data Am. By solving p; under this constraint, the final solution
takes the form R

~ i
= 21
T (21)
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h h
where Z p; =1and u= Z pit;. Under these two constraints, 1 solves the equation
=1 =1

We call p; as the non-parametric maximum likelihood estimator (NPMLE) of the sample. Then
we may estimate the cumulative distribution function (cdf) of the biased sample as

lpl
Zgz Z Znt —i—m,u

ti<x t;i<x

By the invariance of MLE, G(z) is the NPMLE of the length-biased cdf of G(z). We now
study some properties of the estimator (21]) proposed by Vardi (1982). First is that this estimator
is vaild for the case when m = 0 or n = 0, representing a sample of fully length-biased or fully
unbiased data. If n = 0, then 1 is simply the mean of the unbiased sample, and G is the empirical
distribution of the unbiased sample; If m = 0, then 1 is the harmonic mean of the biased sample,
and pj, Z—I’:, which corresponds to the estimator proposed by Cox (1969) when estimating length-
biased sample (Vardi, 1982).

2.2.1 Asymptotic Properties

The asymptotic properties of the estimator are studied as follows (Vardi, 1982): We let F'
be the true cdf of the sample, and assume it is absolutely continuous with respect to Lebesgue
measure, with density f and mean p, let N = m + n (sample size) and A = % (proportion of

unbiased observations), then we are able to get the estimates F, @, it using the method proposed.
Under the condition that N — oo while A being fixed, define

’ Y
K(x) :/0 m'f(y)d?/

and K = K(00). One remark is that if we assume F' is absolutely continuous with respect to
Lebesgue measure, then we have

P(X; = X;) = 0, almost surely

this is because for a fixed z, the set S = {(z,y) : * = y} has measure 0 in R? hence

PX;, =2 X;=2) = //f y)dzdy =0

and similarly we can show P(X; =Y;) = 0, almost surely so in this case there are no ties and
hence h=m+n=N, & +n = 1;&,m € {0,1}. Then we have the following theorem:

Theorem 1. Under the conditions stated above, it — p — 0 almost surely.

Our proof follows the same outline by Vardi (1982), however we gave the full detail of the proof:

11



Proof. In our original estimate (21)), we replace n; = & + n; = 1, and divide the numerator and

denominator by N, and use the fact that m = 2, n =1 — )\, we have a modified estimate

2

N

o~

1 0
N (1 —=Ntx+ i

~

Prx =

such that jz solves the equation

1 N
(1) = — =1.
N; tk+)\u

the equation above can be viewed as the sample mean of the random variable

T
(1-XNT+\a
Since our observations are taken from a pooled sample {X;} U {Y;}, hence we may estimate the
mean as the sum of two separate sample means multiplied by their population proportion:

’ {(1_A)T;Mﬁ} —AR [(1—A>)§<+Aﬁ] +{1-E {(1—5;“;7}
[ g oo [ (1—A§t+m’tf;§t>dt
.

By Strong Law of Large Numbers (SLLN), we have

~\ Q.S ~ 1 * (]. - /\)t + /\,u
& = = —— | - tf(t)dt
which equals 1 if and only if u = 7i. Hence by Slutsky’s theorem we have fi <3 p. O

Furthermore Vardi showed the weak convergence of the estimator:

m 1-K
Theorem 2. \/N (g — 1) — N (0, m) weakly.

Proof. First we note that Qy is monotone in i, also continuously differentiable, hence we may
perform a Taylor expansion to its inverse function:

-1 — en(a) 2(a
Qn (@n(a) +en(a)) =a+ 0 + O(€°(a))

where ey(a) = Qn(a) — Q(a). By definition Q(u) = 1, Qn (1) = 1 so letting a = p we have
Qn (Qn(p) +en(p) = Q' (Qn (1) — Qn() + Q1) = Q' (1) = i, and hence we have

~ en (i) 2
A=nt oyt O(en(p))-

also note that

o=t (4 G n) = [ o =2

12



and we now have

~

i— = —szen(n) + O(E ().

Finally we use central limit theorem to approximate ey (u). We have that

VN@Qu () — Q) % N(0,0?)

T
h 2=V : O
where o ar((l—A)T—l—Au)

As for the asymptotic properties of the cdf F and CA?, Vardi (1982) also showed that they
converge in distribution to a pinned Gaussian processes, where

VN(F — F) = Vi weakly
with
Cov(Ve(s). Velt)) = 1 (F(s)(1 ~ F{1)) — (1~ NE()(1 - K()/K)).0< s <1

and R
VN(G — G) — Vg weakly

with

Cov(Va(s), Velt)) = = (Gls)(1 = G(t) = \K(s)(1 = K(H)/K)).0 < s <t

2.3 An Adjusted NPMLE with Right Censoring

In this section we will derive the NPMLE of a length-biased, right-censored sample. Adapting
the notion from section 1.1, let f(¢) be the true density of the sample, g(t) = @ be the length-

biased density where pu = fooo uf(u)du. For each individual X; belonging to the length-biased
observation, we introduce a covariate vector (X;, A;, Vi, C;, T;,9;): A; as the left truncation time
(length-biased); V; as the time from the start of the observation to death (event); C; as the right
censoring time from the start of the observation; T; = min{A;+V;, A;+C;} as the complete length-
biased, right censored event time; §; = 1{V; < C;} as the censoring indicator. For length-biased,
right-censored sample, we have derived in section 1.3 that if T'= A + V yielding the uncensored
observation, we have

P(T=A+V)= %-Sc(t—a)
while when T'= A + C yielding the censored observation,
P(T=A+C)=P(C=t—a) SUM“).
Assume that C; is independent from A;, V; and additionally let n; be the multiplicity at ¢;, so we
will have a set of observations {t;,--- ,t,} where h < n and Z?Zl n; = n. The likelihood function

of the sample is proportional to

()

7
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The maximizing idea is the same as Vardi (1982): Consider a class of continuous step functions
that has positive jumps p; at each ¢; only, so p; = dF(t;) and Y ., p; = 1. It now suffices to

maximize
e n » i D p; (1=6:)mi
i ti>t;
L(pr,- - ,pn) = (n—) N 22
2 ) H Zizl tipi Zizl Lipi (22)

=1
under the constrain » ;" | p; = 1, which can be obtained by Lagrange multiplier method. Denote
g(pb e 7pn) = lOg L(pb e 7pn>7 define

L) = Llpr,--+ pn) — AZpi

then we have

g}i = 8(; ; 0in; (10g Di) logz tzpz) (1 —=9;)n; | log Z pj — logz tipi | — A Zpl

ti>t;
0ini 1 —0;)n; t;

I U Gk DU
i ztiztjpj 12

Set g—; = 0 and we have

il .
b (A + nt;) '
) (23)
il .
S s
el A+ nt;
At each uncensored point, its jump p; can be estimated by p; = +2£— where A is chosen such

Ap+nt;
that it solves the equation Y., p; = 1 and Y | p;t; = p; On the other hand, at each censored

point t;, its estimate depends on the survival function, and the following algorithm will compute
each separately:

Initiation: Let U; be the set of all uncensored observations after ¢;, C; be the set of all cen-
sored observations after ¢;.

Step 1: Identify the latest censored point, denote by t.,, and its estimate is given by
~ T ik
Po= D Di— ) pi= S v
tj>tey tj>te, At + e, tj>te, A+t

Step 2: Iterate backwards and find the second latest censored point, denote by t.,, and we
compute its estimate by

2/9\02 = Z p; — Z b = )\/,Ln—fl;tCQ - Z ﬁtﬂ' + Z ]/)\tj

tj ZtC2 tg >t<:2 tj ECCQ tj EUCQ

Add t., to the set C.

14



Step 3: Continue this iteration, in general the kth latest censored point ¢., has the form
DD ST DR RS vl IDDEED DS}
k )‘M 4 ntck J J
tj>te, tj>te, t;€Cc, t; €U,
until we have locate all the censored observations, and output all censored estimates p.,, - - - , D, -

We now discuss some properties of the estimator we proposed. First notice that without

censoring, we will have
P = U
b\t

Z)\u—l—nt B

It is straightforward to let A = 0 and the summation will add up to one by definition. In this
case we have p; = £ oc T which coincide with the one obtained by Vardi (1982).

where \ solves
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